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• Compact metric space (𝒳, 𝑑𝒳) – the state space, 𝑥 ∈ 𝒳 – the state

• Unknown cts 𝑆: 𝒳 → 𝒳 – the dynamics: 𝑥𝑛+1 = 𝑆(𝑥𝑛)

• Borel measure 𝜔 on 𝒳

• Function space 𝐿2 = 𝐿2(𝒳, 𝜔) (elements 𝑔 called “observables”)

• Koopman operator 𝒦 = 𝒦𝑆: 𝐿2 → 𝐿2; [𝒦𝑆𝑔] 𝑥 = 𝑔(𝑆(𝑥))

• Available Snapshot data: 𝑥 𝑚 , 𝑦 𝑚 = 𝑆 𝑥 𝑚 : 𝑚 = 1, … , 𝑀

NB: Pointwise definition of 𝒦𝑆 needs 𝑆#𝜔 ≪ 𝜔 – this will hold throughout.
NB: 𝒦𝑆 bounded equivalent to d𝑆#𝜔/d𝜔 ∈ 𝐿∞ – this will hold throughout (can be dropped).
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Recap and notation



• Compact metric space (𝒳, 𝑑𝒳) – the state space, 𝑥 ∈ 𝒳 – the state

• Unknown cts 𝑆: 𝒳 → 𝒳 – the dynamics: 𝑥𝑛+1 = 𝑆(𝑥𝑛)

• Borel measure 𝜔 on 𝒳

• Function space 𝐿2 = 𝐿2(𝒳, 𝜔) (elements 𝑔 called “observables”)

• Koopman operator 𝒦 = 𝒦𝑆: 𝐿2 → 𝐿2; [𝒦𝑆𝑔] 𝑥 = 𝑔(𝑆(𝑥))

• Available Snapshot data: 𝑥 𝑚 , 𝑦 𝑚 = 𝑆 𝑥 𝑚 : 𝑚 = 1, … , 𝑀
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Recap and notation

GOAL: Data-driven approximation of 𝓚𝑺 and its spectral properties. 



⋱ ⋱
0 1

0 1
0 1

0 ⋱
⋱

 

0 1
⋱ ⋱

⋱ 1
0

∈ ℂ𝑁×𝑁

Perils of discretization: Warmup on 𝓁2 ℤ

• Spectrum is unit circle.

• Spectrum is stable.

• Continuous spectra.

• Unitary evolution.

• Spectrum is 0 .

• Spectrum is unstable.

• Discrete spectra.

• Nilpotent evolution.

Lots of Koopman operators are built up from operators like these!
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Example: EDMD does NOT converge

Spε(𝒦𝑆) = 𝑧 ∈ ℂ: 𝒦𝑆 − 𝑧𝐼 −1 −1 ≤ 𝜀
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• Duffing oscillator: ሶ𝑥 = 𝑦, ሶ𝑦 = −𝛼𝑦 + 𝑥(1 − 𝑥2), sampled Δ𝑡 = 0.3.

• Gaussian radial basis functions, Monte Carlo integration (𝑀 = 50000)

𝛼 = 0 𝛼 = 0.3



Extended Dynamic Mode Decomposition (EDMD)

𝑥(𝑚), 𝑦(𝑚) = 𝑆(𝑥(𝑚))
𝑚=1

𝑀

• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
• Rowley, Mezić, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

Functions 𝜓𝑗: 𝒳 → ℂ, 𝑗 = 1, … , 𝑁 
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𝜓𝑘 , 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 =

𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))
⋮ ⋱ ⋮

𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))
⋮ ⋱ ⋮

𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋 𝑗𝑘

Extended Dynamic Mode Decomposition (EDMD)

𝒦𝜓𝑘, 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

=
𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))

⋮ ⋱ ⋮
𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑦(1)) ⋯ 𝜓𝑁(𝑦(1))
⋮ ⋱ ⋮

𝜓1(𝑦(𝑀)) ⋯ 𝜓𝑁(𝑦(𝑀))

Ψ𝑌 𝑗𝑘

𝑥(𝑚), 𝑦(𝑚) = 𝑆(𝑥(𝑚))
𝑚=1

𝑀

• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
• Rowley, Mezić, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

quadrature weights

quadrature points

Functions 𝜓𝑗: 𝒳 → ℂ, 𝑗 = 1, … , 𝑁 

7



Functions 𝜓𝑗: 𝒳 → ℂ, 𝑗 = 1, … , 𝑁 

𝒦 ⟶ 𝕂 = Ψ𝑋
∗𝑊Ψ𝑋

−1Ψ𝑋
∗𝑊Ψ𝑌 = ( 𝑊Ψ𝑋)† 𝑊Ψ𝑌 ∈ ℂ𝑁×𝑁

𝜓𝑘 , 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 =

𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))
⋮ ⋱ ⋮

𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))
⋮ ⋱ ⋮

𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋 𝑗𝑘

Extended Dynamic Mode Decomposition (EDMD)

