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1 INTRODUCTION 1

1 Introduction

* Recall features of elementary (IB) quantum mechanics:

x» wave-particle duality. Waves behaving like particles — e.g., light quanta, pho-
tons and vice-versa; interference of electrons passing through crystal grating and
electron microscope. To make this more precise need:

» wavefunction 1 (z) for particle. Probability density [1(z)|?; probability is in-
trinsic to the theory.

* Observables become (hermitian) operators on wavefunctions. Lack of
commutation limits simultaneous measurement — leads to precise version of un-
certainty principle.

» Schrodinger’s equation specifies dynamics (evolution in time) and determines
energy levels.

This is enough to understand e.g., the hydrogen atom and transcends classical
physics.

* Aim of this course:

x reformulate QM in a more powerful, abstract, flexible and useful form: Dirac
formalism. This allows a simpler analysis of known problems such as the har-
monic oscillator and is also the clearest way to understand lots of more novel
properties, for example:

*

the spin of particles;

*

symmetries (e.g., translations and rotations) and conservation laws;

»*

identical particles;

*

it provides the framework for quantizing other, more general, systems e.g., EM
field, and ultimately other forces leading to the ‘Standard Model’ of elementary
particles.

* Will not dwell on applications in any detail, but will keep track of what the mathe-
matical formalism is for.

* Assume IB QM and TA Dynamics but no electromagnetism beyond Coulomb’s law
and intuitive ideas about magnetism.

Plan:

Dirac formalism.

Harmonic oscillator.

Pictures of quantization.

Composite systems and identical particles.
Perturbation theory.

Angular momentum.

Transformations and symmetries.
Time-dependent perturbation theory.
Quantum basics.

©o00N O W
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2 Dirac Formalism

2.1 States and Operators

A quantum state is described at each instant by a state |¢)) which belongs to a complex
vector apace V. Then

V), o) € V. = a|)+Blp) € V Va,8 € C. (2.1.1)

Physically this is the superposition principle leading to wave-like behaviour (interfer-
ence). However, these states are not wavefunctions but we will see that they carry all
the quantum information that describes the state of the system concerned in a very
general way.

There are also dual or conjugate states (¢| which belong to the dual space Vi. By
definition, states and duals can be combined/paired to give a complex number:

|, ) = (Pl or formally VixV — C, (2.1.2)
—— —— ——
‘bra’ ‘ket’ ‘bra(c)ket’

with
Ol + asln)) = arldli) + as(@li),
<ﬁ1<¢1| + 52<¢2|>W> Bildi|v) + Baldalth) (2.1.3)

a, B € C. This is the definition of the dual as a vector space.

The space of states V and the dual V' come with an inner-product which can be
described as a one-to-one correspondence between states and duals:

V s Vi
with [y «—— (Y| = (|¥))! (use same label for corresponding states)
and alp) + fl¢) «—— o™l + B
(2.1.4)
The inner product is
VxV — C
). [y = (olwy = (1)) (2.1.5)
and is assumed to obey
@) = lo)* hermitian
Il = @)y = 0 (real from above) (2.1.6)
with — [[[))* = 0 iffi  |yp) = 0.

This means that the inner product is positive semidefinite. Note that knowing {¢[¢)
for all (¢| determines [¢)) uniquely and vice-versa.

The physical content of any state is unaltered by changing |¢)) — a|y) (a # 0). We
shall usually normalize states by |[[¢)]|> = 1 but still have the freedom to change
19y — €|1p). The absolute phase of a single state never has any physical significance,
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but relative phases in combination such as «|¢) + B]1)) can be significant; for example,
for interference phenomena.

The space V' is complete; we assume appropriate sequences or series converge. A
complete inner product space of this kind is a Hilbert space and this term is often
used for the space V in QM. V can be either finite or infinite dimensional and we shall
see examples of both.

An operator () is a linear map on states, V — V:

) = QlY), (2.1.7)
and, by definition
Q(als)+ Bl)) = aQlo) + BQIY) (2.1.8)
The same operator can be regarded as acting ‘to the left” on dual states, VI — VT:
@ —<lQ, (2.1.9)
(@)l = @l(Qw)) v [ (21.10)
or simply = Q).

For any @ the hermitian conjugate or adjoint is an operator Q' defined by

wlQ' = (@) @.111)

or, equivalently,

@R = (o) 1w
= @RIy VY ¥, |9y (2.1.12)

Simple consequences are
i
(aA n ﬁB) — a*Al 4 5B
i
(AB> — B'A, (2.1.13)

for any A, B.1

1

WlaB)1ey = ((AB)w)) ¢y den of (4B)!

= (aw)) 0> [0 = Blu
@W'|AY|g) defn of Af

= (ew) (41)

= (p|B'AT|¢) defn of BT .

(2.1.14)

True for all 1)), |¢) and result follows.



2 DIRAC FORMALISM 4

For any operator @ call |1y (# 0) an eigenstate of ) with eigenvalue \ if

QY = Al (2.1.15)
Equivalently (taking f of this)
@R = Ny . (2.1.16)

For general (), A\ can be complex.

Of particular importance are commutators of operators
[A,B] = AB—BA = —|[B,A]. (2.1.17)

We have the identities
1A + Ay, Bl = «a1[A1, B] + a3[As, B]

li it 2.1.18
[A7 BIBI + 52B2] = /BI[AJ Bl] + 62[147 B2] HHeATY ( )
[A,B1By] = [A,B1|By + Bi[A, By - :
(A Ay, B] — [Ay, B4y + A[Ay, B] Leibnitz properties (2.1.19)
[A,[B,C]] +[B,[C,A]] + [C,[A,B]] =0  Jacobi identity (2.1.20)
2.2 Observables and measurements
An operator () is hermitian or self-adjoint if
Ql = Q. (2.2.1)

Such operators are called observables because they correspond to physical, measur-
able, quantities e.g., position, momentum, energy, angular momentum. Key results for
any hermitian Q:

(i) All eigenvalues are real.
(ii) Eigenstates with distinct eigenvalues are orthogonal.
(iii) The eigenstates form a complete basis for V' (and their duals for VT). So any state
can be expanded in terms of (written as a linear combination of) the eigenstates.

We prove (i) and (ii) and assume (iii).

(i)

Q) = Ay
and  @WIQT = Al (222)
= W|Q = N since () is hermitian o

= @RIy = Myl) = Aly) .
But [[[{)[|* = (¢[) # 0 (|¢) # 0) and so deduce

A = A* (2.2.3)



2 DIRAC FORMALISM >

(ii) Let |n) be eigenstates of () with eigenvalues A = ¢, real, with n a discrete label
possibly of infinite range.

. By
an my = Qmlm
or mlQ = gulm| (22.4)

= (mlQn) = g(mln) = gu{m|n).

Combining these three properties we have

* For any observable @) there is an orthonormal basis of eigenstates {|n)} for the space
of states V with

Qny = aquln),
{m|n) Smn, - (2.2.5)

We speak of diagonalizing () by choosing the basis to be the eigenstates |n) of Q.
This means that a general state 1)) can be expanded as

[y = D anln), (2.2.6)

n

where «,, = (n[).

For the state to be properly normalized

I = <@l

— (; afn<m\) (; 1))

There might be several states with the same eigenvalue A. Define the eigenspace for
a given eigenvalue by

1
D an)* = 1. (2.2.7)

Vi = {0y QU= A}, (228)
which has the basis {|n): ¢, = A}.

The degeneracy of )\ is the number of states in this basis, or dim V). We say that A
is non-degenerate if the degeneracy is 1.

[ Note that passing from our three key results to the conclusion (%) is achieved by
choosing an orthonormal basis for each Vj:

(ii) ensures that these spaces are mutually orthogonal;
(iii) implies that the sum of all the eigenspaces is V', the entire space of states. |

Consider a measurement of ) when the system is in state |¢)) immediately before.
Then

e The result is an eigenvalue, A, say.



2 DIRAC FORMALISM 6

e This value is obtained with the probability

) = D ol (2.2.9)

nign=A>\

e Immediately after the measurement the state is

) = ¢ >, alny, (2.2.10)

nign=>\
where ¢ is a normalization constant chosen so that {(¢|¢) = 1.

So measurement projects the system into the eigenspace V).

Example. Consider a system with three orthonormal states: |1),[2),|3) on which @
has eigenvalues ¢; = ¢ = 0, g3 = 1. Let the state of the system be

1
= —=Q2L)+12)+|3)). 2.2.11
¥ = @D+ +13) 22.11)
Then
( 1 2 1
1 = = 3
\@ 6 ‘ >
Probabilit 2 |2 1 12 5 1
ofmeasurii 10 ‘_ tl—= = = —(2]1) + |2)) (2.2.12)
s V6 6 6 V5
!
\ final states

In this example we had degeneracy: two states with eigenvalue 0. However, often have
the case with A non-degenerate with eigenstate [n) unique up to a phase. Then

o p(A) = lonf* = [Knjy)l*.
e a, = (nly)is called the amplitude.
e The state after measurement is |n).

In general,

D PN =) =1, (2.2.13)

A
as required for a probability distribution.

The expectation value (mean) of @) in state [¢) is

(Qu = @R = D M) = > gulanl”, (2.2.14)

n

and the uncertainty (spread or variance) is

(AQ), = (Q—{Q)w) s = Q% — (@) - (2.2.15)



2 DIRAC FORMALISM 7

In thinking about many repeated measurements we must be careful to prepare the
system in the same state each time.

In the case that [¢) is an eigenstate of () with eigenvalue A, say, then

(@ = A, and (AQ)y = 0. (2.2.16)

| The process of measurement is still a source of some deep questions about the inter-
pretation of QM |.

