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State 𝑥 ∈ Ω ⊆ ℝ𝑑 . 

Unknown function 𝐹: Ω → Ω governs dynamics: 𝑥𝑛+1 = 𝐹(𝑥𝑛).

Goal: Learning from data 𝑥(𝑚), 𝑦(𝑚) = 𝐹(𝑥(𝑚))
𝑚=1

𝑀
.

Applications: chemistry, climatology,                     
control, electronics, epidemiology,           
finance, fluids, molecular dynamics,        
neuroscience, plasmas, robotics,                      
video processing, etc.

Surveys:
• Brunton, Budišić, Kaiser, Kutz, “Modern Koopman theory for dynamical systems,” SIAM Review, 2022.
• Budišić, Mohr, Mezić, “Applied Koopmanism,” Chaos, 2012.
• C., “The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical Analysis, 2024.

Data-driven dynamical systems
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Koopman Operator 𝒦: A global linearization

• Koopman, “Hamiltonian systems and transformation in Hilbert space,” Proc. Natl. Acad. Sci. USA, 1931.
• Koopman, v. Neumann, “Dynamical systems of continuous spectra,” Proc. Natl. Acad. Sci. USA, 1932.

𝑔: Ω → ℂ

“observable”

Koopman von Neumann
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• 𝒦 acts on functions 𝑔: Ω → ℂ, 𝒦𝑔 𝑥 = 𝑔(𝐹(𝑥)).

• Function space: 𝐿2(Ω, 𝜔), positive measure 𝜔, inner product ∙,∙ .
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Koopman mode decomposition

𝑔(𝑥) = ෍

eigenvalues 𝜆𝑗

𝑐𝜆𝑗
𝜑𝜆𝑗

(𝑥) + න

−𝜋

𝜋

𝜙𝜃,𝑔 𝑥  d𝜃

𝑔 𝑥𝑛 = 𝒦𝑛𝑔 𝑥0 = ෍

eigenvalues 𝜆𝑗

𝑐𝜆𝑗
𝜆𝑗

𝑛𝜑𝜆𝑗
𝑥0 + න

−𝜋

𝜋

𝑒𝑖𝑛𝜃𝜙𝜃,𝑔 𝑥0  d𝜃

Encodes: geometric features, invariant measures, transient behavior, 
long-time behavior, coherent structures, quasiperiodicity, etc.

GOAL: Data-driven approximation of 𝒦 and its spectral properties. 

continuous 
spectrum

eigenfunction of 𝒦

• Mezić, “Spectral properties of dynamical systems, model reduction and decompositions,” Nonlinear Dynamics, 2005.
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• Mezić, “Spectral properties of dynamical systems, model reduction and decompositions,” Nonlinear Dynamics, 2005.

Koopman mode decomposition
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continuous 
spectrum

eigenfunction of 𝒦
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• C., “The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical Analysis, 2024.
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Why all this sudden interest?

Koopman operators are 
classical in ergodic theory.

• C., “The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical Analysis, 2024.
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Why all this sudden interest?
Data-driven
Deal with nonlinearity
Easy-to-use methods

Koopman operators are 
classical in ergodic theory.

• C., “The Multiverse of Dynamic Mode Decomposition Algorithms,” Handbook of Numerical Analysis, 2024.
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∈ ℂ𝑁×𝑁

Warmup on 𝓁2 ℤ

• Spectrum is unit circle.

• Spectrum is stable.

• Continuous spectra.

• Unitary evolution.

• Spectrum is 0 .

• Spectrum is unstable.

• Discrete spectra.

• Nilpotent evolution.

Lots of Koopman operators are built up from operators like these!
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Dangers when we truncate/discretize 𝒦 ⟶ 𝕂 ∈ ℂ𝑁×𝑁

Sp 𝒦 = {𝜆 ∈ ℂ: 𝒦 − 𝜆𝐼 is not invertible} 

• Too much: Spurious eigenvalues 𝜆 ∈ Sp(𝕂) far from Sp(𝒦)

• Too little: Sp(𝕂) misses parts of Sp(𝒦)

• Continuous spectra (Sp 𝒦  not just eigenvalues!)

• Verification (e.g., subspace)

• Instability (non-normal 𝒦, non-normal discretizations of normal 𝒦)

• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” 
Commun. Pure Appl. Math., 2024.

Methods like EDMD do not avoid these dangers as 𝑁 → ∞!
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• General systems:

• Residual Dynamic Mode Decomposition.

• Measure-preserving systems:

• Measure-Preserving Extended Dynamic Mode Decomposition.

• Rigged Dynamic Mode Decomposition.

• The Solvability Complexity Index – classification of problems and 
optimality of algorithms.

Outline
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• General systems:

• Residual Dynamic Mode Decomposition.

• Measure-preserving systems:

• Measure-Preserving Extended Dynamic Mode Decomposition.

• Rigged Dynamic Mode Decomposition.

• The Solvability Complexity Index – classification of problems and 
optimality of algorithms.

Outline
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Extended Dynamic Mode Decomposition (EDMD)

𝑥(𝑚), 𝑦(𝑚) = 𝐹(𝑥(𝑚))
𝑚=1

𝑀

• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
• Rowley, Mezić, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

Functions 𝜓𝑗: Ω → ℂ, 𝑗 = 1, … , 𝑁 
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𝜓𝑘 , 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 =

𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))
⋮ ⋱ ⋮

𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))
⋮ ⋱ ⋮

𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋 𝑗𝑘

Extended Dynamic Mode Decomposition (EDMD)

𝒦𝜓𝑘, 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

=
𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))

⋮ ⋱ ⋮
𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑦(1)) ⋯ 𝜓𝑁(𝑦(1))
⋮ ⋱ ⋮

𝜓1(𝑦(𝑀)) ⋯ 𝜓𝑁(𝑦(𝑀))

Ψ𝑌 𝑗𝑘

𝑥(𝑚), 𝑦(𝑚) = 𝐹(𝑥(𝑚))
𝑚=1

𝑀

• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
• Rowley, Mezić, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

quadrature weights

quadrature points

Functions 𝜓𝑗: Ω → ℂ, 𝑗 = 1, … , 𝑁 
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Functions 𝜓𝑗: Ω → ℂ, 𝑗 = 1, … , 𝑁 

𝒦 ⟶ 𝕂 = Ψ𝑋
∗𝑊Ψ𝑋

−1Ψ𝑋
∗𝑊Ψ𝑌 = ( 𝑊Ψ𝑋)† 𝑊Ψ𝑌 ∈ ℂ𝑁×𝑁
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𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑥(1)) ⋯ 𝜓𝑁(𝑥(1))
⋮ ⋱ ⋮

