Examiner: P.A. Markowich B.C. Allanach

(i) Write down the defining relation of the Clifford algebra of v* in 1+3
dimensions.

(ii) Write down the Dirac equation for a positive-frequency solution mo-
mentum space Dirac spinor u(s, p*) of spin s and 4-momentum p*.

(iii) Write down the Lagrangian density for an electron e~ of mass m and
charge e coupled to an electromagnetic field A,,.

(iv) Consider Compton scattering v(q, €in(A))e™ (p, s) = V(¢ €out(N))e™ (P, 8)
in Lorentz gauge.

(a) Write down/draw the Feynman rules needed for the calculation
of the amplitude.
(b) Draw Feynman diagram(s) representing the total amplitude.

(c) Use the Feynman rules and diagrams to derive the total amplitude
for Compton scattering.

(d) Calculate the modulus squared of the spin/polarisation averaged /summed
amplitude in the limit m — 0 in terms of the Mandelstam vari-
ables s = (p+ q)? and u = (p — ¢')?. Derive any properties of v*
you use from the Clifford algebra. You may assume that

Zu(s,p)ﬁ(s,p) = (}”"’ m)v 26;()\>€y()\> = "Nuv-

s A

for a photon polarisation €(\).

Marks Comments
" 2" =2

(ii)
(¥ —m)u(s,p") =0
(iii) .
L= @E(lﬁ_ m)1/1 - ZF;WF'LW - 6772)/(1/17

2]  where F,, = 0,A, — 0,A,.
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(v)(a)

3]
2]
(c)
M = My+Ms = (=ie)*a(s', o )eous (V)" éﬂ@ oAl H[ s gut ]
1]

(d)

M = Y uls 0 )alss ) o) (P + d)fin(Nuls, p)a(s, p)¢(N) (B + @) four (N)
A s,s!

e
= 12 D+ D (p+ 47"
Now, we need
Yud = aPyu(=v"p + 26)) = a’(—4v, + 27,) = —24.
VY APV =y (AP 20PH) = 297 + 2900 = 2{y", 4P} = dn?.
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Y AP = Y (=T 20M7) = — 40P 4 2979
= AT+ 2 (A 207) = =27

Tr(yH~Y) = Tr({y*,~"})/2 = 4n*”. Thus

Tr(yHy"yPy7) = 20 Tr(7P7) — Te(y"y#Py7) = 8n'nP7 — 2P Tr(v"~7) + Tr(y"~ v+ ~7)
807 = 807 + 27 Te(v”) = Tr(y"7"777")

Hence (by cyclicity of trace)
Tr(yHy"yPy7) = dnnP7 — dntPn”7 + dnhon"P.

Also, using cyclicity of the trace,

4 4
M2 = ST 0pp+ ol pp=p* = 0= M = STl gy

4 4
= S—Z(Qp’ cqp-q) = —2ets/u.
For IM3|?, s = (p+q)? & (p — ¢')? = u so [ Ma|? = —2¢s/u.
4
e
MMy = Tl (p - ) p (P — 4]

64

= 5 TP P+ ) - o)
€4

= —*iup-p’Tr[(?Hf)(%—ﬁ')]

The trace is 4(p> —p-qd +q-p—q-q) but p =p — ¢ — q so trace is
Adg- ' +4d —q9) —p-¢d —q-q) =0 in the massless limit since ¢-p' =p-q'.

Hence B u s
M| = —2¢* <f + 7) .
s u
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