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Main drop, constant capillary pressure

h = 1
2hmax (1− cos x) in 0 ≤ x ≤ 2π.
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Large fast solitary waves
Kalliadasis & Chang (1994)

Main drop, constant capillary pressure

h = 1
2hmax (1− cos x) in 0 ≤ x ≤ 2π.

Bretherton transition regions at front and back

hξξξ =
h − 1

h3
with ξ = c1/3x

Solutions
h ∼ 1

2P±ξ
2 + Qξ + R± as ξ → ±∞

where Q = 0, P± = 0.64, R+ = 2.90 and R− = −0.85.
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At leading order, matching curvatures

1
2P

(

ξ = c1/3x
)2

= 1
2hmax

1
2x

2

gives relation between size and speed:

hmax = 2Pc2/3.

At next order, gravity pressure drop

G0 + (h + hxx)x = 0.

Solution: h = −G0(x − sin x) + R+.
Matching gives critical value

G0 = (R+ − R−)/2π = 0.5960

But not yet found c as function of G − G0.



Asymptotic expansion for main drop

h ∼ c2/3H0+c1/30+c0H2+c−1/3H3+c−2/3H4+c−1 ln cH5+c−1H6 . . .
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G ∼ G0 + c−1/30 + c−2/3G2 + c−1G3 + ...



Asymptotic expansion for main drop

h ∼ c2/3H0+c1/30+c0H2+c−1/3H3+c−2/3H4+c−1 ln cH5+c−1H6 . . .

with
G ∼ G0 + c−1/30 + c−2/3G2 + c−1G3 + ...

Amusing detail

(H3 + H ′′

3 )
′ =

1

H2
0

=
1

P2(1− cos x)2

with solution

H3 =
sin x

3P2(1− cos x)
.



Asymptotic expansion Bretherton regions
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Asymptotic expansion Bretherton regions

h ∼ h0 + c1/30 + c2/3h2 + c−1h3 + c4/3h4 + c5/3h5 + c−2h6 + . . .

Key correction from

h′′′2 =
3− 2h0

h40
h2 − h′0 ∼ −Pξ +

0

ξ2
+ O

(

1

ξ4

)

with solution

h2 = − P
24ξ

4 + 1
2a±ξ

2 + 0ξ + c± + O(ξ−1)



Matching 1

Inner=

h0 h2 h3 h4 h5

c2/3
[

P

2
x2 −

P

24
x4 +

P

6!
x6 + . . .

]

+c0
[

R+ +
a2

2
x2 −

G0

6
x3 −

a2

24
x4 +

G0

5!
x5 + . . .

]

+c−1/3

[

−
2

3P2x
+b2x +

a3

2
x2 +K3x

3 +O(x4) + . . .

]

+c−2/3

[

+c2+ +b3x +
a4

2
x2 +

G2

3!
x3 + . . .

]

+c−1 ln c

[

+
4G0

9P3
O(x2) + . . .

]

+c−1

[

K1

x3
+
K2

x
+
4G0

3P3
ln x + c3+ +b4x + . . .

]



Matching 2

Outer =

c2/3
[

P

2
x2 −

P

24
x4 +

P

6!
x6 + . . .

]

+c0
[

− G0 × 0 + A2 + C2 −
C2

2 x
2 −

G0

6 x
3 + C2

4! x
4 + g0

5! x
5 + . . .

]

+c−1/3

[

− 2
3P2x

+ (A3 + C3) + ( 1
18P2 + B3)x −

C3

2 x
2 + ( 1

1080P2 −
B3

3! )x
3 . .

+c−2/3

[

− G2 × 0 + A4 + C4 + B4x −
C4

2 x
2 −

G2

3! x
3 + . . .

]

+c−1 log c

[

A4+ + C4+ −
C4+

2 x2 + . . .

]

+c−1

[

2(1 + 2R+)

15P3x3
+ 4(1+2A2−3C2)

15P3x
+ 4G0

3P3 log x + A5 + C5 − G3 × 0 . . .

]
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And for a shear-thinning liquid?