𝜓1(𝑥(𝑀)) ⋯ 𝜓𝑁(𝑥(𝑀))

Ψ𝑋 𝑗𝑘

Extended Dynamic Mode Decomposition (EDMD)

𝒦𝜓𝑘, 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚
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𝑊

𝜓1(𝑦(1)) ⋯ 𝜓𝑁(𝑦(1))
⋮ ⋱ ⋮

𝜓1(𝑦(𝑀)) ⋯ 𝜓𝑁(𝑦(𝑀))

Ψ𝑌 𝑗𝑘

𝑥(𝑚), 𝑦(𝑚) = 𝐹(𝑥(𝑚))
𝑚=1

𝑀

• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
• Rowley, Mezić, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

Galerkin
Approximation
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• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
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Functions 𝜓𝑗: Ω → ℂ, 𝑗 = 1, … , 𝑁 

𝒦 ⟶ 𝕂 = Ψ𝑋
∗𝑊Ψ𝑋

−1Ψ𝑋
∗𝑊Ψ𝑌 = ( 𝑊Ψ𝑋)† 𝑊Ψ𝑌 ∈ ℂ𝑁×𝑁
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Residual DMD (ResDMD)

• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

𝜓𝑘, 𝜓𝑗 ≈ ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘

20
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𝐾2 𝑗𝑘
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Residuals:  𝑔 = σ𝑗=1
𝑁 𝐠𝑗𝜓𝑗 , 𝒦𝑔 − 𝜆𝑔 2 = 𝒦𝑔 − 𝜆𝑔, 𝒦𝑔 − 𝜆𝑔

• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
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[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘

𝒦𝜓𝑘 , 𝒦𝜓𝑗 ≈ ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑦 𝑚 𝜓𝑘 𝑦 𝑚 = Ψ𝑌
∗𝑊Ψ𝑌

𝐾2 𝑗𝑘

24

Residual DMD (ResDMD)

https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


Residuals:  𝑔 = σ𝑗=1
𝑁 𝐠𝑗𝜓𝑗 , 𝒦𝑔 − 𝜆𝑔 2 = σ𝑘,𝑗=1

𝑁 𝐠𝑘𝐠𝑗 𝒦𝜓𝑘 − 𝜆𝜓𝑘 , 𝒦𝜓𝑗 − 𝜆𝜓𝑗

• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

𝜓𝑘, 𝜓𝑗 ≈ ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘

𝒦𝜓𝑘 , 𝒦𝜓𝑗 ≈ ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑦 𝑚 𝜓𝑘 𝑦 𝑚 = Ψ𝑌
∗𝑊Ψ𝑌

𝐾2 𝑗𝑘

Residual DMD (ResDMD)
25

https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


Residuals:  𝑔 = σ𝑗=1
𝑁 𝐠𝑗𝜓𝑗 , 𝒦𝑔 − 𝜆𝑔 2 = lim

𝑀→∞
𝐠∗ 𝐾2 − 𝜆𝐾1

∗ − ҧ𝜆𝐾1 + 𝜆 2𝐺 𝐠 

𝜓𝑘, 𝜓𝑗 ≈ ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 = Ψ𝑋
∗𝑊Ψ𝑋

𝐺 𝑗𝑘

 𝒦𝜓𝑘 , 𝜓𝑗 ≈ ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

= Ψ𝑋
∗𝑊Ψ𝑌

𝐾1 𝑗𝑘

𝒦𝜓𝑘 , 𝒦𝜓𝑗 ≈ ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑦 𝑚 𝜓𝑘 𝑦 𝑚 = Ψ𝑌
∗𝑊Ψ𝑌

𝐾2 𝑗𝑘

Infinite-
dimensional 

residual

• C., Townsend, “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” Commun. Pure Appl. Math., 2023.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.
• Code: https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition

Residual DMD (ResDMD)
26

https://github.com/MColbrook/Residual-Dynamic-Mode-Decomposition


ResDMD: Avoiding the dangers
If quadrature rule converges 

• 1 limit lim
𝑀→∞

: Avoid spurious eigenvalues.

• 2 limits lim
𝑁→∞

lim
𝑀→∞

: Compute Sp𝜀(𝒦) = ڂ ℬ ≤𝜀 Sp(𝒦 + ℬ).

• 3 limits lim
𝜀↓0

lim
𝑁→∞

lim
𝑀→∞

: Compute Sp(𝒦).

• Verification: dictionaries, approximate eigenfunctions, coherency,…

• Error bounds of forecasts.

Convergent methods for general 𝒦

𝑀 = number of snapshots
𝑁 = number of basis functions
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ResDMD: Avoiding the dangers
If quadrature rule converges 

• 1 limit lim
𝑀→∞

: Avoid spurious eigenvalues.

• 2 limits lim
𝑁→∞

lim
𝑀→∞

: Compute Sp𝜀(𝒦) = ڂ ℬ ≤𝜀 Sp(𝒦 + ℬ).

• 3 limits lim
𝜀↓0

lim
𝑁→∞

lim
𝑀→∞

: Compute Sp(𝒦).

• Verification: dictionaries, approximate eigenfunctions, coherency,…

• Error bounds of forecasts.

• Extends to kernel methods and 𝑀 < 𝑁 (dual residual).

• C., "Another look at Residual Dynamic Mode Decomposition in the regime of fewer Snapshots than Dictionary Size," arXiv preprint (2024).

Convergent methods for general 𝒦

𝑀 = number of snapshots
𝑁 = number of basis functions
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ResDMD: Avoiding the dangers
If quadrature rule converges 

• 1 limit lim
𝑀→∞

: Avoid spurious eigenvalues.

• 2 limits lim
𝑁→∞

lim
𝑀→∞

: Compute Sp𝜀(𝒦) = ڂ ℬ ≤𝜀 Sp(𝒦 + ℬ).

• 3 limits lim
𝜀↓0

lim
𝑁→∞

lim
𝑀→∞

: Compute Sp(𝒦).

• Verification: dictionaries, approximate eigenfunctions, coherency,…

• Error bounds of forecasts.

• Extends to kernel methods and 𝑀 < 𝑁 (dual residual).

• Extends to stochastic systems (+ variance through Koopman).

• C., "Another look at Residual Dynamic Mode Decomposition in the regime of fewer Snapshots than Dictionary Size," arXiv preprint (2024).
• C., Li, Raut, Townsend, “Beyond expectations: Residual Dynamic Mode Decomposition and Variance for Stochastic Dynamical Systems,” Nonlinear Dynamics, 2024.