𝒦𝜓𝑘, 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

=
𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))

⋮ ⋱ ⋮
𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑦(1)) ⋯ 𝜓𝑁(𝑦(1))
⋮ ⋱ ⋮

𝜓1(𝑦(𝑀)) ⋯ 𝜓𝑁(𝑦(𝑀))

Ψ𝑌 𝑗𝑘

𝑥(𝑚), 𝑦(𝑚) = 𝑆(𝑥(𝑚))
𝑚=1

𝑀

• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
• Rowley, Mezić, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

Galerkin
Approximation
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Functions 𝜓𝑗: 𝒳 → ℂ, 𝑗 = 1, … , 𝑁 

𝒦 ⟶ 𝕂 = Ψ𝑋
∗𝑊Ψ𝑋

−1Ψ𝑋
∗𝑊Ψ𝑌 = ( 𝑊Ψ𝑋)† 𝑊Ψ𝑌 ∈ ℂ𝑁×𝑁

𝜓𝑘 , 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 =

𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))
⋮ ⋱ ⋮

𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))
⋮ ⋱ ⋮

𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋 𝑗𝑘

Extended Dynamic Mode Decomposition (EDMD)

𝒦𝜓𝑘, 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

=
𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))

⋮ ⋱ ⋮
𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑦(1)) ⋯ 𝜓𝑁(𝑦(1))
⋮ ⋱ ⋮

𝜓1(𝑦(𝑀)) ⋯ 𝜓𝑁(𝑦(𝑀))

Ψ𝑌 𝑗𝑘

𝑥(𝑚), 𝑦(𝑚) = 𝑆(𝑥(𝑚))
𝑚=1

𝑀

• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
• Rowley, Mezić, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.
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Residual DMD (ResDMD)

• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

𝜓𝑘, 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘
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https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

𝜓𝑘, 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘
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Residual DMD (ResDMD)

https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

𝜓𝑘, 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘
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?

What’s the missing

Residual DMD (ResDMD)

https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

𝜓𝑘, 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘

𝒦𝜓𝑘 , 𝒦𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑦 𝑚 𝜓𝑘 𝑦 𝑚 = Ψ𝑌
∗𝑊Ψ𝑌

𝐾2 𝑗𝑘
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Residual DMD (ResDMD)

https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


Residuals:  𝑔 = σ𝑗=1
𝑁 𝐠𝑗𝜓𝑗 , 𝒦𝑔 − 𝜆𝑔 2 = 𝒦𝑔 − 𝜆𝑔, 𝒦𝑔 − 𝜆𝑔

• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

𝜓𝑘, 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘

𝒦𝜓𝑘 , 𝒦𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑦 𝑚 𝜓𝑘 𝑦 𝑚 = Ψ𝑌
∗𝑊Ψ𝑌

𝐾2 𝑗𝑘
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Residual DMD (ResDMD)

https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


Residuals:  𝑔 = σ𝑗=1
𝑁 𝐠𝑗𝜓𝑗 , 𝒦𝑔 − 𝜆𝑔 2 = σ𝑘,𝑗=1

𝑁 𝐠𝑘𝐠𝑗 𝒦𝜓𝑘 − 𝜆𝜓𝑘 , 𝒦𝜓𝑗 − 𝜆𝜓𝑗

• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

𝜓𝑘, 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘

𝒦𝜓𝑘 , 𝒦𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑦 𝑚 𝜓𝑘 𝑦 𝑚 = Ψ𝑌
∗𝑊Ψ𝑌

𝐾2 𝑗𝑘

Residual DMD (ResDMD)
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https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


Residuals:  𝑔 = σ𝑗=1
𝑁 𝐠𝑗𝜓𝑗 , 𝒦𝑔 − 𝜆𝑔 2 = lim

𝑀→∞
𝐠∗ 𝐾2 − 𝜆𝐾1

∗ − ҧ𝜆𝐾1 + 𝜆 2𝐺 𝐠 

𝜓𝑘, 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘

𝒦𝜓𝑘 , 𝒦𝜓𝑗 ≈ 

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑦 𝑚 𝜓𝑘 𝑦 𝑚 = Ψ𝑌
∗𝑊Ψ𝑌

𝐾2 𝑗𝑘

Infinite-
dimensional 

residual

• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

Bound projection errors!
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https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


ResDMD: Avoiding the dangers
If quadrature rule converges 

• lim
𝑀→∞

: Avoid spurious eigenvalues.