Quantum mechanical behaviour arises from the fact that observables do not commute
in general. In any state [¢))

(AAWABY, > J[IABDy. (2217)

so [A, B] # 0 means we cannot expect to measure exact values for A and B simulta-
neously. This generalized Uncertainty Principle follows from

[(A+AB)|Y)|I> = 0 ¥V real . (2.2.18)

The LHS is a quadratic in A and the condition implies that the discriminant is < 0;
the stated Uncertainty Principle then follows.

Paradigm example: position, £, and momentum, p, in one dimension obey

[Z,p] = ih
h
= Az Ap > o (2.2.19)
In D = 3, &; and p; obey
[%:,p;] = ihdy; (2.2.20)

and so the uncertainty principle applies to components of position and momentum
which are not orthogonal.

2.3 Time evolution and the Schrodinger Equation

So far our discussion of quantum states has been at a fixed time, even measurement is
assumed to be an instantaneous change of state. The evolution of states |¢(¢)) in time
is governed by the Schrédinger equation:

IO = HIp(), 2.3.)

where H = H' is the Hamiltonian. Equivalently,

—ih= )] = W) . (2.3.2)

Note that these equations imply

2 (wmiwan) = o, (233
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so that the normalization of |¢(t)), and hence the probabilistic interpretation, is pre-
served in time.

H is an observable: the energy. Consider the eigenstates
Hln) = E,|n). (2.3.4)
Then the states ’
e Ent/h (2.3.5)

are stationary state solutions of the Schrodinger Equation.

The Schrodinger Equation is first-order in ¢ and linear in [¢(¢)) and so for an initial

state at ¢t = 0,
[(0)) = ) anlny, (2.3.6)

n

we have the unique solution

(0 = 3 ane = n) (2.37)

n

Example. Consider system with two energy eigenstates |1), |2) with energy eigenvalues
E1, Es, respectively. We are interested in measuring () defined by

QL =12, Q2 =) = [QH] #0. (2.3.8)
The eigenstates of () are easily found to be
1
|+) = \/—5(]1> + \2>> with eigenvalues ¢4 = +1. (2.3.9)

Let the initial state, the state at t = 0, be [1(0)) = |+). Then have
1
V2

The probability of measuring () at time ¢ and getting +1 is

(e = <= (e B + e B)) (2.3.10)

2

G = '% (Ul ) (7B M1y + e Elh2) )

1 2
— '§<e—iE1t/ﬁie—iE2t/h>

2 (El*EQ)t
COS <—2h

= (2.3.11)

-2 ( (BEi—E2)t
Sin <—2h

Note that we are assuming no time-dependence in H. This would become a much
more complex situation.
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2.4 Bases and Representations

Another use of a basis is that we can choose to reduce all states and operators to,
possibility infinite, column/row vectors and to matrices as follows

[y = D) =, = ()
) = YBalny = Bu = (nlo). (24.1)

The inner product is then

Glvy = D, Brom . (24.2)
The operation of operator A can be written as

Ay = Y7 M)A, (2.4.3)

where A,,,, = {(m|A|n) are the matrix elements of the complex matrix representing
the operator A in this basis. Note that the entries in this matrix depend on the basis; a
familiar result in linear algebra for any linear map. In contrast, the result of operating
with A on any state is independent of the basis. Check this result

) = AlY) e Buo= D, Awnn - (2.4.4)
n
basis-independent ~ -

basis-dependent

Clearly, this representation is multiplication of a vector by a matrix: 8 = Aa. Also,
have that the Hermitian conjugate has the familiar matrix form:

(AN = A2, (2.4.5)
If B is another operator with matrix B then

(AB)mn = D AwpBpn - (2.4.6)

L.e., as expected the usual rules of matrix multiplication apply.

This, by now familiar, way of representing linear maps on a vector space by the lin-
ear algebra of matrices gives the matrix representation of Quantum Mechanics. It is
most useful when the number of basis states is finite, but can also be useful for an oo
dimensional basis as well (does need care).

We are often interested in a function f(Q) of an operator ). How should this be
defined? The answer may be obvious if f is a polynomial or a series:

3

Q + 5 e?,  sin(Q) assuming convergence . (2.4.7)

But what about 1/Q or log(Q)?

For () an observable and |n) an eigenbasis for Q:

Qny = qulny  {nlm) = byn , (2.4.8)
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setting
fF(@Q)ln) = fgn)ln) (2.4.9)

defines f(Q) provided f(g,) is defined for all n; f(Q) is defined on a basis and so is
defined on any state. This is certainly true if f is a polynomial or a power series that
converges for all ¢,. If ¢, # 0 V n then can define

Q') — qi|n> , (2.4.10)

and likewise log(Q) is defined if 0 < ¢,, < 0.

A useful way to express that {|n)} is an orthonormal basis is the completeness rela-
tion or resolution of the identity:

Z Iny(n| = 1,  the identity operator. (2.4.11)
The notation is
(pim) ) = I (i) ) (24.12)
— —— — \ —
operator state state  number

This is confirmed by applying each side to an arbitrary state

D Inxnlyy = o) = ). (2.4.13)

In the same way can resolve any operator in a similar fashion:

Q = Z n|n)n| ,
@) = ) flgn)nxn] . (2.4.14)

In the case where the eigenvalues are degenerate then we can define a projection oper-
ator onto the subspace of eigenstates with eigenvalue A by

Py = > |nxnl. (2.4.15)

n: qn:>\

The bases considered so far may be infinite but have been assumed discrete which
includes countably infinite bases. However, we can extend the index n to be continuous.
This requires some modifications in all relevant formulas:

S fa LD S
n Q § dn q(n)[n)(n|
nlm) = Opm — 0(n—m) (2.4.16)

with |a,[* = [(n|Y)|2. There is no longer a probability for discrete outcomes but a
probability density for the continuous range of n. We will see this below for position
and momentum operators.
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2.5 Position and momentum basis — wavefunctions

Consider particle motion in one dimension. Position and momentum operators ., p
obey
[z,p] = ih. (2.5.1)

Let |z) be position eigenstates
Ty = zlx), (2.5.2)

with continuous eigenvalue z and normalization

(zlxy = §(x —2'), Jdm lz)z| = 1. (2.5.3)

In this basis, any state can be expanded as

W = [drv@l
with  ¢(z) = (z[¢) a complex function . (2.5.4)

¥ (x) is just the usual position wavefunction and the standard interpretation is the ob-
vious extension of the measurement postulates in section 2.2 to continuous eigenvalues:

lv(z)|* is the probability density for measuring position. (2.5.5)

The inner product in terms of wavefunctions becomes

o = ([ o) (jda: o))
= defdxgzﬁ <x|x’>
5(1‘ — ')
- | deotayvte). (2:5.6)
So, in particular,
IO = @l = | do P = 1 2:57)
for a normalized state.
Define similarly momentum eigenstates |p) with
plpy = plp) | (2.5.8)
and with
Wy = so-p). a1 (25.9)

It is very important that the eigenstates of £ and p can be chosen so that they are
related by

1
21

(z|p) e/t (2.5.10)

a5

=  (plz) = e/l (2.5.11)

21
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We justify this later after deducing some consequences. First find action of  and p in
terms of position wavefunctions:

z|Y)  wavefunction : {x|z|)y = xlx|p) = x(x)

plvy  wavefunction : {x|p|)
_ f dp (zlplpXple)  [resolution of identity using p-states]
- | o pialp)ol)
= [ —inZ () ol
~ i [ dp Calpriole
= B Gl = b () (25,12

and so recover familiar results. However, also have new possibility. Can expand states
in momentum basis instead:

[y = j dp (@)l |
with — ¢(p) = (pl), (2.5.13)

which is the momentum space wavefunction where [)(p)|? is the probability density for
measurements of momentum. Then have

I = f dp WipXplY) = j dp @) = 1. (2.5.14)
As before, but with x < p:

plyy  — P (p)
0

momentum space

z|) — zha—pz/;(p) wavefunctions (25.15)
The relationship between the wavefunctions follows from Eq. (2.5.10):
) = @l = [ do Gloalu)
1 )
= dx e ™" 4p(z)  Fourier transform,
2V, 27T771J V(@)
1 ) ~
and r) = dp e/ inverse FT. 2.5.16
vw) = o= [ i) (25.16)
Think of these as two different representations of states [¢)) and the operators on
them: ~
¥(x) ¥(p) ;
A~ A~ . (
r — z ; B by (2.5.17)
po— —ink po— b
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[ The transforms between x and p space are familiar but here we are deriving all the
results, including the transform inversion theorem, on the assumption that {|z)} and
{|p)} are bases. |

The corresponding representations of the Hamiltonian

A2

P 3
H(z,p) = 5+ V(z) (2.5.18)
are
hQ 62
on Y(x): H — 922 V(z),
on (p): H —p—2+v T (2.5.19)
n p): Sy i o) b.