Convergent methods for general 𝒦

𝑀 = number of snapshots
𝑁 = number of basis functions

29



Quadrature with trajectory data

E.g.,    𝒦𝜓𝑘 , 𝜓𝑗 = lim
𝑀→∞

σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

Three examples:

• High-order quadrature: 𝑥(𝑚), 𝑤𝑚 𝑚=1

𝑀
 𝑀-point quadrature rule.  

Rapid convergence. Requires free choice of 𝑥(𝑚)
𝑚=1

𝑀
 and small 𝑑.

• Random sampling: 𝑥(𝑚)
𝑚=1

𝑀
 selected at random.          

Large 𝑑. Slow Monte Carlo 𝑂(𝑀−1/2) rate of convergence.

• Ergodic sampling: 𝑥(𝑚+1) = 𝐹(𝑥(𝑚)).           
Single trajectory, large 𝑑. Requires ergodicity, convergence can be slow.

Most common

30



𝜆 = 𝑒0.11𝑖 𝜆 = 𝑒0.51𝑖 𝜆 = 𝑒0.71𝑖

?

Rel. Error = ? Rel. Error = ? Rel. Error = ?

• Reynolds number ≈ 3.9 × 105

• Ambient dimension (𝑑) ≈ 300,000 
(number of measurement points)

*Raw measurements provided by Stephane Moreau (Sherbrooke)

31

Example: Verified spectra and modes



𝜆 = 𝑒0.11𝑖 𝜆 = 𝑒0.51𝑖 𝜆 = 𝑒0.71𝑖
Rel. Error ≤ 0.0054 Rel. Error ≤ 0.0128 Rel. Error ≤ 0.0196

Example: Verified spectra and modes

• Reynolds number ≈ 3.9 × 105

• Ambient dimension (𝑑) ≈ 300,000 
(number of measurement points)

*Raw measurements provided by Stephane Moreau (Sherbrooke)

32



𝜆 = 0.9439 + 0.2458𝑖, error ≤ 0.0765 𝜆 = 0.8948 + 0.1065𝑖, error ≤ 0.1105

Spectral pollution

Example: Verified dictionary
33

Residuals using
Gaussian kernel method

Residuals using
Truncated SVD (linear)

• Reynolds number ≈ 6.4 × 104

• Ambient dimension (𝑑) ≈ 100,000 
    (velocity at measurement points)
*Raw measurements provided by Máté Szőke (Virginia Tech)



extremely efficient
compression

Number of modes
R

el
at

iv
e 

M
SE

unseen shockwave
prediction
from 40 modes

Example: Verified KMD and compression

Time(10−5s)

P
re

ss
u

re

Matt Szőke’s laser cannon!

SVD ordering
residual ordering

SVD ordering
residual ordering
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• General systems:

• Residual Dynamic Mode Decomposition.

• Measure-preserving systems:

• Measure-Preserving Extended Dynamic Mode Decomposition.

• Rigged Dynamic Mode Decomposition

• The Solvability Complexity Index – classification of problems and 
optimality of algorithms.

Outline
35



Measure-preserving systems

𝒦𝑔 𝑥 = 𝑔 𝐹 𝑥 , 𝑔 ∈ 𝐿2(Ω, 𝜔)

𝐹 preserves 𝜔 ⟺ 𝒦𝑔 = 𝑔  (isometry)

    ⟺ 𝒦∗𝒦 = 𝐼  

    ⟹ Sp(𝒦) ⊆ 𝑧: 𝑧 ≤ 1  

(NB: unitary extensions of 𝒦 via Wold decomposition.)

Problem: We want our discretization to respect this property!

36



Structure-preserving DMD methods
37

• Enforce DMD matrix to lie 
on a manifold.

• NB: This is much easier for 
DMD which uses a linear 
choice of basis functions 
(which acts in state-space) 
than EDMD (which acts in 
coefficient space).

• We need something 
different….

• Baddoo, Herrmann, McKeon, Kutz, Brunton, “Physics-informed dynamic mode decomposition,” Proceedings of the Royal Society A (2023). 



Back to the shift!

෍

EDMD diverges:

Jordan block!

𝕂EDMD

mpEDMD converges:

𝕂mpEDMD

38

• C., "The mpEDMD Algorithm for Data-Driven Computations of Measure-Preserving Dynamical Systems," SINUM, 2023.
• Code: https://github.com/MColbrook/Measure-preserving-Extended-Dynamic-Mode-Decomposition 

https://github.com/MColbrook/Measure-preserving-Extended-Dynamic-Mode-Decomposition


Back to the shift!

෍

EDMD diverges:

Jordan block!

𝕂EDMD

mpEDMD converges:

Let’s make this into a general method…

𝕂mpEDMD

39

• C., "The mpEDMD Algorithm for Data-Driven Computations of Measure-Preserving Dynamical Systems," SINUM, 2023.
• Code: https://github.com/MColbrook/Measure-preserving-Extended-Dynamic-Mode-Decomposition 

https://github.com/MColbrook/Measure-preserving-Extended-Dynamic-Mode-Decomposition


Ψ 𝑥 = 𝜓1 𝑥  … 𝜓𝑁 𝑥 ,  𝑔 = ෍

𝑗=1

𝑁

𝐠𝑗𝜓𝑗 = Ψ𝐠 ∈ span 𝜓1, … , 𝜓𝑁

min
𝕂∈ℂ𝑁×𝑁

න
Ω

max
𝐠 2=1

Ψ(𝑥)𝕂𝐠 − [𝒦𝑔](𝑥) 2 d𝜔 𝑥 = න
Ω

Ψ 𝑥 𝕂 − Ψ 𝐹(𝑥) 2
2 d𝜔 𝑥

min
𝕂∈ℂ𝑁×𝑁

෍

𝑚=1

𝑀

𝑤𝑚 Ψ 𝑥(𝑚) 𝕂 − Ψ 𝑦(𝑚)
2

2

Back to EDMD!

quadrature
𝑥(𝑚), 𝑦(𝑚) = 𝐹(𝑥(𝑚))

