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Over last 10+ years, lots of advances in study of scattering amplitudes.

Many different theories/techniques...
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Over last 10+ years, lots of advances in study of scattering amplitudes.
Many different theories/techniques...

BCFW recursion, generalized unitarity
dual conformal symmetry, integrability (planar A" =4 SYM in d = 4)
KLT, BCJ, double copy, etc. (N =8 SUGRA in d = 4)

pure spinor formalism (superstring theory)
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Over last 10+ years, lots of advances in study of scattering amplitudes.
Many different theories/techniques...

BCFW recursion, generalized unitarity
dual conformal symmetry, integrability (planar A" =4 SYM in d = 4)
KLT, BCJ, double copy, etc. (N =8 SUGRA in d = 4)

pure spinor formalism (superstring theory)

Today: focus on one particular development — tree-level S-matrix of
(super)gravity.
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Why do we care?

Tree-level scattering amplitudes provide an indicator of theory’s on-shell
complexity (‘theoretical data’).
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Why do we care?

Tree-level scattering amplitudes provide an indicator of theory’s on-shell
complexity (‘theoretical data’).

Naive expectation: tree-level S-matrix of (super)gravity should be a mess!

@ Perturbation theory of Einstein-Hilbert action is bad news

@ Infinite number of interaction vertices
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However...
Expectation undermined by litany of increasingly simple/compact/general

formulae for tree-level S-matrix

[deWitt, Nguyen-Spradlin-Volovich, Hodges, Cachazo-Geyer, Cachazo-Skinner, Cachazo-He-Yuan, ...]
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However...

Expectation undermined by litany of increasingly simple/compact/general
formulae for tree-level S-matrix

[deWitt, Nguyen-Spradlin-Volovich, Hodges, Cachazo-Geyer, Cachazo-Skinner, Cachazo-He-Yuan, ...]

Important: many unrelated to perturbation theory of Einstein-Hilbert
action
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CHY Formula

Most general representation (any d) of tree-level S-matrix tcachazo-tie-vuan :

1 ‘212223‘ o ki : kj
n = 5 d | In
Mo / vol SL(2, C) dzy dz dz3 11 - ; zi -z

{z:} € £ = CP!, {k} null momenta,

Integrand Z,, encodes kinematic data.
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CHY Formula

Most general representation (any d) of tree-level S-matrix tcachazo-tie-vuan :

1 ‘212223‘ o k,' : kJ
no = 5 d I In
Mo /vol SL(2, C) dz; dz; dzs 11 ‘ ; P
{z:} € £ = CP!, {k} null momenta,
Integrand Z,, encodes kinematic data.

Integrals over positions {z;} fixed by delta functions, imposing the
Scattering equations [Fairlie-Roberts, Gross-Mende, Witten] .

ki - ki
ie{4,...,n}, Y —L=0

PR
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Just so you know...
I, = Pf'(M)Pf'(M ® K?

for skew-symmetric 2n x 2n matrices M, M

_(A - (M) — i+j V421 dz
M—<C B >, PI(M) = (-1) ?ijf(/\/’u)v

vdzidz Vdzidz Vdzidz
AU = k,' . kji C:: kY 7

=€ €T ——— ij=€i"
zi—z U g —

Aii = Bjj =0, —dz; Z

i w/dz, dz;
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Questions:

@ What is the origin of the CHY formula?
@ Where do the scattering equations come from?
@ Does the formula generalize beyond tree-level?

@ What is this telling us about the underlying field theory?

T Adamo (DAMTP) Scattering eqns + SUGRA 24 March 2015 7/23



Questions:

@ What is the origin of the CHY formula?
@ Where do the scattering equations come from?
@ Does the formula generalize beyond tree-level?

@ What is this telling us about the underlying field theory?

All these questions have nice answers!
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Worldsheet origin of CHY

As structure suggests, CHY formula = sphere correlator of certain 2d CFT.

A (holomorphic) complexification of spinning worldline action wason-skiner]

1
S=o- P XM+ W, HVF — P, WF + W, 0UF — P, WM_§P2
T

P, € Q%(X, K) and Wk Uk e NOO(X, K1/2)

T Adamo (DAMTP) Scattering eqns + SUGRA 24 March 2015 8 /23



Worldsheet origin of CHY

As structure suggests, CHY formula = sphere correlator of certain 2d CFT.

A (holomorphic) complexification of spinning worldline action wason-skiner]

1
S=o- P XM+ W, HVF — P, WF + W, 0UF — P, wu_§p2
T

P, € Q%(X, K) and Wk Uk e NOO(X, K1/2)
Gauge fields e, x, X (non-trivial conformal weights) enforce constraints

P2=0, WV.P=0, WV.P=0.
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Worldsheet origin of CHY

As structure suggests, CHY formula = sphere correlator of certain 2d CFT.

