Example Sheet 2. Part II: Integrable systems David Stuart Lent Term 2024

2.0. Given the linear differential operators

L = −∂^2_x + u(x, t), A = 4∂^3_x − 3u∂_x − 3∂_xu,

considered as acting on a vector space of functions of x verify the fact from lectures that the KdV equation u_t + u_{xxx} − 6uu_x = 0

is equivalent to L_t = [L, A].

2.1. Consider a family of Hermitian N × N matrices L(t) obeying

L(t) = U(t)L(0)U(t)^†

where U(t) is unitary. Show that L(t) and L(0) have the same eigenvalues. Assuming differentiability, show that there exists a skew-Hermitian matrix A (i.e., a matrix obeying A = −A^†) such that U_t = −AU and L_t = [L, A]. Give a condition on the family of matrices {U(t)} which implies A is independent of time.

Conversely, suppose L satisfies L_t = [L, A] for some skew-Hermitian A. Let U(t) be the solution of U_t = −AU, U(0) = I. Show that U(t) is unitary. By considering d dt U(t)^†L(t)U(t) or otherwise, show that L(t) = U(t)L(0)U(t)^†. (Do not assume that A is independent of time.)

2.2. Suppose u = u(x, t) satisfies a Hamiltonian evolution equation u_t = J δH. Show that if I = I[u] then I_t = {I, H}, where {F, G} = ⟨δF, J δG⟩. Assuming that this is a Poisson bracket on the space of functionals which satisfies the conditions for a Poisson structure in Ib of the notes, deduce that if I_1 and I_2 are conserved, then so is I_3 = {I_1, I_2}.

2.3. Show that KdV u_t + u_{xxx} − 6uu_x = 0 can be written in Hamiltonian form in two distinct ways

H_0[u] =

∫_1 2 u^2 dx, J_0 = −∂^3_x+4u∂_x+2u_x and H_1[u] =

∫ (_1 2 u^2_x + u^3 ) dx, J_1 = ∂_x.

In both cases check that the operator J is anti-symmetric.

2.4. Let ξ = x − ct. By seeking a solution of the form u(x, t) = f(ξ), find the 1−soliton solution to each of the following nonlinear (integrable) PDEs:

KdV: u_t + u_{xxx} − 6uu_x = 0, Sine-Gordon: u_{tt} − u_{xx} + sin u = 0.

In the first case, assume that f(ξ) approaches zero as wy|ξ| → ∞ , and in the second case assume it approaches values f_± as ξ → ±∞ which are consistent with finite energy: ∫_u2_{t +u}2_x

2 + (1 − cos u)dx < ∞. In each case you will find it useful to multiply an ODE by f^′(ξ). Plot the solutions for two differing values of time t.

Please send any corrections to dmas2@cam.ac.uk

2.5. Let L = −^{d2}_{dx2} + u(x) be the one dimensional Schrödinger operator with potential u, assumed to decay rapidly at infinity. Show that if Lψ = λψ and Lψ^′ = λψ^′ then the Wronskian W (ψ, ψ^′) ≡ ψψ^′_x − ψ^′ψ_x is constant. Using this fact establish the following results concerning the discrete and continuous parts of the spectrum of L respectively:

(i) Show that if ψ and ψ^′ are bound states corresponding to the same discrete eigenvalue then ψ ∝ ψ^′. Deduce that the discrete eigenvalues are non-degenerate, i.e. each discrete eigenvalue corresponds to exactly one bound state.

(ii) Show that the reflection and transmission coefficients obey |R(k)|^2 + |T (k)|^2 = 1 for all k. [Hint: if LΦ = k^2Φ then LΦ = k^2Φ also, the bar denoting complex conjugation.]

2.6. Referring to the operators L, A defining the Lax structure of KdV in Exercise 0, show that L is selfadjoint and A is skew-adjoint: ⟨φ, Lψ⟩ = ⟨Lφ, ψ⟩, ⟨φ, Aψ⟩ = − ⟨Aφ, ψ⟩ for any smooth, rapidly decaying functions ψ and φ. If ψ is a real function with ‖ψ(t)‖ = 1 ∀t and ψ̃(t) = ψ_t(t)+Aψ(t), show that ψ and ψ̃ are orthogonal, i.e. ⟨ψ̃, ψ⟩ = 0. Conclude that if u satisfies the KdV equation and ψ is a bound state for L then ψ_t + Aψ = 0 and obtain the time dependence of the discrete part of the scattering data associated to the potential u. [Hint: use question 2.5(i). Take the definition of c_m to be

‖φ_m‖_L2 = 1 , φ(x) ≈ c_me^{−κmx} (x → +∞) .]