𝑚=1

𝑀

40

Least-squares problem



𝐺𝑗𝑘 = ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 ≈ 𝜓𝑘 , 𝜓𝑗

A simple alteration
41



𝐺𝑗𝑘 = ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 ≈ 𝜓𝑘 , 𝜓𝑗

Measure-preserving:       𝐠∗𝐺𝐠 ≈ 𝑔 𝟐 = 𝒦𝑔 𝟐 ≈ 𝐠∗𝕂∗𝐺𝕂𝐠

A simple alteration
42



𝐺𝑗𝑘 = ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 ≈ 𝜓𝑘 , 𝜓𝑗

Measure-preserving:       𝐠∗𝐺𝐠 ≈ 𝑔 𝟐 = 𝒦𝑔 𝟐 ≈ 𝐠∗𝕂∗𝐺𝕂𝐠

Enforce: 𝐺 = 𝕂∗𝐺𝕂

A simple alteration
43



𝐺𝑗𝑘 = ෍

𝑚=1

𝑀

𝑤𝑚𝜓𝑗 𝑥 𝑚 𝜓𝑘 𝑥 𝑚 ≈ 𝜓𝑘 , 𝜓𝑗

Measure-preserving:       𝐠∗𝐺𝐠 ≈ 𝑔 𝟐 = 𝒦𝑔 𝟐 ≈ 𝐠∗𝕂∗𝐺𝕂𝐠

Enforce: 𝐺 = 𝕂∗𝐺𝕂

min
𝕂∈ℂ𝑁×𝑁

𝐺=𝕂∗𝐺𝕂 

෍

𝑚=1

𝑀

𝑤𝑚 Ψ 𝑥(𝑚) 𝕂𝐺−1/2 − Ψ 𝑦(𝑚) 𝐺−1/2
2

2

A simple alteration

quadrature

44

Orthogonal
Procrustes problem



The mpEDMD algorithm

As 𝑀 → ∞, unitary part of polar decomposition of 𝒫𝑉𝑁
𝒦𝒫𝑉𝑁

∗ .

Convergence: spectral measures (see later), Koopman mode decomposition,…

𝕂

𝕂 𝑉𝑁 = span 𝜓1, … , 𝜓𝑁

𝒫𝑉𝑁
: 𝐿2(Ω, 𝜔) → 𝑉𝑁

orthogonal projection

45

• C., "The mpEDMD Algorithm for Data-Driven Computations of Measure-Preserving Dynamical Systems," SINUM, 2023.
• Code: https://github.com/MColbrook/Measure-preserving-Extended-Dynamic-Mode-Decomposition 

https://github.com/MColbrook/Measure-preserving-Extended-Dynamic-Mode-Decomposition


• Reynolds number ≈ 6.4 × 104

• Ambient dimension (𝑑) ≈ 100,000 
    (velocity at measurement points)
*PIV data provided by Máté Szőke (Virginia Tech)

• Baddoo, Herrmann, McKeon, Kutz, Brunton, “Physics-informed dynamic mode decomposition (piDMD),” preprint.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

Turbulence
(real data)

piDMD EDMD

stable but wrong

Turbulent K.E. y=5mm Turbulent K.E. y=35mm Time-avg. K.E.

46



Turbulence statistics
Flow mpEDMD piDMD EDMD

unstable
stable but 
wrong
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• General systems:

• Residual Dynamic Mode Decomposition.

• Measure-preserving systems:

• Measure-Preserving Extended Dynamic Mode Decomposition.

• Rigged Dynamic Mode Decomposition.

• The Solvability Complexity Index – classification of problems and 
optimality of algorithms.

Outline
48

Problem: Often 𝒦 doesn’t have basis of eigenfunctions 
(i.e., continuous spectra)



Back to the shift!

෍

𝑒𝑗 → 𝑒𝑗−1

49

⋱ ⋱
0 1

0 1
0 1

0 ⋱
⋱

 

“Solve” 𝑈 − 𝑧𝐼 𝑢𝑧 = 0

𝑢𝑧 = ෍

𝑗=−∞

∞

𝑧𝑗𝑒𝑗 𝑈 =



Back to the shift!

෍
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⋱ ⋱
0 1

0 1
0 1

0 ⋱
⋱

 

“Solve” 𝑈 − 𝑧𝐼 𝑢𝑧 = 0

𝑢𝑧 = ෍

𝑗=−∞

∞

𝑧𝑗𝑒𝑗

Doesn’t live in 𝓁2(ℤ)!!! 
𝑒𝑗 → 𝑒𝑗−1

𝑈 =



Back to the shift!

෍
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⋱ ⋱
0 1

0 1
0 1

0 ⋱
⋱

 

“Solve” 𝑈 − 𝑧𝐼 𝑢𝑧 = 0

𝑢𝑧 = ෍

𝑗=−∞

∞

𝑧𝑗𝑒𝑗

Let 𝑧 = 1, 𝜙 = σ𝑗=−∞
∞ 𝜙𝑗𝑒𝑗  where 𝜙𝑗  

decay faster than any inverse polynomial.

Doesn’t live in 𝓁2(ℤ)!!! 

Test functions

𝑒𝑗 → 𝑒𝑗−1

𝑈 =



Back to the shift!

෍
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⋱ ⋱
0 1

0 1
0 1

0 ⋱
⋱

 

“Solve” 𝑈 − 𝑧𝐼 𝑢𝑧 = 0

𝑢𝑧 = ෍

𝑗=−∞

∞

𝑧𝑗𝑒𝑗

Let 𝑧 = 1, 𝜙 = σ𝑗=−∞
∞ 𝜙𝑗𝑒𝑗  where 𝜙𝑗  

decay faster than any inverse polynomial.

𝑢𝑧, 𝜙 = ෍

𝑗=−∞

∞

𝑧𝑗𝜙𝑗 , 𝑈𝑢𝑧, 𝜙 = 𝑢𝑧, 𝑈∗𝜙 = ෍

𝑗=−∞

∞

𝑧𝑗𝜙𝑗−1 = 𝑧 𝑢𝑧 , 𝜙

Doesn’t live in 𝓁2(ℤ)!!! 

Test functions

𝑒𝑗 → 𝑒𝑗−1

𝑈 =



Back to the shift!

෍
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⋱ ⋱
0 1

0 1
0 1

0 ⋱
⋱

 

“Solve” 𝑈 − 𝑧𝐼 𝑢𝑧 = 0

𝑢𝑧 = ෍

𝑗=−∞

∞

𝑧𝑗𝑒𝑗

Let 𝑧 = 1, 𝜙 = σ𝑗=−∞
∞ 𝜙𝑗𝑒𝑗  where 𝜙𝑗  

decay faster than any inverse polynomial.

𝑢𝑧, 𝜙 = ෍

𝑗=−∞

∞

𝑧𝑗𝜙𝑗 , 𝑈𝑢𝑧, 𝜙 = 𝑢𝑧, 𝑈∗𝜙 = ෍

𝑗=−∞

∞

𝑧𝑗𝜙𝑗−1 = 𝑧 𝑢𝑧 , 𝜙

Generalised eigenfunctions 𝑢𝑧 and generalised eigenvalues 𝑧: 𝑧 = 1

Doesn’t live in 𝓁2(ℤ)!!! 

