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Learning unitary Koopman operators 
from trajectory data

1



State 𝑥 ∈ Ω ⊆ ℝ𝑑 . 

Unknown function 𝐹: Ω → Ω governs dynamics: 𝑥𝑛+1 = 𝐹(𝑥𝑛).

Goal: Learning from data 𝑥(𝑚), 𝑦(𝑚) = 𝐹(𝑥(𝑚))
𝑚=1

𝑀
.

Applications: chemistry, climatology,                     
control, electronics, epidemiology,           
finance, fluids, molecular dynamics,        
neuroscience, plasmas, robotics,                      
video processing, etc.

Data-driven dynamical systems
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Koopman Operator 𝒦: A global linearization

• Koopman, “Hamiltonian systems and transformation in Hilbert space,” Proc. Natl. Acad. Sci. USA, 1931.
• Koopman, v. Neumann, “Dynamical systems of continuous spectra,” Proc. Natl. Acad. Sci. USA, 1932.
• C., “The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical Analysis, 2024

𝑔: Ω → ℂ

“observable”
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• 𝒦 acts on functions 𝑔: Ω → ℂ, 𝒦𝑔 𝑥 = 𝑔(𝐹(𝑥)).

• Function space: 𝑔 ∈ 𝐿2(Ω, 𝜔), positive measure 𝜔, inner product ∙,∙ .

Koopman Operator 𝒦: A global linearization

• Koopman, “Hamiltonian systems and transformation in Hilbert space,” Proc. Natl. Acad. Sci. USA, 1931.
• Koopman, v. Neumann, “Dynamical systems of continuous spectra,” Proc. Natl. Acad. Sci. USA, 1932.
• C., “The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical Analysis, 2024
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“observable”
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New Papers on
“Koopman Operators”

number of papers

doubles every 5 yrs

Koopmania!
(wikipedia)



Koopman mode decomposition

𝑔(𝑥) = ෍

eigenvalues 𝜆𝑗

𝑐𝜆𝑗
𝜑𝜆𝑗

(𝑥) + න

−𝜋

𝜋

𝜙𝜃,𝑔 𝑥  d𝜃

𝑔 𝑥𝑛 = 𝒦𝑛𝑔 𝑥0 = ෍

eigenvalues 𝜆𝑗

𝑐𝜆𝑗
𝜆𝑗

𝑛𝜑𝜆𝑗
𝑥0 + න

−𝜋

𝜋

𝑒𝑖𝑛𝜃𝜙𝜃,𝑔 𝑥0  d𝜃

Encodes: geometric features, invariant measures, transient behavior, 
long-time behavior, coherent structures, quasiperiodicity, etc.

GOAL: Data-driven approximation of 𝒦 and its spectral properties. 

generalized
eigenfunction of 𝒦

eigenfunction of 𝒦

• Mezić, “Spectral properties of dynamical systems, model reduction and decompositions,” Nonlinear Dynamics, 2005.
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Koopman mode decomposition

𝑔(𝑥) = ෍
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Our setting – unitary evolution

𝒦𝑔 𝑥 = 𝑔 𝐹 𝑥 , 𝑔 ∈ 𝐿2(Ω, 𝜔)

𝑔 𝑥𝑛 = 𝒦𝑛𝑔 𝑥0

Assume: System is measure-preserving (𝐹 preserves 𝜔)

  ⟺ 𝒦𝑔 = 𝑔  (isometry)

  ⟺ 𝒦∗𝒦 = 𝐼  

  ⟹ Spec(𝒦) ⊆ 𝑧: 𝑧 ≤ 1  

(NB: consider unitary extensions of 𝒦 via Wold decomposition.)
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Our setting – unitary evolution

𝒦𝑔 𝑥 = 𝑔 𝐹 𝑥 , 𝑔 ∈ 𝐿2(Ω, 𝜔)

𝑔 𝑥𝑛 = 𝒦𝑛𝑔 𝑥0

Assume: System is measure-preserving (𝐹 preserves 𝜔)

  ⟺ 𝒦𝑔 = 𝑔  (isometry)

  ⟺ 𝒦∗𝒦 = 𝐼  

  ⟹ Spec(𝒦) ⊆ 𝑧: 𝑧 ≤ 1  

(NB: consider unitary extensions of 𝒦 via Wold decomposition.)