It may be easy to interpret the potential term in momentum space. E.g., V(z) =
A"t =

0 o

but more generally need to use first principles.
V@ = [ do V@

— | e vixwlo) [ el

= Jar (g [ ao vy o) i)

) orh
- o | V-0 (2.5.21)
Thus H|¢> = E|¢) becomes
—%‘%ﬁ + V(@) v@) = Eol) in position space ,
$i) + A [ Vo - ) 00) = E0) in momentum space .
(2.5.22)

| Note that the convolution theorem derived here. |

Now return to the key condition in Eq. (2.5.10) and justify it:

- 1 ipz/h
(x|p) \/ﬁe . (2.5.23)
The point is that eigenstates are only ever unique up to a phase, even if normalized,
so we need to show there is a way to choose |z) and |p) which makes this result true.
Doing this will involve an approach to translations to which we return later. Claim
that
lzo + a) = e PM|zg) (2.5.24)
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which involves the operator
> 1 [ —ia\"
Ula) = e "/ = —— p" 2.5.25
(@) = e S (E) (2.5.25)

defines position eigenstates [x) V x given one with x = . To check this first note
that

[2,p] = ih = [&,p"] = ihnp™ . (2.5.26)
[ Note that z acts like “ ¢hd/dp ” inside a commutator. | Thus find

[ U@) = Y %(%a)nnﬁ“ _ alU(a) . (2.5.27)

So
rU(a)lro) = ([2,U(a)] + Ula)d)|zo)
(aU(a) + U(a)xo)|xo)
= (xo+a)U(a)|lrgy  as required. (2.5.28)
Similarly,
po+b) = "y, (2.5.29)

defines momentum eigenstates |[p) ¥ p given one with p = pg. But then
(xo +alpo +b)y = (xol €7 |py + by
_ eia(l’o+b)/h<x0‘eibfc/h|p0>
= ei(“bﬁpﬁb“)/h@o Do) - (2.5.30)
Choosing {(zg|po) = 1/v/27h for reference values xy = py = 0, then gives (relabelling

a,b as x,p, repectively)

1 1pT
(z|p) = mef’/h. (2.5.31)

Actually, need justification for this last step.

e Since {|z)} is a basis we cannot have {(x|py) = 0 for every z, and then Eq. (2.5.24)
implies {xg|po) # 0, the required result, since

|l’0> = |«T+(l’0—x)> = 677;(330*w)ﬁ/h|x>
= lxzolpo)y = 0TI M alpg)y # 0. (2.5.32)

e Now, the phase of (xg|py) is a matter of convention but the modulus must be con-
sistent with

Plp’y = olp—7), (2.5.33)
which is the desired normalization for the {|p)} basis. To check:

Wy = | do oloels)

J
= de 2—he’(p Pl — 5(p—p) as required. (2.5.34)
m
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e Similarly,

(el f dp (elp)pla"

= Jdp P — (g — ) as expected.  (2.5.35)
Note that the operator U(a) implements translation by a on the position states.

2.6 Simultaneous Measurements and Complete Commuting
Sets

Return to idea of labelling basis states by eigenvalues of observables. If this cannot
uniquely be done with eigenvalues \ of some observable () because some eigenvalues are
degenerate, then need at least one more observable @)’ to distinguish the corresponding
degenerate states.

Physically, we must be able to measure () and )" simultaneously or

e first measure () with result A,
e then immediately measure Q" with result \.

e This second measurement must not change the value for ) and so still get result A
if it is measured again immediately.

Mathematically, this requires a basis of joint eigenstates which simultaneously
diagonalize @) and Q)"

QNN = AANN)
QNN = XA, (2.6.1)

which is only possible iffi
[Q.Q] =0, (2.6.2)

as we now show.
e If there is a basis of joint eigenstates as above then
QAQ'INNY = QQINN) = M|\ N), (2.6.3)

so QQ' = Q'@ on these basis states and hence on all states since they can be expanded
on this basis.

e Conversely, if [Q, Q'] = 0 and |¢)) belongs to the eigenspace V) of @) then
Q) = @(Qw) = A@Ww). (2.64)

and so Q’'[¢) also belongs to V.
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e The definition of a hermitian operator that

@R = WIQNe* YV [¥), [¢) € V (2.6.5)

holds for the restriction |¢), |¢) € V). Hence, 3 a basis for V) consisting of
eigenstates of @)'. Call these |\, \').

e Doing this for each V) gives a basis of such joint eigenstates for V.

[ Note that if dim V) = 1 (no degeneracy) then any state in V) is automatically an
eigenstate of Q' since ' maps V), — V). |

Now can extend to any number of hermitian operators. Observables {Q1, @2, Qs. ...}
are said to be a complete commuting set if any pair commute. Then there is a basis
of joint eigenstates with members

Ay Aoy Ag, ) (2.6.6)

An equivalent way to characterize a complete commuting set is as follows. If A is any
other observable with [A,Q;] =0 ¥V @; then

A = F(Q1,Q5,Qs,..) (2.6.7)

for some function f. This means that
A|)\17 )\27 )\37 .. > = f<)\17 )\27 )\37 <. ')|>\17 )\27 )\37 .. > . (268>

An example is the generalization from one to three dimensions of the position and
momentum operators (&, p). These obey the commutation relations defined in terms
of their Cartesian component operators in usual notation

[2:,p;] = iho;; . (2.6.9)
One complete commuting set is
T = (&1,29,13) (2.6.10)
with joint eigenstates:
Tilx) = xlw)
orthonormality: (x| = 0O (x—x)
basis: Wy = [Pz (x)x)
position space wavefunction Y(x) = (xp).

An alternative complete commuting set is

p = (P1,P2,P3) (2.6.11)

with joint eigenstates
pilp) = pilp) (2.6.12)

and momentum space wavefunction 1 (p) = (p|t).
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The relationship between these eigenstates is

1

@ = G2

~ 1 .

¢<p> _ Wfd% e—zp.m/h¢($>

b(x) = W{d%ei”'m/%(p)- (2.6.13)

There are other possibilities such as {Z1, Z2, p3} leading to mixed position and momen-
tum space wavefunctions.

3 The Harmonic Oscillator

A one-dimensional harmonic oscillator of mass m and frequency w is defined by the
Hamiltonian . .

H = — ~2 - 2

2mp + zmw

We will derive the energy levels and construct eigenstates using operator methods and
then also see how to find the wavefunctions.

a (3.1)

3.1 Analysis using annihilation, creation and number opera-
tors

Define
mw\1/2 [ p
« = () (“m) ’
P %)”Z s D 3.1.1
“ (2h e ) (3:1.1)
Note that these are dimensionless. Equivalently,

i = (iy/z (a+ad'),

2mw

(3.1.2)

3>
I
N
>t
| 3
&
~_
=
[\&)
~
—~
s
=,
|
s
SN—"

It is easy to check that

[#,p] = ih < [a,d'] = 1. (3.1.3)
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Also have
P T L 2 Liap_p
@ on * * 2mwh ¥ 2h($p pE)
1 1
= —H 4+ =
w2
and similarly
1 1
ala = %H ~ 3 (opposite sign for commutator),
(3.1.4)
which confirms the commutation relations and also gives
1
H = hw <N+ 5) : (3.1.5)

where N = afa is the number operator. NT = N and finding its eigenstates and
eigenvalues is equivalent to doing this for H:

NN — AN = HA) — BN with B — m(m%) C(3.16)

Let |\) be any such eigenstate normalized s.t. ||[|[A\)||> = 1. Then

A= QNN = Olala|ld) = |la|M)* = 0. (3.1.7)
Thus,
A= 0 all eigenvalues non-negative
_ 0 i g\ — 0. (3.1.8)
Next consider commutators
[N,a'] = [d'a,a"] = a[a,a'] = o,
[N,a] = [a'a,a] = [df,ala = —a. (3.1.9)

These relations imply that af and a act on eigenstates by respectively raising and
lowering the eigenvalues by 1, provided the new states are non-zero and so actually are
eigenstates.

N(a'[))) ([N, a']+a'N) X
(a" +a' X))\

= A+ 1)),

N(alA)) = ([N;a] +aN)A)
= (—a+a))N)
= - (3.1.10)

To find whether the new states are non-zero we compute their norms.

lal D) = A (already done above) (3.1.11)
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which is only ever zero if A = 0.

la' DI = (Alaa’|A)
= Mdla+ 1]\
— A+1, (3.1.12)

which is never zero since A\ > 0. Because of these properties a' and a are called,
respectively, creation and annihilation operators.

Suppose there is an eigenstate |A) with A not an integer. Then

alAy, @\, ..., a™\), ... are all non-zero.
eigenvalues: A=1, A=2, ..., A—m
(3.1.13)
But for m sufficiently large A —m < 0 which is a contradiction since all eigenvalues
are non-negative. By contrast if A = n = 0,1,2,... then the contradiction is avoided
because
alny, a*ny, ..., a"|n), are non-zero states
eigenvalues: n—1, n—2, ..., 0,
(3.1.14)

but a™|n) = 0, m > n and so the sequence terminates. Furthermore, have additional
eigenstates
il )2
. a |n>7 (a’ ) |n>7 ctt (3115)
eigenvalues: n+1, n+2, .
The eigenvalues of N are therefore precisely the non-negative integers and the oscil-
lator energy levels are

1
E, = h(n+§) n = 0123,.... (3.1.16)

From calculations of norms above, we can choose normalized eigenstates |n), (n|n) = 1
which are then related by

aflny = Vn+1|n+1)
any = i ln—1) ladder operators (3.1.17)
Starting from one state reach others by n
operating with @ and a'. In particular, :
starting from the ground state, |0), :
characterized by \ 3 A
al0y = 0, (3.1.18) vy 2 t +
a ‘ R a
have normalized eigenstates ]
1 v _ 0 4
ny = —=(a")"|0). (3.1.19) v
vl 0 state
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In the absence of any internal structure can take {Z} or {p} or {N} as a complete
commuting set. Then the energy levels are non-degenerate (eigenvalues of N label
them uniquely) and, in particular, |0) is completely specified by

aloy = 0. (3.1.20)

If there is some internal structure then all states can carry an additional label i as-
sociated with some observable @ (or its eigenvalues) commuting with Z,p,a,a’, N.
All energy levels have the same degeneracy with states |n;i) related by a,a’ without
affecting i.

The analysis above is convenient for finding wavefunctions. In the position represen-
tation

10) o tho(x) = (x|0)

() ) (8 e d)
(3.1.21)
al0y = 0 o (m% ;%) Yo(z) = 0
7mwa:2
— Yolz) = Ne  2h

1/4
with normalization factor N = (%) .

Can also find wavefunctions for higher energy states by using Eq. (3.1.19). E.g.,

[ = dll0) > () = (%>V2 <x_%?’%> o (3.1.22)

— <27”Tw)1/2 xho(x) .

The correct normalization is guaranteed.