Test functions

𝑒𝑗 → 𝑒𝑗−1

𝑈 =



Another example: Nonlinear pendulum
54

ሶ𝑥1 = 𝑥2, ሶ𝑥2 = − sin 𝑥1
Ω = −𝜋, 𝜋 per × ℝ,

Δ𝑡 = 1,

𝜔 =  Lebesgue measure 

Considered a challenge in 
Koopman theory!



Explicit diagonalization using Radon transform!
55

• Action-angle coordinates (𝑛 degrees of freedom):
ሶ𝐈 = 𝟎, ሶ𝛉 = 𝐈, Ω = ℝ𝑛 × −𝜋, 𝜋 per

𝑛

• 𝑔 in Schwartz space,

𝑔 𝐈, 𝛉 = ෍

𝐤∈ℤ𝑛

ො𝑔𝐤 𝐈 𝑒𝑖𝐤⋅𝛉 ,  ො𝑔𝐤 𝐈 =
1

2𝜋 𝑛
න

−𝜋,𝜋 per
𝑛

𝑔 𝐈, 𝛉 𝑒−𝑖𝐤⋅𝛉d𝛉

ො𝑔𝐤 𝐈 = ෍

𝑗=1

∞

෍

𝑚=−∞

∞

න
−𝜋,𝜋 per

𝑔𝜃
𝐤,𝑚,𝑗 ∗

|𝑔 𝑔𝜃
(𝐤,𝑚,𝑗)

d𝜃

𝑔𝜃
(𝐤,𝑚,𝑗)

=
1

2𝜋 𝑛
𝛿 𝜃 + 2𝜋𝑚 − Δ𝑡𝑘 ⋅ 𝐼 𝜓𝑗

(𝑘)
𝑒𝑖𝐤⋅𝛉



Explicit diagonalization using Radon transform!
56

• Action-angle coordinates (𝑛 degrees of freedom):
ሶ𝐈 = 𝟎, ሶ𝛉 = 𝐈, Ω = ℝ𝑛 × −𝜋, 𝜋 per

𝑛

• 𝑔 in Schwartz space,

𝑔 𝐈, 𝛉 = ෍

𝐤∈ℤ𝑛

ො𝑔𝐤 𝐈 𝑒𝑖𝐤⋅𝛉 ,  ො𝑔𝐤 𝐈 =
1

2𝜋 𝑛
න

−𝜋,𝜋 per
𝑛

𝑔 𝐈, 𝛉 𝑒−𝑖𝐤⋅𝛉d𝛉

ො𝑔𝐤 𝐈 = ෍

𝑗=1

∞

෍

𝑚=−∞

∞

න
−𝜋,𝜋 per

𝑔𝜃
𝐤,𝑚,𝑗 ∗

|𝑔 𝑔𝜃
(𝐤,𝑚,𝑗)

d𝜃

𝑔𝜃
(𝐤,𝑚,𝑗)

=
1

2𝜋 𝑛
𝛿 𝜃 + 2𝜋𝑚 − Δ𝑡𝑘 ⋅ 𝐼 𝜓𝑗

(𝑘)
𝑒𝑖𝐤⋅𝛉



Explicit diagonalization using Radon transform!
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• Action-angle coordinates (𝑛 degrees of freedom):
ሶ𝐈 = 𝟎, ሶ𝛉 = 𝐈, Ω = ℝ𝑛 × −𝜋, 𝜋 per

𝑛

• 𝑔 in Schwartz space,

𝑔 𝐈, 𝛉 = ෍

𝐤∈ℤ𝑛

ො𝑔𝐤 𝐈 𝑒𝑖𝐤⋅𝛉 ,  ො𝑔𝐤 𝐈 =
1

2𝜋 𝑛
න

−𝜋,𝜋 per
𝑛

𝑔 𝐈, 𝛉 𝑒−𝑖𝐤⋅𝛉d𝛉

ො𝑔𝐤 𝐈 = ෍

𝑗=1

∞

෍

𝑚=−∞

∞

න
−𝜋,𝜋 per

𝑔𝜃
𝐤,𝑚,𝑗 ∗

|𝑔 𝑔𝜃
(𝐤,𝑚,𝑗)

d𝜃

𝑔𝜃
(𝐤,𝑚,𝑗)

=
1

2𝜋 𝑛
𝛿 𝜃 + 2𝜋𝑚 − Δ𝑡𝐤 ⋅ 𝐈 𝜓𝑗

(𝑘)
𝑒𝑖𝐤⋅𝛉

Generalised eigenfunctions



Explicit diagonalization using Radon transform!
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• Action-angle coordinates (𝑛 degrees of freedom):
ሶ𝐈 = 𝟎, ሶ𝛉 = 𝐈, Ω = ℝ𝑛 × −𝜋, 𝜋 per

𝑛

• 𝑔 in Schwartz space,

𝑔 𝐈, 𝛉 = ෍

𝐤∈ℤ𝑛

ො𝑔𝐤 𝐈 𝑒𝑖𝐤⋅𝛉 ,  ො𝑔𝐤 𝐈 =
1

2𝜋 𝑛
න

−𝜋,𝜋 per
𝑛

𝑔 𝐈, 𝛉 𝑒−𝑖𝐤⋅𝛉d𝛉

ො𝑔𝐤 𝐈 = ෍

𝑗=1

∞

෍

𝑚=−∞

∞

න
−𝜋,𝜋 per

𝑔𝜃
𝐤,𝑚,𝑗 ∗

|𝑔 𝑔𝜃
(𝐤,𝑚,𝑗)

d𝜃

𝑔𝜃
(𝐤,𝑚,𝑗)

=
1

2𝜋 𝑛
𝛿 𝜃 + 2𝜋𝑚 − Δ𝑡𝐤 ⋅ 𝐈 𝜓𝑗

(𝑘)
𝑒𝑖𝐤⋅𝛉

Supported on 
hyperplane

Orthonormal basis of 
hyperplane

Plane wave

Generalised eigenfunctions



• Finite matrix: 𝐵 ∈ ℂ𝑛×𝑛, 𝐵∗𝐵 = 𝐵𝐵∗, orthonormal basis of e-vectors 𝑣𝑗 𝑗=1

𝑛

𝑣 = ෍

𝑗=1

𝑛

(𝑣𝑗
∗ 𝑣)𝑣𝑗 , 𝐵𝑣 = ෍

𝑗=1

𝑛

𝜆𝑗(𝑣𝑗
∗ 𝑣)𝑣𝑗  ∀𝑣 ∈ ℂ𝑛

• Infinite dimensions: Unitary 𝒦. Typically, no basis of eigenfunctions!       
Some technical assumptions (can always be realized):