• lim
𝑁→∞

lim
𝑀→∞

: Compute Sp𝜀(𝒦) = ڂ ℬ ≤𝜀 Sp(𝒦 + ℬ).

• lim
𝜀↓0

lim
𝑁→∞

lim
𝑀→∞

: Compute Sp(𝒦).

• Verification: dictionaries, approximate eigenfunctions, coherency,…

• Error bounds of forecasts.

Convergent methods for general 𝒦

𝑀 = number of snapshots
𝑁 = number of basis functions

17



ResDMD: Avoiding the dangers
If quadrature rule converges 

• lim
𝑀→∞

: Avoid spurious eigenvalues.

• lim
𝑁→∞

lim
𝑀→∞

: Compute Sp𝜀(𝒦) = ڂ ℬ ≤𝜀 Sp(𝒦 + ℬ).

• lim
𝜀↓0

lim
𝑁→∞

lim
𝑀→∞

: Compute Sp(𝒦).

• Verification: dictionaries, approximate eigenfunctions, coherency,…

• Error bounds of forecasts.

• Extends to kernel methods and 𝑀 < 𝑁 (dual residual).

Convergent methods for general 𝒦

𝑀 = number of snapshots
𝑁 = number of basis functions
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• C., "Another look at Residual Dynamic Mode Decomposition in the regime of fewer Snapshots than Dictionary Size," Physica D, to appear.



ResDMD: Avoiding the dangers
If quadrature rule converges 

• lim
𝑀→∞

: Avoid spurious eigenvalues.

• lim
𝑁→∞

lim
𝑀→∞

: Compute Sp𝜀(𝒦) = ڂ ℬ ≤𝜀 Sp(𝒦 + ℬ).

• lim
𝜀↓0

lim
𝑁→∞

lim
𝑀→∞

: Compute Sp(𝒦).

• Verification: dictionaries, approximate eigenfunctions, coherency,…

• Error bounds of forecasts.

• Extends to kernel methods and 𝑀 < 𝑁 (dual residual).

• Extends to stochastic systems (+ variance through Koopman).

• C., "Another look at Residual Dynamic Mode Decomposition in the regime of fewer Snapshots than Dictionary Size," Physica D, to appear.
• C., Li, Raut, Townsend, “Beyond expectations: Residual Dynamic Mode Decomposition and Variance for Stochastic Dynamical Systems,” Nonlinear Dynamics, 2024.

Convergent methods for general 𝒦

𝑀 = number of snapshots
𝑁 = number of basis functions

19

See Weds talk!



extremely efficient
compression

Number of modes
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SE

unseen shockwave
prediction
from 40 modes

Example: Verified KMD and compression

Time(10−5s)

P
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u

re

Matt Szőke’s laser cannon!
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Use a kernel method
+ delay embedding

SVD ordering
residual orderingSVD ordering

residual ordering



Measure-preserving systems

𝒦𝑔 𝑥 = 𝑔 𝑆 𝑥 , 𝑔 ∈ 𝐿2(𝒳, 𝜔)

𝑆 preserves 𝜔 ⟺ 𝒦𝑔 = 𝑔  (isometry)

    ⟺ 𝒦∗𝒦 = 𝐼  

    ⟹ Sp(𝒦) ⊆ 𝑧: 𝑧 ≤ 1  

(NB: unitary extensions of 𝒦 via Wold decomposition.)

21



Turbulence (experimental data)
Flow mpEDMD EDMD

unstable

22

• Re ≈ 6.4 × 104

• Ambient dim ≈ 100,000 
    (velocity)
*PIV data provided by
Máté Szőke (Virginia Tech)

Preserving measure 
can be crucial!!



