Can we compute spectral properties of
(infinite-dimensional) Koopman operators?

Solves the problem of
computing spectra of

general Koopman Matthew Colbrook

operators on L? spaces

and controlling projection U nive rSitV Of Ca m brldge

error of inf dim — fin dim.
(EDMD does not converge 20/05/2024

in general)

e C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman
operators for dynamical systems” Communications on Pure and Applied Mathematics, 2024.

e C., "The mpEDMD Algorithm for Data-Driven Computations of Measure-Preserving Dynamical
Systems," SIAM Journal on Numerical Analysis, 2023.

e C., Drysdale, Horning, “Rigged Dynamic Mode Decomposition: Data-Driven Generalized
Eigenfunction Decompositions for Koopman Operators”, arxiv preprint.

* C., “The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical
Analysis, 2024.




Can we compute spectral properties of
(infinite-dimensional) Koopman operators?
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in general)
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Eigenfunction Decompositions for Koopman Operators”, arxiv preprint.
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Analysis, 2024.
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Eigenfunction Decompositions for Koopman Operators”, arxiv preprint.

« C., "The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical
Analysis, 2024.




Can we compute spectral properties of
(infinite-dimensional) Koopman operators?

Matthew Colbrook

Recent review of DMD University of Cambridge
methods from a spectral 20/05/2024

computations point of view.

e C., Towrsend, “Rigorous data-driven computation of spectral properties of Koopman
operatory for dynamical systems” Communications on Pure and Applied Mathematics, 2024.

e C., "The mipEDMD Algorithm for Data-Driven Computations of Measure-Preserving Dynamical
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e C., Drysdaléy Horning, “Rigged Dynamic Mode Decomposition: Data-Driven Generalized
Eigenfunction Decompositions for Koopoman Operators”, arxiv preprint.

e C., “The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical
Analysis, 2024.




The setup

State x € Q € R2. (Q does not need to be an attractor)

Unknown function F:Q — Q governs dynamics: x,,.1 = F(x,).

XK acts on functions g: Q — C, [Kg|(x) = g(F(x)).
Function space: L* (), w), positive measure w, inner product (:,-).
Goal: Learn spectral properties from snapshot data {x (™), (™) = F(x(m))}i\z:l.

NB: No assumptions yet on snapshots or (0 or F or w.
(Other than F non-singular w.r.t. w, K a closed operator (can be unbounded).)



Warmup on £%(Z) - *¥*** happen:s...
even for measure-preserving systems

q " B2 E (:N XN

p—

* Spectrum is unit circle.  Spectrum is {0}.

e Spectrum is stable. e Spectrum is unstable.
* Continuous spectra. * Discrete spectra.

* Unitary evolution. * Nilpotent evolution.

Lots of Koopman operators are built up from operators like these!



7

Dangers when we truncate/discretize X — K € CV*N

Sp(K) = {4 € C: KX — Al isnotinvertible}

* Too much: Spurious eigenvalues A € Sp(KK) far from Sp(%)A
* Too little: Sp(IK) misses parts of Sp(K)
* Continuous spectra (Sp(K') not just eigenvalues!) Caution

* Verification (e.g., subspace)

* Instability (non-normal K, non-normal discretizations of normal X)

Methods like EDMD do not avoid these dangers as N — oo!

* C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,”

Commun. Pure Appl. Math., 2024.



Outline

* General systemes:

e Residual Dynamic Mode Decomposition.

* Measure-preserving systems:

* Rigged Dynamic Mode Decomposition

* Measure-Preserving Extended Dynamic Mode Decomposition.

* The Solvability Complexity Index — classification of problems and
optimality of algorithms.

» Where are we? Open questions and future research. HotT Ork



Outline

* General systemes:

e Residual Dynamic Mode Decomposition.
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Extended Dynamic Mode Decomposition (EDMD)

Functionsy;: Q- C,j=1,..,N ‘ {x(m),y(m) _ F(x(m))}M
m=1

e Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.

Rowley, Mezi¢, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.

* Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.