𝑔 = න
−𝜋,𝜋 per

𝑔𝜃
∗ |𝑔 𝑔𝜃d𝜈 𝜃 ,  𝒦𝑔 = න

−𝜋,𝜋 per

𝑒𝑖𝜃 𝑔𝜃
∗ |𝑔 𝑔𝜃d𝜈 𝜃

Gelfand’s theorem → diagonalisation

𝑔 ∈ 𝑆 ⊂ 𝐿2(Ω, 𝜔)
generalized eigenfunctions
distributions ∈ 𝒮∗

Koopman modes Koopman Mode Decomposition

𝑒𝑖𝜃 = 𝜆
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Rigged DMD: Smoothing

Carathéodory function:

𝐹𝑔 𝑧 = 𝒦 + 𝑧𝐼 𝒦 − 𝑧𝐼 −1𝑔 = න
−𝜋,𝜋 per

𝑒𝑖𝜃 + 𝑧

𝑒𝑖𝜃 − 𝑧
𝑔𝜃

∗ |𝑔 𝑔𝜃d𝜈 𝜃

𝑔𝜃d𝜈 𝜃
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Rigged DMD: Smoothing

Carathéodory function:

𝐹𝑔 𝑧 = 𝒦 + 𝑧𝐼 𝒦 − 𝑧𝐼 −1𝑔 = න
−𝜋,𝜋 per

𝑒𝑖𝜃 + 𝑧

𝑒𝑖𝜃 − 𝑧
𝑔𝜃

∗ |𝑔 𝑔𝜃d𝜈 𝜃

Let 𝑟 = 1 + 𝜀 > 1, 𝜃0 ∈ −𝜋, 𝜋 per,

1

4𝜋
𝐹𝑔 𝑟−1𝑒𝑖𝜃0 − 𝐹𝑔 𝑟𝑒𝑖𝜃0  

 =
1

2𝜋
න

−𝜋,𝜋 per

𝑟2 − 1

1 + 𝑟2 − 2𝑟cos(𝜃0 − 𝜃)
𝑔𝜃

∗ |𝑔 𝑔𝜃d𝜈 𝜃
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Rigged DMD: Smoothing

Carathéodory function:

𝐹𝑔 𝑧 = 𝒦 + 𝑧𝐼 𝒦 − 𝑧𝐼 −1𝑔 = න
−𝜋,𝜋 per

𝑒𝑖𝜃 + 𝑧

𝑒𝑖𝜃 − 𝑧
𝑔𝜃

∗ |𝑔 𝑔𝜃d𝜈 𝜃

Let 𝑟 = 1 + 𝜀 > 1, 𝜃0 ∈ −𝜋, 𝜋 per,

1

4𝜋
𝐹𝑔 𝑟−1𝑒𝑖𝜃0 − 𝐹𝑔 𝑟𝑒𝑖𝜃0  

 =
1

2𝜋
න

−𝜋,𝜋 per

𝑟2 − 1

1 + 𝑟2 − 2𝑟cos(𝜃0 − 𝜃)
𝑔𝜃

∗ |𝑔 𝑔𝜃d𝜈 𝜃
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Rigged DMD: Smoothing

Carathéodory function:

𝐹𝑔 𝑧 = 𝒦 + 𝑧𝐼 𝒦 − 𝑧𝐼 −1𝑔 = න
−𝜋,𝜋 per

𝑒𝑖𝜃 + 𝑧

𝑒𝑖𝜃 − 𝑧
𝑔𝜃

∗ |𝑔 𝑔𝜃d𝜈 𝜃

Let 𝑟 = 1 + 𝜀 > 1, 𝜃0 ∈ −𝜋, 𝜋 per,

1

4𝜋
𝐹𝑔 𝑟−1𝑒𝑖𝜃0 − 𝐹𝑔 𝑟𝑒𝑖𝜃0  

 =
1

2𝜋
න

−𝜋,𝜋 per

𝑟2 − 1

1 + 𝑟2 − 2𝑟cos(𝜃0 − 𝜃)
𝑔𝜃

∗ |𝑔 𝑔𝜃d𝜈 𝜃

Poisson kernel

Smoothed generalized eigenfunction

63



Smoothing

Carathéodory function:

𝐹𝑔 𝑧 = 𝒦 + 𝑧𝐼 𝒦 − 𝑧𝐼 −1𝑔 = න
−𝜋,𝜋 per

𝑒𝑖𝜃 + 𝑧

𝑒𝑖𝜃 − 𝑧
𝑔𝜃

∗ |𝑔 𝑔𝜃d𝜈 𝜃

Let 𝑟 = 1 + 𝜀 > 0, 𝜃0 ∈ −𝜋, 𝜋 per,

1

4𝜋
𝐹𝑔 𝑟−1𝑒𝑖𝜃0 − 𝐹𝑔 𝑟𝑒𝑖𝜃0  

 =
1

2𝜋
න

−𝜋,𝜋 per

𝑟2 − 1

1 + 𝑟2 − 2𝑟cos(𝜃0 − 𝜃)
𝑔𝜃

∗ |𝑔 𝑔𝜃d𝜈 𝜃

Poisson kernel

𝑟 = 1 + 𝜀

𝜀 ↓ 0

Smoothed generalized eigenfunction

1 + 𝜀 𝑒𝑖𝜃0

1 + 𝜀 −1𝑒𝑖𝜃0

𝑒𝑖𝜃0

𝜃0

𝜃0 − 𝜃

Poisson kernel 64



Better smoothing kernels as 𝜀 ↓ 0 

෍

• Poisson kernel: slow convergence 𝒪(𝜀 log(1/𝜀)).

• Construct high-order kernels using 𝐹𝑔 𝑧 .

• Theorems: fast 𝒪(𝜀𝑚log(1/𝜀)) convergence for
• Generalized eigenfunctions (topology of 𝒮∗).

• Spectral measures (traces of generalized eigenfunctions): pointwise, 𝐿𝑝, weak,…

• Forecasting (i.e., iterating Koopman mode decomposition), coherency etc.

𝜀 = 1 𝜀 = 0.1

Smaller 𝜀 
requires 
more data
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Final ingredient: 𝐹𝑔 requires 𝒦 − 𝑧𝐼 −1  

෍

EDMD diverges:

Jordan block!