WANT: Approximation of 𝒦 that preserves ∙  
(e.g., stability, long-time behavior etc.)...
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∈ ℂ𝑁×𝑁

Shift example (on 𝓁2(ℤ))

• Spectrum is unit circle.

• Spectrum is stable.

• Unitary evolution.

• Spectrum is 0 .

• Spectrum is unstable.

• Nilpotent evolution.

Lots of Koopman operators are built up from operators like these!

𝑒𝑗 → 𝑒𝑗−1

truncate
/discretize

Jordan block!
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The most important slide

• Spectrum is 0 .

• Spectrum is unstable.

• Nilpotent evolution.

• Spectrum converges to unit 
circle as 𝑁 → ∞.

• Spectrum is stable.

• Unitary evolution.

polar
decomposition

Circulant matrix
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∈ ℂ𝑁×𝑁 ∈ ℂ𝑁×𝑁



Ψ 𝑥 = 𝜓1 𝑥  … 𝜓𝑁 𝑥 ,  𝑔 = ෍

𝑗=1

𝑁

𝐠𝑗𝜓𝑗 = Ψ𝐠 ∈ span 𝜓1, … , 𝜓𝑁

min
𝕂∈ℂ𝑁×𝑁

න
Ω

max
𝐠 2=1

Ψ(𝑥)𝕂𝐠 − [𝒦𝑔](𝑥) 2 𝑑𝜔 𝑥 = න
Ω

Ψ 𝑥 𝕂 − Ψ 𝐹(𝑥) 2
2 𝑑𝜔 𝑥

min
𝕂∈ℂ𝑁×𝑁

෍

𝑚=1

𝑀

𝑤𝑚 Ψ 𝑥(𝑚) 𝕂 − Ψ 𝑦(𝑚)
2

2

Extended Dynamic Mode Decomposition (EDMD) 

quadrature
𝑥(𝑚), 𝑦(𝑚) = 𝐹(𝑥(𝑚))

𝑚=1

𝑀

13

𝕂: Galerkin method on 𝑉𝑁 = span 𝜓1, … , 𝜓𝑁

• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
• Rowley, Mezić, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
• Kutz, Brunton, Brunton, Proctor, “Dynamic mode decomposition: data-driven modeling of complex systems,” SIAM, 2016.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.



𝐺𝑗𝑘 = ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 ≈ 𝜓𝑘 , 𝜓𝑗

A simple alteration
14



𝐺𝑗𝑘 = ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 ≈ 𝜓𝑘 , 𝜓𝑗

Measure-preserving:       𝐠∗𝐺𝐠 ≈ 𝑔 𝟐 = 𝒦𝑔 𝟐 ≈ 𝐠∗𝕂∗𝐺𝕂𝐠

A simple alteration
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𝐺𝑗𝑘 = ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 ≈ 𝜓𝑘 , 𝜓𝑗

Measure-preserving:       𝐠∗𝐺𝐠 ≈ 𝑔 𝟐 = 𝒦𝑔 𝟐 ≈ 𝐠∗𝕂∗𝐺𝕂𝐠

Enforce: 𝐺 = 𝕂∗𝐺𝕂

A simple alteration
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𝐺𝑗𝑘 = ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 ≈ 𝜓𝑘 , 𝜓𝑗

Measure-preserving:       𝐠∗𝐺𝐠 ≈ 𝑔 𝟐 = 𝒦𝑔 𝟐 ≈ 𝐠∗𝕂∗𝐺𝕂𝐠

Enforce: 𝐺 = 𝕂∗𝐺𝕂

min
𝕂∈ℂ𝑁×𝑁

𝐺=𝕂∗𝐺𝕂 

෍

𝑚=1

𝑀

𝑤𝑚 Ψ 𝑥(𝑚) 𝕂𝐺−1/2 − Ψ 𝑦(𝑚) 𝐺−1/2
2

2

A simple alteration

orthogonal
Procrustes 
problem

quadrature

17



The mpEDMD algorithm

As 𝑀 → ∞, unitary part of polar decomposition of 𝒫𝑉𝑁
𝒦𝒫𝑉𝑁

∗ .