3.2 Importance of the oscillator — applications in outline

“Physics s that subset of human experience that can be reduced to coupled harmonic
oscillators.”

M. Peskin

e The oscillator is the simplest QM model beyond steps, wells etc. that can be solved
exactly; the hydrogen atom with a Coulomb potential is also special in this respect. It
is a very useful example to use as test case for new ideas, approaches and techniques.

e More importantly, many physical systems can be described, exactly or approximately,
in terms of oscillators.
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e Consider a smooth potential V(z) with equilibrium point zo, (V'(z9) = 0). For
displacements x from equilibrium

V(zg+z) = V(xg) + %V”(mo)x2 +0(z%) (3.2.1)

and so if the displacements are not too large neglecting the O(z?®) contribution may
be a good approximation. Indeed, can include the effects of these anharmonic cor-
rections systematically using perturbation theory (see later). The point is that we
start with a soluble model. E.g., diatomic molecules where the quantization of vibra-
tional energies is important in understanding the internal energy and hence the heat
capacity of the gas — has macroscopic consequences. In other systems this approach
can breakdown, though.

e More complicated systems can be analyzed in terms of normal modes: each mode is
a coherent motion in which all degrees of freedom oscillate with common frequency w.
This is common classically and can now quantize this motion. The general solution
for the classical oscillator is

z(t) = Ae ™+ A* A a complex constant. (3.2.2)
Normal modes for a system with variables z,, n = 1... N are of the form
T(t) = Au, e+ A*ul et (3.2.3)

with u,, n = 1... N a complex vector specific to each allowed normal frequency w.
The general solution is a superposition of normal modes. To quantize treat normal
modes as independent oscillators. E.g.,

e Benzene ring with 6 CH units which oscillate around the “clock face” of the ring.
They are treated as if joined by identical springs. Actually, analyzed by discrete
group theory based on the symmetries of the ring.

e Crystal with # atoms A ~ 10?®. The forces between the atoms are approximately
elastic and in 3D there are N = 3\ independent coordinates. Each of the 3A modes
is a collective motion of the atoms and if the approximation of elastic forces is good
then interaction between normal modes is small. If you excite just a single mode then
no other mode starts up — no energy transfer between modes; they are effectively
independent oscillators.

e Electromagnetic field — normal mode oscillations of electric and magnetic fields at
each point in space

E(z,t) = Au(z) e ™ + A*u(x)* ™' . (3.2.4)
In fact,
ik-x

u(x) = €e™® with polarization € L k and |k| = a (3.2.5)
c

This gives a wave solution with behaviour e**®*2=%%  General solution is a linear

combination of normal modes for various w, €, k — exact for EM field.



4  PICTURES AND OPERATORS 22

e Quantization of normal modes as independent oscillators. For each normal mode
have a(w) and a(w)! (w and other labels as necessary). Then

Ground state |0)  with a(w)[0) = 0 V modes.

of (@)]0) state carrying energy but also mo-
mentum hk — like a particle.
a destroy . phonons in a crystal
al create } particles { photons in EM field . (3.2.6)

Phonon modes with long wavelength are sound waves (see AQM course in Lent).
Macroscopic consequences: heat capacity of crystals, blackbody radiation.

e In summary, the EM field, a relativistically invariant theory, can be understood
exactly as a collection of oscillators with quantization producing photons.

The modern view of all elementary particles is that they arise by quantizing some
field (though not classically observable like the EM field) but also with interactions
between the modes causing energy transfer between them. This give rise to particle
decay etc. This is the way to build special relativity into QM and allows particles
to be created and destroyed by the action of appropriate combinations of a and a'
on the initial state. This give Quantum Field Theory and the Standard Model of
quarks, leptons, gluons, photons, W+, Z, .. ..

4  Pictures and Operators

4.1 Unitary operators

Physical predictions in QM are given by probability amplitudes, eigenvalues, expecta-
tion values, etc., and hence by expressions of the form {¢[), {¢|A|¢), etc.

An operator U is called unitary if
vt = U =1 o U =UT. (4.1.1)
Given such an operator we can define a map on states

) — W = Ul
W= W= @t (4.1.2)

and on operators

A — A = UAUT, (4.1.3)

under which all physical properties are unchanged:

@y — (W) = @UUW) = (olv),
GlAY) — (AW = YUTUAUTU) = {(o|Alp) . (4.1.4)
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Furthermore

C =AB — (C' = AB

= [A',B'] for any operators.

Q
||
=
=
!
Q
|

@ hermitian = @ = UQU' also hermitian ,
Qlyy = Ny = QY'Y = A¢') same eigenvalue . (4.1.5)

General results for unitary operators (compare with those for hermitian operators)

(i) Eigenvalues are complex numbers of unit modulus.
(ii) Eigenstates corresponding to distinct eigenvalues are orthogonal.
(iii) Any state can be expanded as a linear combination of eigenstates.

Summary: given U there is a basis {|n)} of orthonormal eigenstates for which
Uy = ™y, (nlm) = bum - (4.1.6)

We prove (i) and (ii) and assume (iii).

(i)

<U|WJ? = /\|1§>|
- WUTURY = M2 = DI, (4.1.7)
and hence AN = 1 (Jv) # 0).
(i)
Uny = n|n)
and Ulmy = An|m)
or m|UT = M (m| = A\ Xm)| (4.1.8)
= (m|UTUny = {mlny = XA NKmln) .
4.2 Schrodinger and Heisenberg Pictures
The solution of the Schrodinger equation
N = HI() (@21)
can be written
U1 = UD(0). (122)

where the time evolution operator is

U(t) = exp<_ZtH> i %<_Zt> H" . (4.2.3)

n=0
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This works because p
ih%U(t) = HU(t), (4.2.4)

which is shown by differentiating the power series term by term (we assume H is
independent of t). Note that

Ut = U(—t) = U®)™"  unitary (H = H)
and U(tl)U(tg) = U(t1+t2). (425)

Thus far we have worked in the Schrodinger picture where states depend on time
and operators do not. We can use U(t) to pass to the Heisenberg picture where the
time dependence is shifted from states to operators as follows (subscript denotes the
picture)

Schrodinger Heisenberg
states [(t))s [Wou = MMp(t))s = [¥(0))s
operators Asg Apt) = etHMAg et/ Ay (0) = Ag
(4.2.6)
Because the transformation is unitary,
s Aslv(t))s = u{lAu()[V)m (4.2.7)

all physical predictions are the same in either picture. Note that Hy = Hg = H.

The Heisenberg picture makes QM look a little more like classical mechanics where
position, momentum etc. are the variables that evolve in time. To specify the dynamics
in the H-picture we now need an equation to tell us how operators evolve in time. In
the S-picture the Schrédinger equation tells us how states evolve. Now

d d , | .
— At _ th/hA —itH/h
TR dt (A ™) |
_ % GHHI o gmitH/h it /h g efitH/hﬁ
1
= ﬁ[H’ Ay (t)] . (4.2.8)
or
ih%AH(t) = [Ag(t), H] Heisenberg equation of motion.

E.g., a particle in one dimension #(t), p(t) in Heisenberg picture (drop H subscripts).
We have that
[z(t),p(t)] = ih. (4.2.9)
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L.e., the commutator at equal times is unchanged. Consider

H = £ 4 v \
m T
%i(t) = %[ﬁ(t),[—]] - %ﬁ(t), > Heisenberg equations of motion
Aoty = L), H = -V
pt) = sxlp@),H] = (@(t)) - )
dt 1h
(4.2.10)

Taking expectation values in any state i) (now independent of time in the Heisenberg
picture) gives

Ly = H@,
Ehrenfest’s Theorem, true in all pictures  (4.2.11)
Ly = ~(v'(@)).

Note the similarity to classical equations of motion. For some potentials can solve
Heisenberg’s equations.

e VV =0, the free particle.

%ﬁ(t) = 0 = p(t) = p(0) constant operator

d L . . p(0)

- = — = —t. 4.2.12
Lity = Low) = & = a0) + 20 (4212

A solution just like in classical dynamics but with appearance of constant operators.

o V(z) = 1mws?, the oscillator.
2

. . > -
G0 = po) pitet = 0
~ (4.2.13)
R . 2
%p(t) = —mw?a(t) %ﬁ—szﬁ = 0.
The solution is
H(0
z(t) = z(0)coswt + Msinwt
mw
p(t) = p(0)coswt — mwz(0)sinwt . (4.2.14)

Can check that the equal-time commutation relation [#(¢), p(t)] = ¢h holds V ¢.
Alternatively, can write these as
j(t) = <i) 2 (CL e—iwt + aT eiwt)
2mw
amw\ " 1

pt) = <T) Z(ae‘“t—aTe"“’t), (4.2.15)

with a, a’ defined from the Schrédinger picture operators 2(0), p(0).
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4.3 Canonical Quantization

* START OF NON-EXAMINABLE MATERIAL

The final step in Dirac’s systematic approach to QM: have seen how to incorporate
position and momentum wavefunctions and S and H pictures in a single logical frame-
work. But how do we pass from general classical system to its quantum version? In
particular, what are the fundamental quantum commutation relations between observ-
ables ; why [Z,p] = ih?

Any classical system can be described by a set of generalized positions x;(t) and mo-
menta p;(t) with 1 < ¢ < N (may include angles, angular momentum etc.) and a
Hamiltonian H (x;, p;).

In classical dynamics a fundamental idea is that of the Poisson bracket of any two
functions f(x;, p;) and g(z;, p;), say, which is defined to be

{9} = > <af % _ % af) , (4.3.1)

0x; Op; - 0x; Op;

7

which is a new function of z; and p;. ((x;, p;) are coordinates on phase space and PB
is a symplectic structure.) In particular,

{wpi} = 0 - (4.3.2)

Properties of the PB include antisymmetry, bilinearity and Jacobi identity. In this
formulation classical dynamics is given by Hamilton’s equation

- = H} . 4.3.3
S o= (133)
Check this for various choices for H and see that you derive Newton’s third law in a
first order formalism (i.e. first-order in time derivative).