A (holomorphic) complexification of spinning worldline action wason-skiner]

1
S=o- P XM+ W, HVF — P, WF + W, 0UF — P, wu_§p2
T

P, € Q%(X, K) and Wk Uk e NOO(X, K1/2)
Gauge fields e, x, X (non-trivial conformal weights) enforce constraints

P2=0, WV.P=0, WV.P=0.

Note: also a pure spinor version [Berkovits, Gomez-Yuan, TA-Casali]
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Gauging these constraints + worldsheet gravity gives action and BRST
charge:

S = 21 /P XM 4+ W, DW* + W, 0W* + bdc + bde + By + 55
T

Q_fCTm—l—:bc@c:—i—;Pz—i—fyP.\U_FﬁP.\TJ_

with Q% = 0 for d = 10.
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Gauging these constraints + worldsheet gravity gives action and BRST
charge:

S = 21 /P XM 4+ W, DW* + W, 0W* + bdc + bde + By + 55
T

Q_fCTm—l—:bc@c:—&-;Pz—i—fyP.\U_FﬁP.\T;_

with Q% = 0 for d = 10.

Vertex operators are in the cohomology of Q.

Fact: vertex operators in 1:1-correspondence with massless spectrum of
type Il SUGRA in d = 10 tra-casati-skinner].
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Example: Graviton vertex operators

fixed: o
V=ct 5(7) 5(:5/) EHVW“\U” e/k.X ,

integrated:

/ 5 (ReszPQ) U(z) =
>

/ 5 (Res;P) € (PP + Wik - W) (PY 4 Wik - W) X
PN
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Example: Graviton vertex operators

fixed: o
V=ct 5(7) 5(:5/) EHVW“\U” e/k.X ,

integrated:

/ 5 (ReszPQ) U(z) =
>

/ 5 (Res;P) € (PP + Wik - W) (PY 4 Wik - W) X
PN

Q-closure < k2 = 0 = ¢ - k (double contractions w/ P?, W - P, v P)
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Sphere correlators

Prescription
<C151 V1 6252 V2 C3E3U3 H/ S (RES,'P2) U,>
i=47%

This gives the CHY formula (for NS-NS sector) mason-skinner]
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Sphere correlators

Prescription
n
<C151 V1 6252 V2 C3E3U3 H/ 1) (RES,'P2) U,>
i=4 7%
This gives the CHY formula (for NS-NS sector) mason-skinner]
How to see scattering equations?
Note: X*(z) only enters in the plane waves e*X and no XX-OPE

= do X path integral
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Result:

OPu(z) =2midz AdZ Y ki 6°(z — z)
i=1
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Result: .
OPu(z) =2midz AdZ Y ki 6°(z — z)
i=1
Implies that P?(z) is a meromorphic quadratic differential:

ki - kj

Z,'—Zj

Res,—;,P*(2) = ki P(z;) =dz )
J#i
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Result: .
OPu(z) =2midz AdZ Y ki 6°(z — z)
i=1
Implies that P?(z) is a meromorphic quadratic differential:

ki - kj

Z,'—Zj

Res,—;,P*(2) = ki P(z;) =dz )
J#i

So each insertion of § (Res,-P2) in correlator gives one of the scattering
equations!
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Scattering equations from worldsheet

Setting n — 3 residues of P? to zero gives scattering equations

=
Setting P2 = 0 globally on ¥ = CP!

(recall P? = 0 constraint from gauge-fixing)
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Scattering equations from worldsheet

Setting n — 3 residues of P? to zero gives scattering equations

=
Setting P2 = 0 globally on ¥ = CP!

(recall P? = 0 constraint from gauge-fixing)

P2(z) = 0 globally on ¥ defines the scattering equations for any genus l
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Explicitly, the required delta functions are:

g=0 (n—3) x Res,—,,P*(z)=0
g=1 (n—1) x Res,—,,P?(z) =0, P*(z)=0
g>2 n x Res,—,P?(z) =0, (3g —3) x P*(z,) =0
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Explicitly, the required delta functions are:

g=0 (n—3) x Res,—,,P*(z)=0
g=1 (n—1) x Res,—,,P?(z) =0, P*(z)=0
g>2 n x Res,—,P?(z) =0, (3g —3) x P*(z,) =0

What about the correlators?
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Correlators at higher genus

For g > 0, field P,(z) acquires zero modes:

g n
Pu(z) =Y 4 wi(2)+ D ki Sg(2,2i|Q)
=1

i=1
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Correlators at higher genus