Extended Dynamic Mode Decomposition (EDMD)

Functionsy;: Q- C,j=1,..,N ‘ {x(m),y(m) _ F(x(m))}M
quadrature points m=1
(Wi ) = Zi=1 Wi ( <_>)1/> () (G GO P (@) Yy (D) ]
“ ' ! ‘ P (x™) o Y (xMD) wy ) \ P (x®) oy (M)

quadrature weights ¥x w ¥x “Jk
(@) Py @)\ wy Y@ Yy D)

(K, ;) = IM_ywih; (x ) (™) = : : : :
[W) P (@) Py () g W ) P yM) e Yy (™)) g

! Yy w ¥, L

1

Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
Rowley, Mezi¢, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.



Extended Dynamic Mode Decomposition (EDMD)

Functionsy;: Q- C,j=1,..,N ‘ {x(m),y(m) _ F(x(m))}M
m=1

(Wi ¥5) = Tpma Wi ) (x ) (D) D) s YD) P ]
i) % Zmaa W) (TP T = : : : :
ko Wj 1 i k Y (™Y (D) wy )\ (x®D) ey (x D)

Wx w Yy ik

(:Rl/) P ) EM m ¥ ( ( )) - ¢1(x(1)) l,bN(x(l)) ) Wi ¢1(y(1)) l/JN(y(l)) 1
Vi) = Lin=a Wi (0 yi) = : : : .
kr¥j 1 j k N

mepdem) [ \pr (M) P (D)) A\ M) 0™/
Wy w Yy Ly

Galerkin

= (Wx~ ~ly,t = t NXN
Approximation K — K= P, WY)W WY, = N WP)TVIWWY, € cV*

2

e Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
Rowley, Mezi¢, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
* Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.



Extended Dynamic Mode Decomposition (EDMD)

Functionsy;: Q- C,j=1,..,N ‘ {x(m),y(m) _ F(x(m))}M
m=1

(Wi ¥5) = Tpma Wi ) (x ) (D) D) s YD) P ]
i) % Zmaa W) (TP T = : : : :
ko Wj 1 i k Y (™Y (D) wy )\ (x®D) ey (x D)

Wx w Yy ik

(:Rl/) P ) EM m ¥ ( ( )) - ¢1(x(1)) l,bN(x(l)) ) Wi ¢1(y(1)) l/JN(y(l)) 1
Vi) = Lin=a Wi (0 yi) = : : : .
kr¥j 1 j k N

oaem) [\ ) oy (x0) YD) Py ()

l'I';X W qjy _jk
Caution

K — K= Wy WY)W, Wy, = VWY)WV, e ¢V

3

e Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
Rowley, Mezi¢, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
* Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.
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Residual DMD

M

(Vo ¥j) =

Wi (x ™) 1 (x ™)) = [?X*ij)g]
G

M
(Kipro ) = ) Wity (4 () = W)
m=1 (] (™) ki dji

C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
C., Ayton, Sz6ke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition



https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition
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Residual DMD

M
(Y, ;) = Wi (x ™) 1 (x ™)) = [ng*ij&]
m=1 G jk
M
(Kipro ) = ) Wity (4 () = W)
m=1 (] (™) ki dji
S

C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
C., Ayton, Sz6ke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition



https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition
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Residual DMD

) _
What s theF missing  _ FX*WW&]
? L
- [ty
| ok

 C,Towns: A ) ctral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
* C., Aytor ‘ aposition,” J. Fluid Mech., 2023.
* Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition



https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition
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Residual DMD

(Vo ¥j) =

Wit (x ™) 1 (x ™) = [gj X ij&]
G jk

(K, ¥j) =

M= iDMs

Wi () P () = [gjx*wwg]
1 [%llik]v(x(m)) Ky

Wi (y(m) ‘Pk(y(m)) = FIJY*WLPKI
1 K> jk

jk

(Khw, Kpj) =

M=

3
I

C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
C., Ayton, Sz6ke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition



https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition
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Residual DMD

(Vo ¥j) =

Wi (x ™) 1 (x ™)) = [HJX*WW&]
jk

(Ktpw, ;) =

M=M=

Wi (x (™) 9 (y)) = FPX*WWZ]