In canonical quantization define quantum theory by

e L9 — e tors 1+ (4.3.4)
e Poisson brackets become commutators
[f.4] = in{f.g} . (4.3.5)
In particular, get
(2, p;] = ihdy; (4.3.6)

which are the canonical commutation relations.

e Moreover, Hamilton’s equations then become Heisenberg’s equations

d

iheef = [f,H]. (4.3.7)
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For those taking I1C Classical Dynamics this relationship between classical and quan-
tum mechanics should be mentioned near the end of the course.

All this provides a sound basis for understanding classical mechanics as a limit of quan-
tum mechanics with A — 0. Going the other way, turning 2 “on” is more problematic
and not guaranteed to be either unique or, in some cases, even consistent. For exam-
ple, if we carry out the procedure above it is correct to O(h) but there may be O(h?)
ambiguities related to how operators are ordered in defining functions like f(x;,p;):
does z; multiply p; on left or right?

Alternative approach to quantization is to use path integrals which are sums of contri-
butions from all possible trajectories or paths between initial and final configurations
in phase space.

One of these is the classical trajectory, but the quantum amplitude involves contri-
butions from all. This approach has its advantages but, in principle, is equivalent to
canonical quantization. In general need both, especially for complicated systems where
there are constraints amongst the variables.

* END OF NON-EXAMINABLE MATERIAL

5 Composite Systems and Identical Particles

5.1 Tensor products

This is a general way of constructing quantum systems from simpler subsystems. Sup-
pose

) e Vi, [¢) € Va, (5.1.1)
i.e., states in the spaces for two systems. The tensor product space
V =1neow (5.1.2)

consists of all linear combinations of tensor product states |[¢) ® |¢) (duals (| ® {(¢|)
subject to

(Il + )@l = WHels)+ W)@ ls
@ (1) +16)) = W)@ I8+ ) ®1¢)
() @le) = alw@(19) = a(lvele). (5.1.3)
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and similarly for duals. The inner product is

(W10W@1) (10 ®16)) = Wlw) (@lo), (5.14)

and extend to all of V' by linearity.

If we have bases {|n)} for V| and {|m)} for V4, then {|n)} ® {|m)} is a basis for V. If
the bases are finite, then

dimV = dimV; x dim V5 . (5.1.5)

Given operators A and B on Vi and V3, respectively, define an operator A® B on V
by

(4@B)(Wel) = (Aw)e (Bl
and extend by linearity. In particular,

A — ARI acting just on V)
B «— I®B acting just on V5 . (5.1.6)

Operators of this form commute for any A & B.

Common abuses of notation:

(i) ) ® |9 written as [1)]6).

(ii) Leave out ®I or I® for operators acting on just one subsystem.

Consider a particle in two dimensions with position operators Z;,Zs. Basis of joint
eigenstates can be constructed as

21, 20) = |71)® |192)
.?Al'l <> i’l ®]I

This is the V' = V; ® V5 tensor product of states for two one-dimensional particles. The
wavefunction for 1) ® |¢) is

(@il@ @) (0y®16)) = @ilv)wls)
tensor product - separable wavefunctions:
states product of 1D wavefunctions
tensor product all linear combinations
«—> . (5.1.9)
space of such wavefunctions
Example: two-dimensional oscillator.
Lo oy 1 90 o
H = %(M +P3) + o5 (@7 + 23)

— Hl + HQ’ (5110)
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with
1 1 1
H, = —p>+ -—mw?i? = hw| N, + =
2mpl + 2mw x; ( + 2) ,
Ni = aj-ai, [ai,az] = (51 (5111)

Simultaneous eigenstates of Ny, Ny constructed by

n1,ne) = |n)® |ng)
with  Hlny,ng) = <H1\n1>>®]n2>+]n1>®<H2\n2>>
En1n2|n17n2> ) (5112)

where E, ,, = hw(ni + ny + 1).

5.2 Spin

Experiment shows that particles generally carry an internal degree of freedom called
spin or intrinsic angular momentum. FEven if the particle appears ‘elementary’ or
pointlike, its space of states will be of the form V' = Vgpace ® Vspin with basis

lx, ) = |z)|r), (5.2.1)

where r takes a finite set of values: the quantum numbers associated with spin. The
particle is not ‘structureless’: the position operators, &, are not a complete commut-
ing set by themselves — there are additional observables () acting just on Vspin with
[2;, Q] = 0. We will understand these operators later in the study of angular momen-
tum but for now concentrate on the states.

Each kind of particle has a definite total spin S which is a half-integer 0, %, 1, %, cel
this is a basic characteristic like its mass or charge. For a spin S particle of non-zero

mass there are 25 + 1 basis states in Vspin labelled by convention r = S, 5—1,...,—S.
E.g.,
S basis states
0 10)
% |%>, | — %> also written D, D (5.2.2)
—— =
up down

The existence of spin states is revealed by e.g. the Stern-Gerlach experiment
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T

splits beam in two:
s = 1/2 in this case

v

magnet producing different force on
inhomogeneous field different spin states

beam of

particles

The general state [¢) in V has a (25 + 1)-component wavefunction

U(x,r) = (,7Y) . (5.2.3)
It is also useful to write the state in mixed, or hybrid, notation as
S ). (5.2.4)

5.3 Multiparticle states: bosons and fermions

Consider particles labelled by a = 1,2,..., N. Let V, be the space of states for each
particle with basis {|x,, r,)} - position and spin labels. The general multiparticle states
belong to

ehe...@Vy, (5.3.1)

with basis states
|1, 712,705 .. N, TN) = | ®1,71) @ X2, T2)® ... TN, TN)

constructed from single particle states. If the particles are identical, V, = V| some-
thing interesting can be added.

Consider the simplest case N = 2. Define an operator W which exchanges particles by
its action on basis states:

Wilxy, ri;22,m2) = |@2,72;®1,71) - (5.3.2)
When the two particles are identical its action on a general 2-particle state is
WIw) = n|¥), (5.3.3)

because |¥) and W|¥) must be physically equivalent if the particles are indistin-
guishable. But, given its action on the basis states

W?2=1 = > =1orn= +1. (5.3.4)
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Thus, 2-particle states do not belong merely to

Vev spanned by [¢)® |¢)
but to  (V®V)s spanned by [¢) ® [¢) + [0) @ [¢)
n=1 symm under W (5.3.5)
or to (V®V)a spanned by [¢) ®[¢) = |¢) ® |¢) .
n=—1 antisymm under W

Similarly, for multiparticle states with N > 2 we can define W, which exchanges
(Ta,7q) < (@p,7p) by this action on the basis states. Then for a general N-particle
state

Wian|¥) = ngan¥) (5.3.6)
with, again, 7 = +1 because W(Qa’b) =1.
For any permutation 7 of {1,2,..., N} define

Wilxy, 15 @0, 795 .5 BN, TN)
= |@r(1), Tr(1): Tr(2), Tr(2)i - 3 Tr(N)> Tr(N)) (5.3.7)
on the basis states. On a general state
WUy = n|¥)  for some 7, . (5.3.8)

But algebra of swaps or transpositions implies 7, = =+ 1 with the same value for
all pairs (a,b) since any two swaps are conjugate. This makes physical sense since the
particle are identical and the initial choice for the labelling is not unique. Then, since
any m can be obtained as a sequence of swaps, we have alternative outcomes

1
L { sgn(m) = (_1)(# swaps needed for ) 7 (5.3.9)

with the same alternative for all . These correspond to two inequivalent 1-D repre-
sentations of the permutation group.

Hence, there are two fundamentally different kinds of particles:

¢ Bosons obeying Bose-Einstein statistics:
(i

(ii
e Fermions obeying Fermi-Dirac statistics:
(i

(ii
Note that this applies only to identical particles. Indistinguishability has a different
character in QM from classical physics. It is the consequence of saying that you cannot

attach a label to a given particle and uniquely identify it from any other. You can no
longer follow individual particles because of the uncertainly principle.

interchange of identical bosons leaves the state unchanged: n = 1;
multiparticle states in (VRV®...®V)s.

interchange of identical fermions changes the state by a sign: n = —1;
multiparticle states in (VRV®...QV)a4.

In addition have the remarkable * Spin-statistics relation. %
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5.4 Spin and statistics

Integral spin particles (S =0,1,2,...) are bosons.

%—integral spin particles (S = %, %, ...) are fermions.

This is confirmed by experiment and can be derived in relativistic QM or QFT (quan-
tum field theory) so becomes the spin-statistics theorem; no derivation is know within
non-relativistic QM. The derivation relies, in particular, on Lorentz symmetry (sym-
metry under Lorentz transformations and rotations) and causality (no (space-time)
event can influence a future event if they are separated by a space-like space-time
interval; no light signal can connect them).

e Most common elementary particles are fermions: electrons, protons, neutrons, neu-
. . 1
trinos, quarks, muons, 7 — all spin 3.

e Particles associated with forces are bosons: photons (EM), W* Z (weak nuclear),

gluons (strong nuclear) — all spin 1.

e Other particles such as mesons are bosons e.g., m, K are spin 0, the p is spin 1, and
many more have been observed with higher spin.

e The recently discovered Higgs boson (LHC experiments) has almost certainly spin 0
although this is still to be confirmed.

e The graviton has spin 2 but is yet to be observed - not likely in the near future (if
ever).

e The spin-statistics theorem applies even if the particles are not ‘elementary’. Indeed,
nucleons (proton etc) and mesons are made of quarks. Atoms obey the theorem, too.