• Finite dimensions: Unitary 𝐵 ∈ ℂ𝑛×𝑛, orthonormal basis of e-vectors 𝑣𝑗 𝑗=1

𝑛

𝑣 = 

𝑗=1

𝑛

𝑣𝑗𝑣𝑗
∗ 𝑣, 𝐵𝑣 = 

𝑗=1

𝑛

𝜆𝑗𝑣𝑗𝑣𝑗
∗ 𝑣, ∀𝑣 ∈ ℂ𝑛

Spectral measures → diagonalisation
23



• Finite dimensions: Unitary 𝐵 ∈ ℂ𝑛×𝑛, orthonormal basis of e-vectors 𝑣𝑗 𝑗=1

𝑛

𝑣 = 

𝑗=1

𝑛

𝑣𝑗𝑣𝑗
∗ 𝑣, 𝐵𝑣 = 

𝑗=1

𝑛

𝜆𝑗𝑣𝑗𝑣𝑗
∗ 𝑣, ∀𝑣 ∈ ℂ𝑛

• Infinite dimensions: Unitary 𝒦. Typically, no basis of e-vectors!             
Spectral theorem: (projection-valued) spectral measure ℰ

𝑔 = න
Sp 𝒦

1 dℰ(𝜆) 𝑔, 𝒦𝑔 = න
Sp 𝒦

𝜆 dℰ(𝜆) 𝑔, ∀𝑔 ∈ 𝐿2(𝒳, 𝜔)

Spectral measures → diagonalisation
24



• Finite dimensions: Unitary 𝐵 ∈ ℂ𝑛×𝑛, orthonormal basis of e-vectors 𝑣𝑗 𝑗=1

𝑛

𝑣 = 

𝑗=1

𝑛

𝑣𝑗𝑣𝑗
∗ 𝑣, 𝐵𝑣 = 

𝑗=1

𝑛

𝜆𝑗𝑣𝑗𝑣𝑗
∗ 𝑣, ∀𝑣 ∈ ℂ𝑛

• Infinite dimensions: Unitary 𝒦. Typically, no basis of e-vectors!              
Spectral theorem: (projection-valued) spectral measure ℰ

𝑔 = න
Sp 𝒦

1 dℰ(𝜆) 𝑔, 𝒦𝑔 = න
Sp 𝒦

𝜆 dℰ(𝜆) 𝑔, ∀𝑔 ∈ 𝐿2(𝒳, 𝜔)

• Spectral measures: 𝜇𝑔 𝑈 = ℰ 𝑈 𝑔, 𝑔  ( 𝑔 = 1) probability measure.

Spectral measures → diagonalisation
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• Finite dimensions: Unitary 𝐵 ∈ ℂ𝑛×𝑛, orthonormal basis of e-vectors 𝑣𝑗 𝑗=1

𝑛

𝑣 = 

𝑗=1

𝑛

𝑣𝑗𝑣𝑗
∗ 𝑣, 𝐵𝑣 = 

𝑗=1

𝑛

𝜆𝑗𝑣𝑗𝑣𝑗
∗ 𝑣, ∀𝑣 ∈ ℂ𝑛

• Infinite dimensions: Unitary 𝒦. Typically, no basis of e-vectors!              
Spectral theorem: (projection-valued) spectral measure ℰ

𝑔 = න
Sp 𝒦

1 dℰ(𝜆) 𝑔, 𝒦𝑔 = න
Sp 𝒦

𝜆 dℰ(𝜆) 𝑔, ∀𝑔 ∈ 𝐿2(𝒳, 𝜔)

• Spectral measures: 𝜇𝑔 𝑈 = ℰ 𝑈 𝑔, 𝑔  ( 𝑔 = 1) probability measure.

Spectral measures → diagonalisation
26



ሶ𝑥1 = 10 𝑥2 − 𝑥1 , ሶ𝑥2 = 𝑥1 28 − 𝑥3 − 𝑥2, ሶ𝑥3 = 𝑥1𝑥2 − 8/3 𝑥3,  Δ𝑡 = 0.05,  𝒳 = attractor, 𝜔 = SRB measure  

Experimental Details
Single trajectory (ergodic system)

𝑀 = 10000, 𝑁 = 1000

𝑔 𝑥1, 𝑥2, 𝑥3 = tanh
𝑥1𝑥2 − 5𝑥3

10
− 𝑐

Krylov subspace: 𝑉𝑁 = 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔

No formula for
generalized eigenfunctions!!

Example: Seeing cts. spectrum of Lorenz system  
27

-   C., Drysdale, Horning, “Rigged Dynamic Mode Decomposition: Data-Driven Generalized Eigenfunction Decompositions for Koopman Operators” SIADS, to appear.