1 [ (™) ik

(Khw, Kpj) =

M=

Wml/) (y (m)) l/Jk()’ (m)) [LIJY WLIJY]
1

3
I

jk

Residuals: g = Z _18Yj, 1Kg—2gll* =(Kg— 219, Kg — Ag)

C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
C., Ayton, Sz6ke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition



https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition
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Residual DMD

(Vo ¥j) =

Wi (x ™) 1 (x ™)) = [HJX*WW&]
jk

(Ktpw, ;) =

M=M=

Wi (x (™) 9 (y)) = FPX*WWZ]

1 [ (™) ik

(Khw, Kpj) =

M=

Wml/J (y (m)) l/Jk(y (m)) [LIJY WLIJY]
1

3
I

jk

Residuals: g = Y, 8¢, 1Kg — Agll* = ¥ ;=1 8k Bj (K — Ay, Kp; — 1))

C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
C., Ayton, Sz6ke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition



https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition
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Residual DMD

M
(i) = ) W () 3 (x ) = W]
m=1 ik
M ] Infinite-
(Kpy, ;) = Z Wi (M) gpk(y(m)l = FPX*W‘IJg] - dlmen5|onal
1 (7] (x ™) ik residual

(HKpr, Kpj) =

M=

Wml/J ()’(m)) 1/Jk(y(m)) [LIJY WLPY]

Residuals: g = Z _18Y;, I1Kg —gll* = hm g*[K, — AK," — 1K, + |A|*G]g

1

3
I

jk

C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
C., Ayton, Sz6ke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition



https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition
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ResDMD: Avoiding the dangers

If quadrature rule converges (ask me later)

« ey 7- : : : Convergent methods for general K
* 1 limit lim : Avoid spurious eigenvalues.

M —o0

* 2limits lim lim : Compute Sp.(¥) = Ug|< SP(KX + B).

N—->ocoM —>o00

M = number of snapshots
N = number of basis functions

* 3 limits lim lim lim : Compute Sp(X).

gl N>ooM—oo

* Verification: dictionaries, approximate eigenfunctions, coherency,...

* Error bounds of forecasts.
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ResDMD: Avoiding the dangers

If quadrature rule converges (ask me later)

« er 1s : : : Convergent methods for general K
* 1 limit lim : Avoid spurious eigenvalues.

M —o0

* 2limits lim lim : Compute Sp.(¥) = Ug|< SP(KX + B).

N—->ocoM —>o00

M = number of snapshots
N = number of basis functions

* 3 limits lim lim lim : Compute Sp(X).

gl N>ooM—oo

* Verification: dictionaries, approximate eigenfunctions, coherency,...
* Error bounds of forecasts.

* Extends to stochastic systems (+ variance through Koopman).

C., Li, Raut, Townsend, “Beyond expectations: Residual Dynamic Mode Decomposition and Variance for Stochastic Dynamical
Systems,” Nonlinear Dynamics, 2024.
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Example: Verified spectra and modes

Inlet

Periodic

conditions /
1~ K 1

U

Blade Outlet

/"« Reynolds number ~ 3.9 x 105
 Ambient dimension (d) = 300,000
(number of measurement points)

*Raw measurements provided by Stephane Moreau (Sherbrooke)

404 mm

Outlet

Rel. Error < 0.0054 Rel. E(_ror < 0.0128

. 0.08
0.2 0.06
turbulent
5 0.15
s fluctuations { 0.04
- 101
10.02
i 10.05
4 0 7 0
’1 1.0.05
1.0.02
1.01
; 1-0.04
,i -0.15
i -0.2 -0.06
-0.25
-0.08

acoustic vibrations
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Verified dictionary

Example

res(dj, g;), linear dictionary

res(A j- 8 j), nonlinear dictionary

6.4 x 10*
~ 100,000

 Ambient dimension (d)

(velocity at measurement points)
*Raw measurements provided by Maté Sz6ke (Virginia Te:

Reynolds number

0.8948 + 0.1065i, error < 0.1105

1=

1=

0.9439 + 0.2458i, error < 0.0765
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Example: Verified KMD and compression

Matt Sz6ke’s laser cannon!

a)t =35 us c)t =15 us
100 o0 |
true = SVD ordering
O SVD ordering — residual ordering
50 F o residual ordering | y
| LU/J) 10
s U >
2 2 102
S | e |
(a ! = . . ]
sl \ unseen shockwave o 3 extremely efficient |
| prediction 10 compression
‘ o
1 from 40 modes
9% 2 4 6 8 10” | ' '
0 50 100 150 200

Time(10~°s) Number of modes



Outline

* Measure-preserving systems:

* Rigged Dynamic Mode Decomposition

* Measure-Preserving Extended Dynamic Mode Decomposition.

26
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Measure-preserving systems
[Hgl(x) = g(F(x)), g€ L*(Q w)

F preserves w & ||K gl = |lgl| (isometry)
S KK =1
= Sp(K) € {z:|z| < 1}

(NB: unitary extensions of K via Wold decomposition.)

Problem: Often K doesn’t have basis of eigenfunctions (i.e., continuous spectra)
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Gelfand’s theorem — diagonalisation

n
* Finite matrix: B € C"**", B*B = BB*, orthonormal basis of e-vectors {vj}j_l

n

n
v = Z(vj* V)V, Bv = Z Aj(vj* V)Vj Vv e C"
=1

Jj=1 J

* Infinite dimensions: Unitary K. Typically, no basis of eigenfunctions!
Some technical assumptions (can always be realized):

g= [[ OO f[  egjlg) godv(®)
—71T,TT per —y—J —71T,TT per
[ T \ ei@ — A

generalized eigenfunctions

2
g€Scl(w) distributions € S*

Koopman modes Koopman Mode Decomposition




Rigged DMD: Smoothing

Carathéodory function:

1 el + 7 §
B =@+ =g = [ |5 Kg519) gedv(6)
[—7t, ] ped € 4

29



Rigged DMD: Smoothing

Carathéodory function: |
4 e + 7 )
B =K+ =g = [ S5 g519) gedv(6)

[_7T;7T]per

letr =1+ &> 1,00 € [-m, ] er,

=l (rei®) - (rei®)

30



Rigged DMD: Smoothing

Carathéodory function:

1 el + 7 §
B =K+ =g = [ S5 g519) gedv(6)
[_ﬂ»ﬂ]pere —Z
letr =14+ > 1,0 € [, 7]per,
1 F -1 190 F l90
E[ g(r € )_ g(re )]
1 re —1

~ o ; dv(6

_T[;Tl:]per



Rigged DMD: Smoothing

Carathéodory function: |
4 e + 7 )
B =K+ =g = [ S5 g519) gedv(6)

[_7T;7T]per

letr =1+ &> 1,00 € [-m, ] er,

1 | | Poisson kernel
E [F:q(r—1ezeo) _ F:q(reu%)] /

- L (gilg) et (®)
- 2m [~ lped 1 T r? —2rcos(6y — 6) 9619964V

\ J
|

Smoothed generalized eigenfunction

32



7"=1+€/

1 |
7 [Fg(rtet®)

— F,

Poisson kernel

cl0

e=05 |1
e=10.1 |3
e=10.01|3

g

ré—1
1+ r2—2rcos(6, — 0)

|
Smoothed generalized eigenfunction

33



Better smoothing kernelsas € 1 0

* Poisson kernel: slow convergence O (e log(1/¢)). “~_ | Smaller ¢

requires
* Construct high-order kernels using F,(z). mgre ota
1.5¢ | | m — 1 157 | Imzl_
. e=1 | -2 ¢=0.1 i
g K%) 1k ' m = 4| | 10 | ??zz;t_
OI SGEJ ni:f) m==~0
.JE:D L o5 / \ 51 "|
I L~ ..w
0— 0 ‘ -%‘H&-