𝕂

𝕂
𝑉𝑁 = span 𝜓1, … , 𝜓𝑁

𝒫𝑉𝑁
: 𝐿2(Ω, 𝜔) → 𝑉𝑁

orthogonal projection

18



• Finite dimensions: Unitary 𝐵 ∈ ℂ𝑛×𝑛, orthonormal basis of e-vectors 𝑣𝑗 𝑗=1

𝑛

𝑣 = ෍

𝑗=1

𝑛

𝑣𝑗𝑣𝑗
∗ 𝑣, 𝐵𝑣 = ෍

𝑗=1

𝑛

𝜆𝑗𝑣𝑗𝑣𝑗
∗ 𝑣, ∀𝑣 ∈ ℂ𝑛

Spectral measures → diagonalisation
19



• Finite dimensions: Unitary 𝐵 ∈ ℂ𝑛×𝑛, orthonormal basis of e-vectors 𝑣𝑗 𝑗=1

𝑛

𝑣 = ෍

𝑗=1

𝑛

𝑣𝑗𝑣𝑗
∗ 𝑣, 𝐵𝑣 = ෍

𝑗=1

𝑛

𝜆𝑗𝑣𝑗𝑣𝑗
∗ 𝑣, ∀𝑣 ∈ ℂ𝑛

• Infinite dimensions: Unitary 𝒦. Typically, no basis of e-vectors!             
Spectral theorem: (projection-valued) spectral measure ℰ

𝑔 = න
Spec 𝒦

1 dℰ(𝜆) 𝑔, 𝒦𝑔 = න
Spec 𝒦

𝜆 dℰ(𝜆) 𝑔, ∀𝑔 ∈ 𝐿2(Ω, 𝜔)

Spectral measures → diagonalisation
20



• Finite dimensions: Unitary 𝐵 ∈ ℂ𝑛×𝑛, orthonormal basis of e-vectors 𝑣𝑗 𝑗=1

𝑛

𝑣 = ෍

𝑗=1

𝑛

𝑣𝑗𝑣𝑗
∗ 𝑣, 𝐵𝑣 = ෍

𝑗=1

𝑛

𝜆𝑗𝑣𝑗𝑣𝑗
∗ 𝑣, ∀𝑣 ∈ ℂ𝑛

• Infinite dimensions: Unitary 𝒦. Typically, no basis of e-vectors!              
Spectral theorem: (projection-valued) spectral measure ℰ

𝑔 = න
Spec 𝒦

1 dℰ(𝜆) 𝑔, 𝒦𝑔 = න
Spec 𝒦

𝜆 dℰ(𝜆) 𝑔, ∀𝑔 ∈ 𝐿2(Ω, 𝜔)

• Spectral measures: 𝜇𝑔 𝑈 = ℰ 𝑈 𝑔, 𝑔  ( 𝑔 = 1) probability measure.

Spectral measures → diagonalisation
21



Spectral measures → dynamics

𝜇𝑔 probability measures on 𝕋 = 𝑧 ∈ ℂ: 𝑧 = 1

ෞ𝜇𝑔 𝑛 = න

𝕋 

𝜆𝑛 d𝜇𝑔 𝜆 = 𝒦𝑛𝑔, 𝑔

Characterize forward-time dynamics ⇒ Koopman mode decomposition.

෍

moments

22

correlationsFourier coefficients



Convergence of measures

𝜇𝐠
𝑁,𝑀

𝑈 = ෍

𝜆𝑗∈𝑈

𝑣𝑗
∗𝐺𝐠

2

𝑊1 𝜇, 𝜈 = sup න
𝕋

𝜑 𝜆 d(𝜇 − 𝜈) 𝜆 : 𝜑 Lipschitz 1

Theorem: Suppose quadrature rule converges & lim
𝑁→∞

dist(ℎ, 𝑉𝑁) = 0 for any          

ℎ ∈ 𝐿2(Ω, 𝜔). Then for 𝑔 ∈ 𝐿2(Ω, 𝜔) & 𝐠𝑁 ∈ ℂ𝑁 with lim
𝑁→∞

𝑔 − Ψ𝐠𝑁 = 0,

lim
𝑁→∞

limsup
𝑀→∞

𝑊1 𝜇𝑔, 𝜇𝒈
𝑁,𝑀

= 0.

If 𝑉𝑁 = 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔  & 𝑔 = Ψ𝐠, then

limsup
𝑀→∞

𝑊1 𝜇𝑔, 𝜇𝐠
𝑁,𝑀

≲
log 𝑁

𝑁
.