For g > 0, field P,(z) acquires zero modes:

g n
Pu(z) =Y 4 wi(2)+ D ki Sg(2,2i|Q)
=1

i=1

Correlators take the general form:

g
Mg = / [ o, (ki ei)
=1

M, g is the g-loop integrand of type Il supergravity l
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Evidence in favor:
e Partition functions in 9, ; modular invariant tra-casali-skinner]

@ Factorizes in moduli space onto rational function of kinematics

[TA-Casali-Skinner]

@ Explicit checks of IR behavior for n =4, g = 1,2 (casali-Tourkine, Ta-casalil

Obstruction to general proof:

@ Solving scattering equations for g > 0...hard!
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@ CHY formula = sphere correlator of 2d CFT
@ Scattering equations have geometric interpretation (P? = 0)

@ Scattering eqns and CHY formula have natural g > 0 extensions
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@ CHY formula = sphere correlator of 2d CFT
@ Scattering equations have geometric interpretation (P? = 0)

@ Scattering eqns and CHY formula have natural g > 0 extensions

Still want to know:

What is this telling us about the underlying field theory (i.e., classical
GR/supergravity)?
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Analogy

Compare and contrast with string theory

String theory

@ Sphere amps 220, SUGRA tree-level S-matrix

@ linearized EFEs +» anomalous conformal weights

Worldsheet theory
@ Sphere amps = SUGRA tree-level S-matrix

o linearized EFEs <+ anomalies w/ currents P2, W . P, v.P
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How to get non-linear statement in string theory?

@ Formulate non-linear sigma model on curved target space
@ Demand worldsheet conformal invariance — compute -functions

@ Conformal anomaly vanishes as o’ — 0 < non-linear field egns.

[Callan-Martinec-Perry-Friedan, Banks-Nemeschansky-Sen]
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How to get non-linear statement in string theory?

Formulate non-linear sigma model on curved target space

Demand worldsheet conformal invariance — compute S-functions

Conformal anomaly vanishes as o’ — 0 < non-linear field eqns.

[Callan-Martinec-Perry-Friedan, Banks-Nemeschansky-Sen]

Must work perturbatively in o’ (background field expansion)

Higher powers of o’ <+ higher-curvature corrections to field equations

[Gross-Witten, Grisaru-van de Ven-Zanon]
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So based on contrast with string theory, we want

@ Formulate the worldsheet theory on a curved target space

@ Do it so theory is solveable (no background field /perturbative
expansion required)

@ See non-linear field equations as some anomaly cancellation condition
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Put CFT on a curved background (g,., By, ®):

1 e a 1 .
S=o- /z P DX+, B> + 1, T, X0 v + 7 Ry log (V)
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Put CFT on a curved background (g,., By, ®):

= 21 /P GXH + 1Dy D + 4, TP axwu%Rz log <e_2¢\/§>
T

field redef'n 1
—_—

3 o
2 | OXM + Py, Ot + = Rzlog< \/§>

So free worldsheet OPEs! (crucial difference with non-linear sigma model)
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Put CFT on a curved background (g,., By, ®):

= 21 /P GXH + 1Dy D + 4, TP axwu%Rz log <e_2¢\/§>
T

field redef'n 1
—_—

3 o
2 | OXM + Py, Ot + = Rzlog< \/g)

So free worldsheet OPEs! (crucial difference with non-linear sigma model)
Curved background currents: - P =G, - P — G, P2 - H
BRST charge

Q:%ch—i—:bcac:jL;?-H—ﬁg—i-vg_
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Anomalies

After carefully checking (quantum) diffeomorphism invariance (space-time
& Y), find @2 = 0 iff

e d = 10 (conformal anomaly)

@ Other symmetry currents obey

G(2)G(w) ~0~G(2)G(w),  G(2)G(w) ~
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Anomalies

After carefully checking (quantum) diffeomorphism invariance (space-time
& Y), find @2 = 0 iff

e d = 10 (conformal anomaly)

@ Other symmetry currents obey

G(2)G(w) ~ 0~ G(2)G(w).  G(2)G(w) ~

Remarkably, the only obstructions are rra-casa1i-sinner] :

1
Rus = 3 Hupo HY” +2V,V,0 = 0,
V,HE, —2H" Y, = 0,
H2

R+4V, VIO — 4V, 0 V'O — — = 0.
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So we've answered our last question:

Scattering eqns, CHY formula, etc. <> alternative formulation of
supergravity as a 2d CFT with free OPEs
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So we've answered our last question:

Scattering eqns, CHY formula, etc. <> alternative formulation of
supergravity as a 2d CFT with free OPEs

Where's it all going?
‘S-matrices’ on non-flat space-times?
Ramond-Ramond backgrounds (= pure spinor story)?

String theory with o/ — 0 manifest? [pipe-dream]

°
°
°
@ Other field theories? [Next talk!]
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