-2

* Theorems: fast O(Emlog(l/s)) convergence for
* Generalized eigenfunctions (topology of §7).
» Spectral measures (traces of generalized eigenfunctions): pointwise, L?, weak,...
* Forecasting (i.e., iterating Koopman mode decomposition), coherency etc.
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Final ingredient: F, requires (X — zI)™*
EDMD diverges:

o \
y

= Kepmp

Acts on spanie_y, ..., €
p { Ny N} Exponential

blowup

E-g., if |Z| < 1, asN_)oo_
N

-1 —1

(Kepmp — z1) ™" e = T
=1

€-j



Final ingredient: F, requires (X — zI)™*

EDMD diverges: MpPEDMD converges:
" \ 0 1 \
0 1
/ \ 0)

+ Kgpmp
F KmpEDMD

Acts on span{e_y, ..., ey} .
Exgl"”e“t'a' General method: unitary part of a
. owup oys
E.g., if |z] <1, 25 N - oo, polar decomposition of EDMD!
N
_1 —1 C., "The mpEDMD Algorithm for Data-Driven
(KEDMD —zl ) €y = 7] €_j Computations of Measure-Preserving Dynamical

j=1 Systems," SINUM, 2023.
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Final ingredient: F, requires (X — zI)™*

EDMD diverges: MpPEDMD converges: Rigged DMD converges:
) \ (0 1 \ * For general K: )
. (Kmpepmp — 2I) '8
01 converges to (KX —zI) " 1g
) | o o5 Jim Jim
" ( _ - * Hence, Rigged DMD
01 \ converges as lifn lim lim
'  Kepmp K £X0N= ool =
0 1 01 [ “mpEDMD | ¢ ResDMD allows us to select
\ 0} _ ¢ = &(N) adaptively
- \1 0}_ (convergence in 2 limits)

Acts on span{e_y, ..., ey} .
Exgl"”e“t'a' General method: unitary part of a
. owup oys
E.g., if |z] <1, 25 N - oo, polar decomposition of EDMD!
N
_1 —1 C., "The mpEDMD Algorithm for Data-Driven
(KEDMD —zl ) €o = 7] e_ j Computations of Measure-Preserving Dynamical

j=1 Systems," SINUM, 2023.



Spectral Measure

Example: Lorenz system

X1 = 10(x, — x1), Xp = x,(28 —x3) — x5, X3 = x1x, —8/3 x5, A; =0.05, Q = attractor, w = SRB measure

suollounjuagly pazielauss

No formula for
generalized eigenfunctions!!

Experimental Details
Single trajectory (ergodic system)
M = 10000,N = 1000

X1X; — 5x3
g(x1,%2,%3) = tanh 10 —C

Krylov subspace: Vy = {g,Xg, ..., KN"1g}

38



easure

Example: Lorenz system

X1 = 10(x, — x1), Xp = x,(28 —x3) — x5, X3 = x1x, —8/3 x5, A; =0.05, Q = attractor, w = SRB measure

39

S No formula for
generalized eigenfunctions!!

4t

g L Experimental Details




10-10 -
10'15 -
10

.]0-15 |

Example: Noisy cavity flow
(spectral measures)

~

Only eigenvalues! Re = 13000

0.2 0.4 0.6 0.8 1
St

Re = 19000 |

Mixed spectral type

0.2 0.4 0.6 0.8 1
St

107 |

10-10

10720 I

10

10-10 -

Experimental Details
Single trajectory
M = 10000, N varies
Basis: POD modes
20% Gaussian noise

Re = 16000 |
0.2 0.4 0.6 0.8
St
Re = 30000 -
Continuous spectra |
0.2 0.4 0.6 0.8

St

40



Noise Free

Example: Noisy cavity flow
(generalized Koopman modes)

Re=30000
Deep in the continuous
spectrum!!!

