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3P1d Quantum Field Theory: Example Sheet 4 Michaelmas 2018

Corrections and suggestions should be emailed to B.C.Allanach@damtp.cam.ac.uk. Starred ques-

tions may be handed in to your supervisor for feedback prior to the class if you wish.

1.∗ The Lagrangian density for a Yukawa theory is given by

L = 1

2
(∂φ)2 − 1

2
µ2φ2 + ψ̄(i /∂ −m)ψ − λφψ̄ψ. (1)

(a) Consider ψψ̄ → ψψ̄ scattering, with initial and final states given by

|i〉 =
√

4E~pE~qb
s
~p
†cr~q

† |0〉 (2)

|f〉 =
√

4E~pE~qb
s′

~p′

†
cr

′

~q′

†
|0〉 . (3)

Show that the amplitude is given by

A = −(−iλ)2

(

[ūs
′

(~p′) · us(~p)][v̄r(~q) · vr
′

(~q′)]

t− µ2
−

[v̄r(~q) · us(~p)][ūs
′

(~p′) · vr
′

(~q′)]

s− µ2

)

. (4)

where t = (p− p′)2 and u = (p− q′)2 are the usual Mandelstam variables. Draw
the two Feynman diagrams that correspond to these two terms.

(b) Now consider ψ(p, s)φ(q) → ψ(p′, s′)φ(q′) scattering. Show that the amplitude
is given by

A = (−iλ)2
[ūs

′

(~p′)γµ
(

(pµ − q′µ) +m
)

us(~p)]

u−m2
(5)

Draw any Feynman diagrams that contribute.

2. The Lagrangian density for a pseudoscalar Yukawa interaction is given by

L = 1

2
(∂φ)2 − 1

2
µ2φ2 + ψ̄(i /∂ −m)ψ − λφψ̄γ5ψ . (6)

Write down the Feynman rules for this theory. Use these to write down the amplitude
at order λ2 for ψψ → ψψ scattering and ψψ̄ → ψψ̄ scattering.

3. Take QED coupled to a charge 1 complex scalar φ. Write down the Lagrangian, and
hence derive the Feynman rules for any interactions between φ, φ† and the photon
Aµ.

4. Use the Feynman rules to show that the QED amplitude for e+e− → µ+µ− is given
at lowest order in e by

µ−

µ+e+

e−

p,s

q,r

p,s

q,r

//

//

= (−ie)2
[v̄re(~q)γµu

s
e(~p)][ū

s′

m(~p
′)γµvr

′

m(~q
′)]

s
, (7)

where the subscripts e and m denote whether the spinors satisfy the Dirac equation
for electrons or for muons, respectively and s is the usual Mandelstam variable.

Mathematical Tripos III: Quantum Field Theory 1 B.C.Allanach@damtp.cam.ac.uk, Michaelmas 2018



C
op

yr
ig

ht
 ©

 2
01

8 
U

ni
ve

rs
ity

 o
f C

am
br

id
ge

. N
ot

 to
 b

e 
qu

ot
ed

 o
r 

re
pr

od
uc

ed
 w

ith
ou

t p
er

m
is

si
on

.

Copies available at http://www.damtp.cam.ac.uk/user/examples/indexP3.html

5.∗ Calculate the total massless fermion spin-averaged cross-section at leading order for
the process e+e− → µ+µ−,

σQED =
4πα2

3s

where s is the usual Mandelstam variable, fermion masses have been neglected and
α = e2/(4π). This agrees with experimental data:

Draw a Feynman diagram at the next higher order than the one depicted in ques-
tion 4. If this diagram were included in the calculation, the expression for σ would
be corrected to which order in α ≈ 1/137? How much would this change the curve?
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