5.5 Two-particle examples
Now know that the states of two identical particles belong to

(V ® V)S or (V &® V)A where V = Vspace ® Vspln . (551)
It is convenient to construct these spaces by first taking

( Vspace ® Vspace)sa  and  ( Vgpin ® Vgpin)sia (5.5.2)

separately, and then combining to get the correct overall symmetry.

Consider the single particle Hamiltonian H (&, p) independent of spin with non-degenerate
energies £y < F; < Fy < ..., and wavefunctions 1g(x), ¢ (), 2(x), ... for states in
Vspace. For two such non-interacting particles the Hamiltonian is

H(ilaﬁl) +H<:i27ﬁ2> ) (553)
with the wavefunctions for the basis of energy eigenfunctions for Vspace ® Vspace

Pi(x1)1;(x2) E=FLE+E;. (5.5.4)
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e Ground state, £ = 2E):
U5 (1, a0) = to(®1)vo(@s) (5.5.5)

which is automatically (S)ymmetric.

e 1st excited states, £ = Ey + Ei:

Yo(@1)Y1(x2) , Y1(21)do(@2) - (5.5.6)

These have no definite symmetry but the following linear combinations do:
U (@1, x0) = \/% (Yo(@1)th1(z2) + 1 (21)o(x2)) | (5.5.7)
‘11114(3317 xy) = \/L? (Yo(x1)Un (x2) — U1 (1) o(22)) (5.5.8)

which are (S)ymmetric and (A)ntisymmetric, respectively. They are the S and A
1-D representations of the two-particle permutation group S,.

Spin 0: Vspin is just one state so can ignore. Spin-statistics = the particles are

bosons, and states are in (V' ® V')g which in this case is (Vspace ® Vspace)s- The
allowed states are then

Ground state U (xy, o) 2F, } both non- (5.5.9)

1st excited state Ui (xy, x2) Ey+ E; degenerate

Note that only one of the two possible 1st excited states is allowed.
Spin %: Vspin has basis {| 1,| L)} for each particle. Vapin ® Vpin therefore has

the basis
{DID, IDLD DI TDIDY, (5.5.10)

or normalized combinations with definite symmetry are

DD
LD +151D) LD =-10ID)
DD

(Vspin ® Vspin)s (Vspin ® Vspin>A

We would expect these two kinds of states, S and A, to be associated with a definite
spin quantum number. We can see what this is simply by counting since the degen-
eracy for spin S is 25 + 1. We see that the S-states have S = 1 and the A-state has
S = 0. Note how state multiplets with a definite spin also have a definite symmetry.
This is no accident.

(5.5.11)

Spin-statistics = the particles are fermions, and the states belong to

(VeV)a = (Vspace ® Vspace)a ® (Vpin ® Vipin)s
+  (Vspace ® Vspace)s ® (Vspin ® Vspin>A (5.5.12)

The allowed states are (in hybrid notation, see Eq. (5.2.4))
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x Ground state, ' = 2F:

W 2a) o= (1D~ | DI D) (55.13)

V2
and there is just one state. (Note that, in general, the ground state of a system
is usually non-degenerate.)

* 1st excited states, E = Ey + Ey:

1

i) 25 (1 DI =1 DID) (5.5.14)
DI

wi@,a) | LD+ DID) (5.5.15)
[DID

There are four states in all made up of 1 + 3 = 4. The spin quantum numbers
associated with these are S = 0 and S = 1, respectively.

We can see that representations of the two-particle permutation group, Sy, are used
extensively in the analysis. The general analysis for N identical particles is based on
the representation theory of Sy, the permutation group for N particles.

5.6 Pauli Exclusion Principle and Atomic Structure

A state of N identical fermions can be specified by taking N distinct one-particle states
(each in V') and antisymmetrizing to ensure Fermi statistics; this produces a state in
(V®...®V)4. The condition that the one-particle states must all be different, else the
result is zero, is the Paul Exclusion Principle. The complete set of such N-particle
antisymmetric states from (V ® ... ® V)4 forms a basis for the most general state of
N fermions.

The original application was to atomic structure. Consider N electrons bound to a
nucleus with Z protons. Ignoring electron-electron interactions, the Hamiltonian is

H(ilvﬁl)—i_ +H(§:N7ﬁN)7 (561)

where a single electron Hamiltonian is

1 Ze?
H(i,p) = —p*— .
(@, p) 2mp deg| x|

(5.6.2)

Single electron states in Vgpace are similar to hydrogen atom states (for which Z = 1)

evals
H E,
rL? RA(1+ 1)
Ls hm

|n,l,m) which are joint eigenstates of (5.6.3)
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where
m [ Ze2 \* 1 72
En - " - 2~ 2
2 (zmoh) n? o
n = 1,2,... principal quantum number ,
I = 0,1,...,n—1 m=0,+1,+2,..., +[, (5.6.4)

20 + 1 states

where a = e2/(4meghc) ~ 1/137 is the fine-structure constant. So degeneracy (excluding
spin!) is
1+3+...+(2n—1) = n® for level E,. (5.6.5)

Now, including V. ;.. basis {| 1), | |)}, each electron has 2n? states at energy E,,.

spin
Structure of electrically neutral atoms with N = Z:

o Fill up energy levels, starting with the lowest, using Pauli Principle.

e This gives a rough picture of the periodic table with some qualitative insights into
chemical properties.

e The states that belong to a given energy FE,, is called a shell. Atoms with completely
filled shells are unreactive/stable elements chemically. E.g.

FE, filled for Z =2 — He
E, & E, filled for Z =10 — Ne (5.6.6)

e Chemical reactivity is controlled by the valency which is given by the number of
electrons in an almost empty outer shell (Ca?") or the number of unoccupied states
in a nearly filled outer shell (F7).

e In real life there are many interactions which perturb the energies of the individual
levels and spread the energies within a shell even to the extent that shells can overlap.

e Each electron has a magnetic moment because it is a spinning charge — it acts
like a bar magnet (indeed an iron magnet is simply the sum of all these small elec-
tron magnets). Should include electron-electron interactions, the interactions of the
electron magnetic moments with each other and also with magnetic fields due to the
orbiting electric charge (see later section 7).

atomic n 1 2 3 4
no. element [s|s pls p d|s p d f
1 H 1
2 He 2
6 C 212 2
9 F 212 5
10 Ne 212 6
11 Na 212 6|1
19 K 212 6|2 6 1
20 Ca 212 6|2 6 2
26 Fe 212 6|2 6 6 |2
28 Ni 212 6|2 6 8 |2
29 Cu 212 6|2 6 1012
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Table shows some electron configurations. s;p,df — [ = 0,1,2,3. Above atomic
number 18 the states are not always filled in naive order because of interactions between
electrons. Can use Aufbau or Madelung rule to get better sequencing. For these see
(http://en.wikipedia.org/wiki/Electron_configuration.)

The eigenstate of the fully interaction N-electron Hamiltonian must be expressed as a
linear combination of the basis states in {V ® ... ® V)4 constructed here. The most
general problem is still a subject of active research.

In the next section we discuss perturbation theory and how we may systematically
calculate the effect of adding new interactions to a solved system if they are sufficiently
weak.

6 Perturbation Theory

Few quantum mechanical systems can be solved exactly. In perturbation theory we
start from a known, soluble, system

Hin) = E,|n), (6.1)

with {|n)} an orthonormal basis of energy eigenstates, and calculate the energies and
eigenstates for a new perturbed Hamiltonian

(H+pV)[v) = El), (6.2)

order-by-order in parameter g which is supposed, in some sense, to be small. V is
some hermitian operator and we assume that F and |[¢)) depend smoothly on p. The
discussion here is for perturbations to H but the technique applies to any observable.

| Note that methods of perturbation theory are not just applicable in QM but to the
solution of perturbed PDEs in general. |

6.1 The non-degenerate case

Suppose that as y© — 0

[y — ) {umque eigenstate with this en- (6.1.1)

E — FE, ergy, i.e., level is non-degenerate.

States {|n)} are still a basis when p # 0, and so we can always write
alry + Z Bili»
J#r

= all+ Y i) (6:12)

J#r

[¥)

where «, 5;,7; = B;/a; are power series in p such that

a—1 B;,v—0a pu—0. (6.1.3)
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Aim is to calculate the coefficients in these expansions

E = E + EVu + BEPu2 + ..
a = 1 + ap + ap + ... (6.1.4)
Vo= cip +  cppt +

First just substitute the expression for |¢) into Eq. (6.2):
(B4 pV) )+ D7 3B+ pV)i> = E(lry+ )] %li) (6.1.5)
j#r jr
cancelling overall factor of a. Rewrite as
(B =By + 3, %E = Elj) = wVIn+p), wVIH. (=) (616)
J#T J#T
Then taking inner product of {r| with (xx) gives
E—E, = ir|VIry + pY vV, (6.1.7)
i
and, so far, this is still exact (all orders in p). Substituting in the series expansions
from Eq. (6.1.4) and keeping terms to O(u?) gives

pED + PED + = wr|VIry+ 1 Y epdr|VIH + (6.1.8)
T
Thus, already know first-order energy shift
= (r|V]r). (6.1.9)

To find second-order shift we need to know c¢j;. The inner product of (i| with (xx)
(i # ) gives
WE—E) = wilViry+u Y %GIVI) (6.1.10)
jr

Again this is exact but the 2nd term on RHS is O(x?), and so to leading order in p

pea(Er — E;) = plilVir)
G@Vlr)

= G = T —p (note E; # F, since states non-degenerate)
(6.1.11)
and so substituting in Eq. (6.1.8) we find
V V V]rH|?
3 SO _ s IGE 6112
J#r j#T
In summary,
_ o\ |GV
E = FE. + u<r|V|r> + u Z m + .., (6.1.13)

j#r

¥y = <r>—|—,u2 j ><]W‘T> + ) , (6.1.14)

j#T
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where « is chosen so that |1)) has unit norm. This is second order perturbation theory.