—

1

ZQ% Noise

41



Outline

* The Solvability Complexity Index — classification of problems and

42

optimality of algorithms. \
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Wider program: Solvability Complexity Index

 ResDMD: convergence as lim lim

N—-o>ocoM—->o0o

* Rigged DMD: convergence (¢ = ¢(N)) as lim lim

N—-ooM—->o00

43



Wider program: Solvability Complexity Index

Convergence in
multiple successive limits

N—-o>ocoM—->o0o

 ResDMD: convergence as lim lim
* Rigged DMD: convergence (¢ = ¢(N)) as lim lim

N—-ooM—->o00

44
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Wider program: Solvability Complexity Index

 ResDMD: convergence as lim lim

N—-o>ocoM—->o0o

| —

* Rigged DMD: convergence (¢ = ¢(N)) as lim lim

Convergence in
multiple successive limits

N—-o>ocoM—-o0

* FACT: Unless you have very strong assumptions (e.g., uniform ergodicity,
finite-dimensional invariant subspace etc.), EVERY convergent Koopman
algorithm to date needs multiple limits. These limits can be different things.



46

Wider program: Solvability Complexity Index

 ResDMD: convergence as lim lim .
N—o0oM—00 _ Convergence in

* Rigged DMD: convergence (¢ = &(N)) as lim lim multiple successive limits

N—oocoM—>oo __
* FACT: Unless you have very strong assumptions (e.g., uniform ergodicity,

finite-dimensional invariant subspace etc.), EVERY convergent Koopman
algorithm to date needs multiple limits. These limits can be different things.

* Solvability Complexity Index (SCI): smallest number k for which we can solve
problem with lim ... lim via an algorithm (n, ..., n; can be anything).

’nk—)OO Tll—)OO

C., Hansen, “The foundations of spectral computations via the solvability complexity index hierarchy,” J. Eur. Math. Soc., 2022.
C., Antun, Hansen, "The difficulty of computing stable and accurate neural networks," Proc. Natl. Acad. Sci. USA, 2022.
Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” arXiv, 2020.
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Wider program: Solvability Complexity Index

 ResDMD: convergence as lim lim .
N—o0oM—00 _ Convergence in

* Rigged DMD: convergence (¢ = &(N)) as lim lim multiple successive limits

N—oocoM—>oo __
* FACT: Unless you have very strong assumptions (e.g., uniform ergodicity,

finite-dimensional invariant subspace etc.), EVERY convergent Koopman
algorithm to date needs multiple limits. These limits can be different things.

* Solvability Complexity Index (SCI): smallest number k for which we can solve
problem with lim ... lim via an algorithm (n, ..., n; can be anything).

’nk—)OO Tll—)OO

—> Classification of problems, optimality of algorithms.

C., Hansen, “The foundations of spectral computations via the solvability complexity index hierar

C., Antun, Hansen, "The difficulty of computing stable and accurate neural networks," Proc. Natl David Hilbert * 2”1

Steve Smale
Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towc, . o, aigoiiannS, G, coco.
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Sample: some results for bounded op. on [%(N)

Certain self-adjoint 1D s increasing difficulty m—)
qguasiperiodic operators
Error control 1 limit 2 limits 3 limits
Compact operators “Sparse” operators
HO Hl HZ" H3

[ & S | < S &
AO = Al gzlunlg AZ gzzunzg A3 - 3UH3"'
: < % S &
ZO L 21 /V 22 23

Approx. sparse normal op Normal operators General operators

Zoo of problems: spectral type (pure point, absolutely continuous, singularly continuous), Lebesgue measure and
fractal dimensions of spectra, discrete spectra, essential spectra, eigenspaces + multiplicity, spectral radii, essential
numerical ranges, geometric features of spectrum (e.g., capacity), spectral gap problem, resonances ...
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Sample: some results for bounded op. on [%(N)

Certain self-adjoint 1D d increasing difficulty _

qguasiperiodic operators

Error control 1 limit 2 limits 3 limits
A '_A_' A
Compact operators “Sparse” operators
HO Hl HZ" H3

[ & S | < < &
Ay & 4 SLUILKE Ay SX,UILE Ay €5 Ul -
: < % S &

Approx. sparse normal op Normal operators General operators

C., “The foundations of infinite-dimensional spectral computations,” PhD diss., University of Cambridge, 2020.

Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” preprint.

C., Horning, Townsend, “Computing spectral measures of self-adjoint operators,” SIAM Rev., 2021.