𝕂: mpEDMD matrix

𝜆𝑗: eigenvalues of 𝕂

𝑣𝑗: eigenvectors of 𝕂

𝑉𝑁 = span 𝜓1, … , 𝜓𝑁
Matching 
autocorrelations!

Captures weak 
convergence of 
measures

23



Further convergence
24

• Projection-valued measures (e.g., functional calculus, 𝐿2 forecasting).

• Koopman mode decomposition.

• Spectrum.

• Generalized eigenfunctions (but that’s another story!)

Key ingredient: unitary discretization.



Lorenz system

ሶ𝑥1 = 10 𝑥2 − 𝑥1 , ሶ𝑥2 = 𝑥1 28 − 𝑥3 − 𝑥2, ሶ𝑥3 = 𝑥1𝑥2 − 8/3 𝑥3, Δ𝑡 = 0.1

𝑔(𝑥1, 𝑥2, 𝑥3) = 𝑐 tanh((𝑥1𝑥2 − 3𝑥3)/5), 𝑉𝑁 = span 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔

Cdf: 𝐹𝜇(𝜃) = 𝜇 exp 𝑖𝑡 : −𝜋 ≤ 𝑡 ≤ 𝜃

25



Lorenz system

ሶ𝑥1 = 10 𝑥2 − 𝑥1 , ሶ𝑥2 = 𝑥1 28 − 𝑥3 − 𝑥2, ሶ𝑥3 = 𝑥1𝑥2 − 8/3 𝑥3, Δ𝑡 = 0.1

𝑔(𝑥1, 𝑥2, 𝑥3) = 𝑐 tanh((𝑥1𝑥2 − 3𝑥3)/5), 𝑉𝑁 = span 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔

26

Coherent features!



Nonlinear pendulum
ሶ𝑥1 = 𝑥2, ሶ𝑥2 = − sin 𝑥1 ,  Ω = −𝜋, 𝜋 per × ℝ, Δ𝑡 = 0.5

𝑔 𝑥 = exp 𝑖𝑥1 𝑥2 exp −𝑥2
2/2 , 𝑉𝑁 = span 𝑔, 𝒦𝑔, … , 𝒦99𝑔

log10 𝑣𝑗

27

Dissipation, low accuracy Conservative, high accuracy



Robustness to noise: Gauss. noise for ΨX, ΨY

Noise levelNoise level

“strongly consistent estimation”

28

Finite-dimensional
projection error
(inherent)

Noise error: 𝒪( 𝑀)Noise error: 𝒪(1)

Mean inf. dim. residual (mpEDMD)Mean inf. dim. residual (EDMD)



• Reynolds number ≈ 6.4 × 104

• Ambient dimension (𝑑) ≈ 100,000 
    (velocity at measurement points)
*PIV data provided by Máté Szőke (Virginia Tech)

• Baddoo, Herrmann, McKeon, Kutz, Brunton, “Physics-informed dynamic mode decomposition (piDMD),” preprint.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

Turbulence
(real data)

piDMD EDMD

stable but wrong

Turbulent K.E. y=5mm Turbulent K.E. y=35mm Time-avg. K.E.

29



Turbulence statistics
Flow mpEDMD piDMD EDMD

unstable
stable but 
wrong

30



Earliest published image of an eigenvector 
from Daniel Bernoulli’s 1733 masterpiece 
“Theoremata de oscillationibus corporum 
filo flexili connexorum et catenae 
verticaliter suspensae”.

       𝑛 pendula

       Does it help collecting 
      data using geometric    
      integrators?

       What happens as 𝑛 → ∞?

Future work (with Davide)
31



https://github.com/MColbrook/Measure-preserving-Extended-Dynamic-Mode-Decomposition

Summary: Geometric integration for EDMD
32

• EDMD + enforcing measure-preserving (polar decomposition of Galerkin)

• Convergence of spectral measures, spectra, Koopman mode decomposition.

• Long-time stability, improved qualitative behavior.

• Increased stability to noise.

• Simple, flexible: easy to combine with any DMD-type method!

OPPORTUNITY: further structure-preservation (e.g., learning symmetries)
Shameless plug: read more in upcoming CUP book, “Infinite-Dimensional Spectral Computations”

Short video summaries
available on YouTube
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