Example:
~2

H = me + %mw%Q = hw (aTa + %)

(6.1.15)
states |n), E, = hw (n + %) :
Perturb with V. = mw?d? = m? (a® + a'’ + 2ata + 1). (6.1.16)
2
Have
(nVIny = Jhw(2n+1)
(n+2|Vln) = Lhwvn+1vn+2
(n=2|VIn) = Zhwynvn—1
(m|V|ny = 0 all other m (6.1.17)

Perturbed energy of nth level to O(u?):

B+ sV p Y, KVt
m#n
= hw(n+13i) + phwn+i) + p? <%)2 ((n +_1%%7Z}+ 2) + n(gﬁ;D)
m=n-+2 m=n—2
= hw(n+3) (T4+p—2347) . (6.1.18)
But this problem can be solved exactly:
H— H+uV  equivalent to  w — ' = wy/1+ 2u . (6.1.19)
New energies are exactly
ho'(n+3) = hw(n+3)(1+ 2@5
= hwn+ Y1 +p— 17 +0W). (6.1.20)

Validity /usefulness of perturbation theory

If 1 dimensionless might expect ;1 « 1 enough to ensure rapid convergence such as
in above example. However, this may not be enough since we still require a non-zero
radius of convergence. Really have an expansion in

Gi[V1]5)
IMEz‘ — Ej

it (6.1.21)

and similar quantities. Condition for accuracy is therefore qualitatively

lenergy shifts| « |original energy differences| . (6.1.22)



6 PERTURBATION THEORY 39

H evals - T 4 H+1V evals

Indeed, it may be that the series is only asymptotic and more sophisticated methods
are needed to estimate the energy shifts within a given accuracy.

Example. Ground state energy for Helium.

The unperturbed problem is two non-interacting electrons, charge —e orbiting nucleus
with charge +2e. The Hamiltonian is

A2 2
A A . A p 2e
H H th H = — - — 6.1.23
(Z1,p)) + H(22,p,) Wi (@.p) = 5 Treo@] ( )
Single electron states and energies are
nlm 1 22 \? 1 202
| ) E,=—-m ( ‘ ) = = —%m& : (6.1.24)
wavefn ¥, (x) 2 dregh )] n? n

2
where a = ﬁghc is the dimensionless fine structure constant: o ~ 1/137. The lowest
energy eigenstate for two electrons is

Uy = [100)®[100)® |x)

\/L§<| DI =1 D T>> the spin state . (6.1.25)

This state is totally antisymmetric since constrained by Fermi statistics. The two
electron wavefunction is then

U(zy,22) = tioo(x1)t100(T2)
Yioo(x) = L<3>2@—|$I/aa

with |x) =

ﬁ Q9
. (1 h , .
with (Z=2) ay = 5(——] = 3+ (Bohrradius) (6.1.26)
amc
The two-electron unperturbed energy is
26, = —4a’mc® ~ —108.8¢eV . (6.1.27)

Compare with -13.6 eV for the hydrogen atom. (Note: mc* ~ 500 KeV.)

Experimentally, the ground state for He is -79.0 eV. However, have neglected the
electron-electron interaction: ) .
e

—_— . 6.1.28
47T€0|i'1—ﬁ32| ( )
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Treat this as a perturbation and write as puV (&, &2) with
he

= o, V(xy,o2) = - 6.1.29
i a (1, Z2) 1 — 2| ( )
Then p is dimensionless and V' has energy dimensions. The first-order correction to

the energy is then
a(P|VIW) = Oéfd?’wl Jd?’xz U* (@1, T2)V (@1, @2) U (21, X2)
he

[y — |

= ozjd%lfds% [¥100(21) [*[ 100 (22) |

5
= Zoﬁmc2 ~ 34.0eV . (6.1.30)

The corrected ground state energy is then —108.8eV + 34.0eV ~ —74.8¢eV; in much
better agreement with experiment. Note that the variational principle is more efficient
(see AQM) at this level but does not help with higher-order corrections.

We might naively expect that the perturbation series is an expansion in « but we
see that F; and the first-order correction Eil) are both oca®. In fact, all corrections
are oca?, so what is the expansion parameter? Including the 2nd-order correction the

energy can be written

51 25 1

E = —Z%a*mc? <1———+——+...) (6.1.31)

87 = 256 22

So the expansion is in 1/Z for Z = 2. The series “looks” convergent and gives an
answer close to experiment but to my knowledge it is not known if it actually converges.
However, treated as an asymptotic series it does give a believable answer. This is typical
of many problems in bound state systems.

Z=2

In scattering theory (Quantum Electrodynamics) the expansion parameter is « but
convergence is still not provable.

6.2 Degenerate case

Consider the perturbed Hamiltonian in Eq. (6.2) but now with the possibility that
H has degenerate eigenstates. Let the degeneracy of states in V), be N with common
eigenvalue A. Then use notation

E,=...=FE. = FE, =...= Ey =) degenerate states (6.2.1)
I, .. |, s, ... |N) reserve 7, s to label these only o
and suppose that as © — 0
E - X\ ) = > alr). (6.2.2)

Denote other states, not in this degenerate set, by |j) and reserve j to label these only.
Then, for general u, expand the eigenfunction of the perturbed Hamiltonian as
E = X+ pEBEY ¢ 2E® +
[y = Yl + D Bl
J

r

with o, = a +0(n), B = On). (6.2.3)
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Note that for p — 0, |¢p) — |¢bg) € V) but we do not yet know the values of the a,
which determine it uniquely in this limit. We shall see that the possible choices for the
a, are determined by the perturbation itself. Substitute into Eq. (6.2) and find

) @B+ aV)lr) + Y Bi(E; +uV)li) = B (2 Q) + Y 5jrj>> - (62.)

r T

Rearranging gives

3 a,(E - E,) 7’>+Z Bi(E - E))jy = MZ arV|r>+M2 BiVIgy - (=)

r
. J . J

terms containing energy shifts terms containing V

(6.2.5)
Look for energy shift £ = A + uEM + O(u?) and note that the correction is no longer
associated with a single state of the unperturbed problem but with all N states in V).

Take the inner product of (s| with (+x) to get (remember E, = ... = E;... = Ey = )

(E - Eas = MZ Oér<8|V|7">+u2 Bils|VIry (6.2.6)

but the second term on RHS is O(p?) and «, = a, + O(u), and so hence to leading
order
2<3|V|r>ar — EWa, . (6.2.7)

Thus, EM) is an eigenvalue of the matrix (s|V|r) and the a, are the components of
the corresponding eigenvector. Since there are N degenerate states this is an N x N
matrix and so have N solutions for E() with associated eigenvectors giving the a, in
each case.

We should expect something like this:

e We started with IV degenerate states and we end up with N perturbed states.

e The degeneracy of H is a reflection of some symmetry (e.g., rotational symmetry =
L?, L3 are good quantum numbers) and the perturbed Hamiltonian H + iV generally
has less symmetry and so the full degeneracy is broken, although some degeneracy
amongst a subset of states can remain. The effect is to spilt apart some, or all, levels.

e Raising the degeneracy in this way is important in many physical phenomena. For
example, band structure for the electron levels in a crystal giving rise to delocalization
of electrons originally bound in each atom and so leading to electrical conduction

(see AQM).
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Example. Particle in a box in two dimensions, 0 < z,y < a. The unperturbed
problem is the free particle with states |p, ¢) and

2 pTx . qmy

wavefns Ypg(T,y) = " sin ——sin—=
, n’r? .,
energies E, = m(p +q°) pg=1,2,.... (6.2.8)

e Lowest level, F; = MZ: is non-degenerate.

2 2
e Next level has Fiy = Fy; = g?nZQ

and so has degeneracy 2.
Consider the perturbation V (z,y) = %, and then p has dimensions of energy.

e The shift in the lowest energy level is given by

anviiny - f dasf ay Y g, 9)]

- (E) GQL dxw<81n7;—$>2f: dyy(sin%y>2

(6.2.9)
(6.2.10)

A

e (™) -

e Shifts in next level given by eigenvalues of

212y 2[vi21yy  (a B
(<21|V|12> <21|V21>) B <5 a)’ (6.2.11)

with
a = f diEJ dy |1/)12xy)|
0

2 x\2 21y 2
= | - —2 d$ x (sm —) dyy | sin —=
a) a® )y a 0 a
1
4

= (6.2.12)
a a x
B = J dwf dy a—ﬁ’wf2<x,y>wm<x,y>
0 0
<2 21 (Ja T 27r:c)
= - = dx rsin — sin —
al a 0 a a
16 \ 2
(6.2.14)

@ T 27T @ 1 T 3rx 8a?
dr xrsin — sin — = drx—=| cos— — cos— | = ———|.
0 a a 0 2 a a 972
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The eigenvalues of the matrix are a + § with respective eigenvectors

1 1

a = (aj,a91) = \/—5(1,1), \/—5(1,—1) (6.2.15)

Collecting results:

2,2
e New ground state energy ?n 22 + '% .

e Next two levels

SRT: 256

mergies S+ T Ehg
1
states ) = 75(‘12>i 121>) . (6.2.16)

Note that the state is unperturbed at first order in p but the perturbation does
determine the choice of basis in V) in order that the perturbation can be carried
out systematically. This basis is the eigenstates of the matrix with elements {(s|V'|r).

7 Angular Momentum

7.1 Recap of orbital angular momentum

Mainly to set the analysis to follow in some sort of context but also a few points of
special importance.