𝜃/𝜋



ሶ𝑥1 = 10 𝑥2 − 𝑥1 , ሶ𝑥2 = 𝑥1 28 − 𝑥3 − 𝑥2, ሶ𝑥3 = 𝑥1𝑥2 − 8/3 𝑥3,  Δ𝑡 = 0.05,  𝒳 = attractor, 𝜔 = SRB measure  

Experimental Details
Single trajectory (ergodic system)

𝑀 = 10000, 𝑁 = 1000

𝑔 𝑥1, 𝑥2, 𝑥3 = tanh
𝑥1𝑥2 − 5𝑥3

10
− 𝑐

Krylov subspace: 𝑉𝑁 = 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔

𝑚 = 6
𝜖 = 0.05

No formula for
generalized eigenfunctions!!

28

Example: Seeing cts. spectrum of Lorenz system  



• Methods that directly preserve the measure 𝜔 (special Galerkin methods):

• Measure-preserving EDMD (mpEDMD)

• Periodic approximations (closely related to Ulam’s method)

• Methods that involve smoothing:

• Rigged DMD (computes measures and generalized eigenfunctions)

• Christoffel-Darboux kernel

• Compactification methods (for continuous time systems)

Overview of methods
29

- C., "The mpEDMD Algorithm for Data-Driven Computations of Measure-Preserving Dynamical Systems," SINUM, 2023.
- Govindarajan, Mohr, Chandrasekaran, Mezić, “On the approximation of Koopman spectra for measure preserving transformations,” SIADS, 2019.
- C., Drysdale, Horning, “Rigged Dynamic Mode Decomposition: Data-Driven Generalized Eigenfunction Decompositions for Koopman Operators” SIADS, to appear.
- Korda, Putinar, Mezic, “Data-driven spectral analysis of the Koopman operator,” Appl. Comput. Harmon. Anal., 2020.
- Das, Giannakis, Slawinska, “Reproducing kernel Hilbert space compactification of unitary evolution groups,” Appl. Comput. Harm. Anal., 2021.



What is actually possible?
30

• Almost every convergence result involves multiple successive limits,

e.g., first take 𝑀 → ∞ (large data limit) and then 𝑁 → ∞ (large dictionary limit)

• One can prove rigorous lower bounds on how many limits are needed.

 



• Almost every convergence result involves multiple successive limits,

e.g., first take 𝑀 → ∞ (large data limit) and then 𝑁 → ∞ (large dictionary limit)

• One can prove rigorous lower bounds on how many limits are needed.

Example: 

What is actually possible?
31

Ω𝔻 = 𝑆: 𝔻 → 𝔻 | 𝑆 cts, measure preserving, invertible .

Input data: 𝒯𝑆 = 𝑥, 𝑦𝑚 : 𝑥 ∈ 𝔻, 𝑆 𝑥 − 𝑦𝑚 ≤ 2−𝑚 .

Theorem: There does not exist any single-limit sequence of deterministic 
algorithms Γ𝑛  using 𝒯𝑆 such that lim

𝑛→∞
Γ𝑛 𝑆 = Sp 𝒦𝑆  ∀𝑆 ∈ Ω𝔻.

NB: Impossibility extends to random algorithms converging with probability > 1/2.

• C., Mezić, Stepanenko, “Limits and Powers of Koopman Learning,” preprint, 2024.



Classifications

Different classes:

Ω𝒳 = 𝑆: 𝒳 → 𝒳 s. t. 𝑆 cts  

Ω𝒳
𝑚 = 𝑆: 𝒳 → 𝒳 s. t. 𝑆 cts, m. p.  

Ω𝒳
𝛼 = 𝑆: 𝒳 → 𝒳 s. t. 𝑆 mod. cty. 𝛼  

[𝑑𝒳(𝑆(𝑥), 𝑆(𝑦)) ≤ 𝛼(𝑑𝒳 𝑥, 𝑦 )]

Optimal algorithms and 
classifications of 
dynamical systems.

3 limits needed 
in general!

32

1 limit
2 limits
3 limits

How difficult is computing the spectrum?

• C., Mezić, Stepanenko, “Limits and Powers of Koopman Learning,” preprint, 2024.



Conclusion
• WARNING: EDMD does not converge to spectral properties of 𝒦.

• GOOD NEWS: There are now tools that fix this, including:

• Computing spectra with error bounds

• Dealing with continuous spectra

• Dealing with instability

• Most convergent methods necessarily require multiple limits ⟹ Classifiction

33

This is an exciting time to develop methods that 
address the infinite-dimensional nature of Koopman 
operators. I encourage others to join the fray!

Review of the vast array of DMD methods:

• C., “The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical Analysis, 2024.
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