2.7. Recall from lectures that if A = ∂_x + m tanh mx and A^† = −∂_x + m tanh mx , then

−∂^2_x + m^2 = A A^† and − ∂^2_x + m^2 − 2m^2sech^2mx = A^† A , (1)

from which we found the scattering data for the potential −2m^2sech^2mx was R(k) = 0 and λ_1 = −κ^2_1 = −m^2 and c_1 = √ 2m. Now by considering B = ∂_x + 2m tanh mx and B^† = −∂_x + 2m tanh mx , and computing BB^† and B^†B, find the scattering data for the potential −6m^2sech^2mx . (Hint: consider B^† A^† e^{−ikx} = (−k^2 + 3imk tanh mx + 2m^2 − 3m^2sech^2mx ) e^{−ikx} to find the reflection coefficient, and argue similarly to the case −2m^2sech^2mx treated in lectures for the bound state scattering data.)

(*) Verify that solving Gelfand-Levitan-Marcenko equation for K = K(x, y and defining u(x) = −2^d_{dx} K(x, x) leads back to u = −6m^2sech^2mx .

2.8. The N = 2 soliton solution to the KdV is given by (χ_1 > χ_2)

u(x, t) = −8 [ (χ^2_1e^{η1} + χ^2e^{η2} ) + 2(χ_1 − χ_2)^2e^{η1+η2} + α_{12}(χ^2_1e^{η1+2η2} + χ^2e^{2η1+η2} ) (1 + e^{η1} + e^{η2} + α_{12}e^{η1+η2} )^2 ]

where η_i(x, t) = 2χ_ix−8χ^3_i t+β_i for i = 1, 2 and α_{12} = (χ_1 −χ_2)^2(χ_1 +χ_2)^{−2}. By setting η_1 = const and taking the limit t → ∞ show that in a frame of reference travelling at speed 4χ^2_1 the 2-soliton reduces to a one soliton solution

u(x, t) = −2χ^2_1 sech^2[χ_1(x − 4χ^2_1t) + ϕ_∞]

where you should determine the constant ϕ_∞. By instead taking the limit t → −∞, calculate the phase shift Δϕ = ϕ_∞ − ϕ_{−∞} induced by the soliton interaction.

2.9. (i) Given u = u(x, t) ∈ R define

U(λ) = ( 0 1 u − λ 0 ) and V (λ) = ( −u_x 2u + 4λ 2u^2 − u_{xx} + 2uλ − 4λ^2 u_x ) . (2)

Show that the KdV equation is equivalent to the zero curvature equation

U_t − V_x + [U, V ] = 0 . (3)

(ii) Let v = v(x, t) be a complex valued function. Show that the matrices (U, V ) defined by

U(λ) = ( iλ iv̄ iv −iλ ) , V (λ) = 2iλ^2 ( 1 0 0 −1 ) +2iλ ( 0 v̄ v 0 ) + ( 0 v̄_x −v_x 0 ) −i ( |v|^2 0 0 −|v|^2 )

satisfy the zero curvature equation iff v satisfies the nonlinear Schrödinger (NLS) equation iv_t + v_{xx} + 2|v|^2v = 0.

This is another integrable equation which arises in optics and the mathematical theory of water waves.

2.10. This exercise asks you to work through some of the details in section III.e of the notes, in which it is explained how to use the zero curvature formulation of sine-Gordon to “solve” it. In particular, it is possible to recover multi-soliton solutions of u_{XT} = sin u at time T from certain discrete scattering data {λ_m(T ), c_m(T )}^N_{m=1} and corresponding eigenfunctions ψ_m(X, T ) solving by means of the formula

u_X (X, T ) = −4 ∑ m c_mψ^{(1)}_m (X, T )e^{iλmX}

where ψ_m = ( ψ^{(1)}_m ψ^{(2)}_m ) and ψ̃_m = ( −ψ^{(2)}_m ψ^{(1)}_m ) solve

ψ̃_n(X, T )e^{iλ̄}n^{(T )X} − ( 0 1 ) = ∑ m c_m(T )ψ_m(X, T ) (λ̄_n(T ) − λ_m(T )) e^{iλm(T )X} . (4)

Obtain the soliton solution you found in question 4 for the sine-Gordon equation by taking the scattering data to be reflectionless with a single bound state on the imaginary axis λ = il , l ∈ R.

(*) Now use the fact that the discrete scattering data is symmetric with respect to reflection in the imaginary axis, and the corresponding {c_m} are then related by complex conjugation, i.e. take the sets

{λ_m, c_m}_m and {−λ_m, c_m}_m

to be identical. Obtain the formula (at fixed time T )

u(x, T ) = −2Arg det(1 + v) det(1 − v) where v is the N × N matrix

v_{mn} = c_me^{i(λn+λm)x} λ_n + λ_m . Given the fact that the discrete scattering data {λ_m(T ), c_m(T )}^N_{m=1} evolve according to λ_m(T ) = λ_m(0) = λ_m and c_m(T ) = c_m(0)e^{− i2λ}n^T , obtain the solution in the case that N = 2 and λ_j = il_j, j = 1, 2 with real l_2 > l_1 > 0 and for arbitrary real c_1(0), c_2(0).

Changing coordinates to x = X + T and t = T − Xexplain briefly how, for large positive and negative t, your formula approximates to a combination of the 1-solitons given by 4 arctan exp[− x − v_it − x_{i0} √ 1 − v^2_i ] with velocities v_1 and v_2; calculate these velocities in terms of l_1, l_2.