Exponential 
blowup

as 𝑁 → ∞. 

𝕂EDMD

Acts on span 𝑒−𝑁, … , 𝑒𝑁

E.g.,  if  𝑧 < 1, 

𝕂EDMD − 𝑧𝐼 −1𝑒0 = ෍

𝑗=1

𝑁
−1

𝑧𝑗
𝑒−𝑗
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Final ingredient: 𝐹𝑔 requires 𝒦 − 𝑧𝐼 −1  

෍

EDMD diverges:

Jordan block!

Exponential 
blowup

as 𝑁 → ∞. 

𝕂EDMD

Acts on span 𝑒−𝑁, … , 𝑒𝑁

E.g.,  if  𝑧 < 1, 

𝕂EDMD − 𝑧𝐼 −1𝑒0 = ෍

𝑗=1

𝑁
−1

𝑧𝑗
𝑒−𝑗

mpEDMD converges:

𝕂mpEDMD

67

General method: unitary part of a 
polar decomposition of EDMD!



Final ingredient: 𝐹𝑔 requires 𝒦 − 𝑧𝐼 −1  

෍

EDMD diverges:

Jordan block!

Exponential 
blowup

as 𝑁 → ∞. 

𝕂EDMD

Acts on span 𝑒−𝑁, … , 𝑒𝑁

E.g.,  if  𝑧 < 1, 

𝕂EDMD − 𝑧𝐼 −1𝑒0 = ෍

𝑗=1

𝑁
−1

𝑧𝑗
𝑒−𝑗

mpEDMD converges:

General method: unitary part of a 
polar decomposition of EDMD!

• For general 𝒦: 

𝕂mpEDMD − 𝑧𝐼
−1

𝐠 
converges to 𝒦 − 𝑧𝐼 −1𝑔 
as lim

𝑁→∞
lim

𝑀→∞

• Hence, Rigged DMD 
converges as lim

𝜀↓0
lim

𝑁→∞
lim

𝑀→∞
    

• ResDMD allows us to select 
𝜀 = 𝜀(𝑁) adaptively   
(convergence in 2 limits)

Rigged DMD converges:

68
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• C., Drysdale, Horning, “Rigged Dynamic Mode Decomposition: Data-Driven Generalized Eigenfunction Decompositions for Koopman Operators”, arxiv preprint.
• Code: https://github.com/MColbrook/Rigged-Dynamic-Mode-Decomposition 

Rigged DMD
69

https://github.com/MColbrook/Rigged-Dynamic-Mode-Decomposition


𝐹 𝑥, 𝑦 = 2𝑥 + 𝑦, 𝑥 + 𝑦  mod 2𝜋 

Ω = −𝜋, 𝜋 per
2 ,  𝜔 = Lebesgue measure

Arnold’s “Ergodic Problems of Classical Mechanics”

Example: Arnold’s cat map
70



𝜖 𝜖

𝑚 = order of kernel
𝜖 = smoothing parameter

Experimental details
Length-one trajectories, 𝑀 = 50 × 50, 𝑁 = 500

𝑔 𝑥, 𝑦 = sin 𝑥 +
1

2
sin 2𝑥 + 𝑦 +

𝑖

4
sin(5𝑥 + 3𝑦)

Krylov subspace: 𝑉𝑁 = 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔

𝐹 𝑥, 𝑦 = 2𝑥 + 𝑦, 𝑥 + 𝑦  mod 2𝜋 

Ω = −𝜋, 𝜋 per
2 ,  𝜔 = Lebesgue measure

Explicit formula: 𝑔𝜃become more oscillatory as 𝜖 ↓ 0 (non-decaying Fourier series)

Example: Arnold’s cat map
71



Higher kernel order (accuracy)
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ሶ𝑥1 = 𝑥2, ሶ𝑥2 = − sin 𝑥1 ,  Ω = −𝜋, 𝜋 per × ℝ,  Δ𝑡 = 1,  𝜔 =  Lebesgue measure 

Explicit formula: 𝑔𝜃become plane waves concentrated on unions of lines of constant energy as 𝜖 ↓ 0.

𝑚 = 6
𝜖 = 0.05

eigenvalue

continuous spectra

Experimental Details
Length-one trajectories over grid

𝑀 = 500 × 500, 𝑁 = 300
𝑔 𝑥1, 𝑥2 = exp 𝑖𝑥1 /cosh(𝑥2)

Krylov subspace: 𝑉𝑁 = 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔

Example: Nonlinear pendulum
73



Interlude: Can we always find an 𝒮?

• If 𝒦 is represented by an infinite matrix with finitely many non-zero 
entries in each column, can build 𝒮 using weighted sequence spaces.

• Always possible using time-delay embedding:

{Unions (different 𝑔) of spaces  span 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔, …  } ⊂ 𝒮

• Generalises shift example but in coefficient space w.r.t. Krylov 
subspaces.
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Interlude: Can we always find an 𝒮?

• If 𝒦 is represented by an infinite matrix with finitely many non-zero 
entries in each column, can build 𝒮 using weighted sequence spaces.

• Always possible using time-delay embedding:

{Unions (different 𝑔) of spaces  span 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔, …  } ⊂ 𝒮

• Generalises shift example but in coefficient space w.r.t. Krylov 
subspaces.

Let’s do this for Lorenz…
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ሶ𝑥1 = 10 𝑥2 − 𝑥1 , ሶ𝑥2 = 𝑥1 28 − 𝑥3 − 𝑥2, ሶ𝑥3 = 𝑥1𝑥2 − 8/3 𝑥3,  Δ𝑡 = 0.05,  Ω = attractor, 𝜔 = SRB measure  

Experimental Details
Single trajectory (ergodic system)

𝑀 = 10000, 𝑁 = 1000

𝑔 𝑥1, 𝑥2, 𝑥3 = tanh
𝑥1𝑥2 − 5𝑥3

10
− 𝑐

Krylov subspace: 𝑉𝑁 = 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔

𝑚 = 6
𝜀 = 0.05

No formula for
generalized eigenfunctions!!

Example: Lorenz system  
76



ሶ𝑥1 = 10 𝑥2 − 𝑥1 , ሶ𝑥2 = 𝑥1 28 − 𝑥3 − 𝑥2, ሶ𝑥3 = 𝑥1𝑥2 − 8/3 𝑥3,  Δ𝑡 = 0.05,  Ω = attractor, 𝜔 = SRB measure  

Experimental Details
Single trajectory (ergodic system)

𝑀 = 10000, 𝑁 = 1000

𝑔 𝑥1, 𝑥2, 𝑥3 = tanh
𝑥1𝑥2 − 5𝑥3

10
− 𝑐

Krylov subspace: 𝑉𝑁 = 𝑔, 𝒦𝑔, … , 𝒦𝑁−1𝑔

𝑚 = 6
𝜖 = 0.05

No formula for
generalized eigenfunctions!!