Ben-Artzi, Marletta, Rosler, “Computing the sound of the sea in a seashell,” Found. Comput. Math., 2022.

Ben-Artzi, Marletta, Rosler, “Computing scattering resonances,” J. Eur. Math. Soc., 2022.

C., “On the computation of geometric features of spectra of linear operators on Hilbert spaces,” Found. Comput. Math., 2022.
Webb, Olver, “Spectra of Jacobi operators via connection coefficient matrices,” Commun. Math. Phys., 2021.

Rosler, Stepanenko, “Computing eigenvalues of the Laplacian on rough domains,” preprint.

Rosler, Tretter, “Computing Klein-Gordon Spectra,” prepint.



Coming soon... SCI for Koopman (with Mezi¢)

* General systems (computing spectrum).
* Measure-preserving systems (spectrum, spectral type etc.)

Bottom line:

* Many problems are impossible in one limit, even with perfect and unlimited
snapshots, probabilistic algorithms, nice smooth F on compact manifolds.

E.g., computing spectrum (as a set) of smooth measure-preserving
systems on unit disc.

* Problems can be tackled in multiple limits under very general conditions.

— New program on foundations and classification for Koopman.
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Summary: Infinities matter

. Practical + theoretical guarantees
* A complete picture has emerged on L?(Q, w) e

* General systems: Compute spectral properties with error control.
CONTROL INFINITE-DIMENSIONAL RESIDUALS

* Measure-preserving systems: Continuous spectra (and generalized eigenfunctions)
SMOOTHING KERNELS and the RESOLVENT.

Resilient Data-driven Dynamical Systems
with Koopman: An Infinite-dimensional
Numerical Analysis Perspective

il ‘H‘ }‘L odfies Extended Dynamic
s, =P (1) oo Newmam |6, 7).
Ermor Rel. Error i Rel]

(a | i -
E w H ‘?" Mode Decomposition

- £33
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Summary: Infinities matter

. Practical + theoretical guarantees
* A complete picture has emerged on L?(Q, w) e

* General systems: Compute spectral properties with error control.
CONTROL INFINITE-DIMENSIONAL RESIDUALS

* Measure-preserving systems: Continuous spectra (and generalized eigenfunctions)
SMOOTHING KERNELS and the RESOLVENT.

« Convergent algorithms (provably must) use successive limits. : | Brief Summaries |
SCI hierarchy: classify problems, provably optimal algorithms. : siam neus

Resilient Data-driven Dynamical Systems
with Koopman: An Infinite-dimensional
Numerical Analysis Perspective
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Summary: Infinities matter

: Practical + theoretical guarantees
* A complete picture has emerged on L?(Q, w)

* General systems: Compute spectral properties with error control.
CONTROL INFINITE-DIMENSIONAL RESIDUALS

* Measure-preserving systems: Continuous spectra (and generalized eigenfunctions)
SMOOTHING KERNELS and the RESOLVENT.

« Convergent algorithms (provably must) use successive limits. : | Brief Summaries |
SCI hierarchy: classify problems, provably optimal algorithms. : siam neus

e Other uses of residuals and ResDMD (control, analytic DMD,...) i B et e

Numerical Analysis Perspective

 What about other function spaces?

 What further classifications can we prove? N Bk
Only starting to scratch the surface! 53 Ve pp

g * 1 F Mode Decomposition

* Beyond spectra: Applications such as control.
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Summary: Infinities matter
* A complete picture has emerged on L*(Q, w)

* General systems: Compute spectral properties with error control.
CONTROL INFINITE-DIMENSIONAL RESIDUALS

* Measure-preserving systems: Continuous spectra (and generalized eigenfunctions)
SMOOTHING KERNELS and the RESOLVENT.

* Convergent algorithms (provably must) use successive limits.
SCI hierarchy: classify problems, provably optimal algorithms.

e Other uses of residuals and ResDMD (control, analytic DMD,...)
 What about other function spaces?

* What further classifications can we prove?
Only starting to scratch the surface!

Buzz was right!

* Beyond spectra: Applications such as control.
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