Example: Lorenz system  
77



Only eigenvalues!

Mixed spectral type Continuous spectra

Single trajectory
𝑀 = 10000, 𝑁 varies
Basis: POD modes
20% Gaussian noise
*Raw measurements provided 
Arbabi and Mezić (PRF 2017)

Example: Noisy cavity flow
(spectral measures)
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Re=30000
Deep in the continuous 
spectrum!!!

Example: Noisy cavity flow
(generalized Koopman modes)
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• General systems:

• Residual Dynamic Mode Decomposition.

• Measure-preserving systems:

• Rigged Dynamic Mode Decomposition

• Measure-Preserving Extended Dynamic Mode Decomposition.

• The Solvability Complexity Index – classification of problems and 
optimality of algorithms.

Outline
80



Wider program: Solvability Complexity Index

• ResDMD: convergence as lim
𝑁→∞

lim
𝑀→∞

• Rigged DMD: convergence (𝜀 = 𝜀(𝑁)) as lim
𝑁→∞

lim
𝑀→∞
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Wider program: Solvability Complexity Index

• ResDMD: convergence as lim
𝑁→∞

lim
𝑀→∞

• Rigged DMD: convergence (𝜀 = 𝜀(𝑁)) as lim
𝑁→∞

lim
𝑀→∞

82

Convergence in   
multiple successive limits



Wider program: Solvability Complexity Index

• ResDMD: convergence as lim
𝑁→∞

lim
𝑀→∞

• Rigged DMD: convergence (𝜀 = 𝜀(𝑁)) as lim
𝑁→∞

lim
𝑀→∞

• FACT: Unless you have very strong assumptions (e.g., uniform ergodicity, 
finite-dimensional invariant subspace etc.), EVERY convergent Koopman 
algorithm to date needs multiple limits. These limits can be different things.

83
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Wider program: Solvability Complexity Index

• ResDMD: convergence as lim
𝑁→∞

lim
𝑀→∞

• Rigged DMD: convergence (𝜀 = 𝜀(𝑁)) as lim
𝑁→∞

lim
𝑀→∞

 

• FACT: Unless you have very strong assumptions (e.g., uniform ergodicity, 
finite-dimensional invariant subspace etc.), EVERY convergent Koopman 
algorithm to date needs multiple limits. These limits can be different things.

• Solvability Complexity Index (SCI): smallest number 𝑘 for which we can solve 
problem with lim

𝑛𝑘→∞
… lim

𝑛1→∞
via an algorithm (𝑛1, … , 𝑛𝑘 can be anything).

• C., Hansen, “The foundations of spectral computations via the solvability complexity index hierarchy,” J. Eur. Math. Soc., 2022.
• C., Antun, Hansen, "The difficulty of computing stable and accurate neural networks," Proc. Natl. Acad. Sci. USA, 2022.
• Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” arXiv, 2020.
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Wider program: Solvability Complexity Index

• ResDMD: convergence as lim
𝑁→∞

lim
𝑀→∞

• Rigged DMD: convergence (𝜀 = 𝜀(𝑁)) as lim
𝑁→∞

lim
𝑀→∞

• FACT: Unless you have very strong assumptions (e.g., uniform ergodicity, 
finite-dimensional invariant subspace etc.), EVERY convergent Koopman 
algorithm to date needs multiple limits. These limits can be different things.

• Solvability Complexity Index (SCI): smallest number 𝑘 for which we can solve 
problem with lim

𝑛𝑘→∞
… lim

𝑛1→∞
via an algorithm (𝑛1, … , 𝑛𝑘 can be anything).

⟹ Classification of problems, optimality of algorithms.

• C., Hansen, “The foundations of spectral computations via the solvability complexity index hierarchy,” J. Eur. Math. Soc., 2022.
• C., Antun, Hansen, "The difficulty of computing stable and accurate neural networks," Proc. Natl. Acad. Sci. USA, 2022.
• Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” arXiv, 2020.

Steve Smale

Convergence in   
multiple successive limits
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Π0

Σ0

Δ0

=
=

⊊ Δ1 ⊊

Π1

Σ1 ∪ Π1 ⊊ Δ2 ⊊

Π2

Σ2

Σ2 ∪ Π2 ⊊ Δ3 ⊊

Π3

Σ3

Σ3 ∪ Π3 ⋯

Σ1

Sample: some results for bounded op. on 𝑙2(ℕ)

Normal operators General operators

Certain self-adjoint 1D 
quasiperiodic operators

Zoo of problems: spectral type (pure point, absolutely continuous, singularly continuous), Lebesgue measure and 
fractal dimensions of spectra, discrete spectra, essential spectra, eigenspaces + multiplicity, spectral radii, essential 
numerical ranges, geometric features of spectrum (e.g., capacity), spectral gap problem, resonances ...
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Compact operators “Sparse” operators
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• C., “The foundations of infinite-dimensional spectral computations,” PhD diss., University of Cambridge, 2020.
• Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” preprint.
• C., Horning, Townsend, “Computing spectral measures of self-adjoint operators,” SIAM Rev., 2021.
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Coming soon… SCI for Koopman (with Igor Mezić)

• General systems (computing spectrum).

• Measure-preserving systems (spectrum, spectral type etc.)

Bottom line:

• Many problems are impossible in one limit, even with perfect and unlimited 
snapshots, probabilistic algorithms, nice smooth 𝐹 on compact manifolds.

    E.g., computing spectrum (as a set) of smooth measure-preserving 
 systems on unit disc.

• Problems can be tackled in multiple limits under very general conditions.

⟹ New program on foundations and classification for Koopman.
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Summary: Infinities matter

Brief Summaries

Practical + theoretical guarantees
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• A complete picture has emerged on 𝐿2(Ω, 𝜔)
• General systems: ResDMD compute spectral properties with error control. 

   CONTROL INFINITE-DIMENSIONAL RESIDUALS

• Measure-preserving systems: mpEDMD structure-preserving

 Rigged DMD continuous spectra (and generalized eigenfunctions)  
 SMOOTHING KERNELS and the RESOLVENT.
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Buzz was right!

• A complete picture has emerged on 𝐿2(Ω, 𝜔)
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