L=&nrp or Li=cyuijpp L*=LiL;. (7.1.1)

Then
[i’i,ﬁj] = Zﬁém = [Ll, LJ] = ihgijk Lk, [LQ, Lz] =0. (712)

In addition to these fundamental commutation relations we have
[Li,fi‘j] = ’ihéijk {i‘k, [Ll,ﬁ]] = Zhgz]kﬁk . (713)

Consider the action of all these operators on wavefunctions. Using spherical polar
coordinates (r, 0, ¢), the operators L; only involve angular derivatives and

102 1

o — —L*. 14
v r or? r r2h? (7.14)
radial angular

The joint eigenstates of L? and Ls are the spherical harmonics Yy, (6, ¢):

L*Y,, = RI(I+1)Y,
L3 YZm = hm}/lm
with Y, = clmeim‘z’P)ml(cos 0)

dm
—PB(u), m=0. (7.1.5)

where  P"(u) = (1—u2)m/2d
um
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P(u) is a Legendre polynomial

P (u) is an associated Legendre function .

Only well-behaved solutions of eigenvalue problems for solving differential equations
arise for
[1=0,1,2,3,... and m=0,+£1,£2,...,%l. (7.1.6)

If the Schrodinger equation has a spherically symmetric potential, V' (x) = V(r) then
we can look for separable solutions

wlm(m) = Rl(r)ylm(ga gb)v (717)

where

L (rR;) + ( - I(1+1) + V(r)> R, = ER;. (7.1.8)

omr or? 2mr?

Of particular importance is the behaviour of such solutions under parity: « — —x.
This is equivalent to
r—r, 0—>n1—0, ¢—>o+m. (7.1.9)

Then, under parity map have
Ylm<7T - 07 ¢ + 7T> = (_1)11/”71(‘97 ¢)
= Y(—z) = (1)) . (7.1.10)

A very important example of everything above is a system of two particles interacting
through a potential which depends only on their relative separation

.2 £ 2
D Y& N N
H = —+—=—+V(z, -
2m1 2m2 <|w1 w2’)
)
P p
= — 4+ —+ V(|2 7.1.11
where
X = MuZy b medy & = @y — @
-AP:ﬁ‘f'f? ﬁ:m2p1_mlp2
P M (7.1.12)
M = mq+ms m = % reduced mass
CoM degrees of freedom relative degrees of freedom

CoM dynamics essentially trivial and relative motion is governed by a spherically sym-
metric potential. The total wavefunction is then

U(X,x) = e* Xy, (x) wrt L=xAp. (7.1.13)

L.e., plane wave solution in the CoM variables and effective single particle dynamics in
potential V(|&|) with reduced mass m.

Under @ — —x have ¥ +— (—1)'W. This is particularly important if the two particles
are identical.
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7.2 General analysis of angular momentum eigenstates

Consider J = (Ji,Jo, J5) J=

obeying [J; Jjg = iheijiJy N (72.1)
Define J° = JJ; hermitian

then [J%,J;] = 0

We want to find all possible eigenstates of J* and Js (say) assuming just the commuta-
tion relations above. Use J rather than L because there will turn out to be additional
possibilities beyond those allowed for orbital angular momentum. First observe that

Ty = M) =
A= WP = (AP + Rl + (1Bl = 0. (7:2.2)

It is convenient to set A = h%j(j + 1) with j = 0 without loss of generality (note: A
unchanged if j — —(j + 1)). So label the states |j, m) where

J?|j,my = R+ 1)|j,m)  Jsljm) = mlj,m). (7.2.3)

So far all we know is that m and 7 > 0 are real numbers. To analyze the allowed
eigenvalues we define

Jo = Jitidy, JL = Jz, (7.2.4)

and work with these new combinations. It is easy to check that

[J37 Ji] = thi
[J+, J,] = 2hJ3

[J%,Js] = 0. (7.2.5)
Furthermore, we find
Jo o = J*—J;+hJs
J_J, = J*—J}—hJs (7.2.6)

and also find that

J? with j unchanged

Ji|j,m) is an eigenstate of { (7.2.7)

Js3 withm - m +1

and, strictly, provided that the new states do not vanish. These statements follow from
the commutation relations because

J3<Ji|j, m>) — ([Jg, T+ JiJ3> 15, m)
- ( + e + Jihm>\j, m)
= R(m £ 1) Jelj,m) . (7.2.8)

Compare with the harmonic oscillator where

[N,a'] =a' and [N,a]=—-a = a|n), ajn) have eigenvalues n +1. (7.2.9)
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To find out whether the new states vanish we compute

|"]+‘]Jm>||2 = <j,m|J_J+|],m>
= <]7m’J2_‘]§_hJ3’]7m>

R(j( + 1) —m(m + 1))
R (j—m)(j+m+1)

= 0, (7.2.10)
and
H‘]—‘]a m>||2 = <j7m|J+‘]—|j7 m>
= <]7m’J2_‘]§+hJ3’]7m>
= R + 1) = mm 1))
= P(j+m)(j—m+1)
> 0. (7.2.11)

These inequalities, which follow just because the inner-product is positive-semidefinite,
imply (remember j > 0)

= m = —(j+1
) U+1) (7.2.12)
J+1 =2 m = —j

and the states vanish only when equality occurs. Hence, from these bounds, we deduce
j=z=m =—j
Jiljymy =0 ithi m=j, (7.2.13)
J_|j,my =10 ifi m=—j.
These results tell us all we need to know about the possible values of both j and m.
Remember, so far only know that m and 7 > 0 are real. Start from any given state
13, m).

o If the states J?|j,m) are non-vanishing, they
have J3 eigenvalues fi(m + n) but subject to the
bound j = m + n from above.

e To avoid a contradiction there must be an inte- ]

ger k with j = m + k and hence

Jiljymy = 0V n>k, (7.2.14) 2.2 T

Only then will the sequence terminate at m = j.

e Similarly, if the states J"|j,m) are non-
vanishing, they have J; eigenvalues A(m — n)

but subject to the bound m —n > —7 . ")

e In this case must have an integer k&’ with —j =
m — k' so that

Jrjmy = 0V n>k. (7.2.15)
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Thus,

j=m+k and j=-m+k, kK integer
= 27 =k+k, an integer. (7.2.16)

Furthermore, for a given value of j we have states
|l7,m) with m=yj,7—1,...,—j+1,—5, atotal of 2j + 1 states. (7.2.17)

This general analysis has revealed two possibilities:

j integral m =0 ?1 +2, ..., 17 odd # states, (7.2.18)
2

j half-integral m = *3, i%, . ] even # states.
j integral. This possibility is realized in orbital angular momentum. The states |7, m)
correspond to wavefunctions ¢, (x) or Y, (6, ¢).

j half-integral. This possibility cannot arise for orbital angular momentum since
there are no solutions of the differential equations which are well-behaved in this case.
Such states must correspond to intrinsic angular momentum or spin as introduced
earlier.

We usually write J = S for spin. Our analysis shows that we must have j = .S integral
or half-integral for spin. Previously, we wrote |r) with S > r > —S for spin-states.
Now we see that by this was meant

ry=|j,m) with j=5 m=r. (7.2.19)

Analysis reveals mathematically that spin is possible with these quantum numbers but
still need to give (very brief) indication of experimental verification.

The set of states {|j,m)} for fixed j is often called an angular momentum multiplet
or representation. From the analysis above (Eqns. (7.2.10, 7.2.11)) it is clear we can
choose normalized states |, m) with

Jelim) = B/ (G—m)(G+m+1)j,m+1), (7.2.20)
J_l,m) = B/(G+m)(j—m+1)j,m—1), (7.2.21)

which are key relations between the states. The whole multiplet can be defined by

e taking the top state, the one with maximum J3 eigenvalue: J.|j, ) = 0,
e and applying J™:
g =y = CinJ"5,5) (7.2.22)
where C}, is a constant computable using Eq. (7.2.21).
e Alternatively, can start with the bottom state, |7, —j) and determine the others by
applying J.

Note that the choice of J5 as the member of the commuting set along with J? is a
convention. We could have chosen n-J instead. n-J has the same possible eigenvalues
as Js but the eigenstates are linear combinations of the basis states {|j, m)}. This will
be relevant when we discuss rotations.
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7.3 Matrix representations

Recall from section 2.4 that given an orthonormal basis {|n)} we can regard states
as column vectors [1)) v a, = (n|), and operators as matrices A v~ A, =
{m|AJn) with the action of operators on states to be that of matrix multiplication.
This is particularly useful when the space of states is finite-dimensional, as with angular
momentum states {|j, my} with fixed j.

For example, with j = 1 (3-dim state space)

1 0 0
11,1) w~ [0], 11,00~ |1, I1,—1) ~» |0 (7.3.1)
0 0 1
10 0 010 000
Jy v~ B0 0 0|, Jo v BV2[(00 1], J. v~ B/2(1 00
00 —1 000 010
(7.3.2)
These follow from the formulas
J5|1,1) = hl1,1) JLL,FD = A/2[1,0) 233
Js|l,—1) = —hl1,—1) J|1,0) = hv2[1,+1) (7.3:3)

as the only non-zero results.
This is used very widely for the case of spin—% (now use S rather than J) with just two

states.
11 1 11 0
22 o) -3 1 (7.3.4)
previously: | 1 1)

N
N

10 0 1
Sy o %h(o _1), Sy o h(o o)’ S

00
h <1 0) . (7.3.5)
Moreover, we also write s; v~ %hoi where

0 1 0 — 1 0
g1 v (1 0) 5 O > (’l OZ> y g3 > <O _1> y (736)

are called the Pauli matrices. Other combinations are

. 0 2 0 0
oy = 01 +i0y = (O 0) , o_ = (2 0) : (7.3.7)

The Pauli matrices are hermitian, traceless matrices obeying

of = 0; = o035 =1, (7.3.8)

0100 = —0901 = tog and cyclic. 7.3.9
These properties are conveniently summarized by

005 = 61‘]’ + igiijk . (7310)
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Note that the antisymmetric part (in ¢, j) of this equation is

[0i,05] = 2igi,0% , (7.3.11)
and corresponds to the fundamental commutation relation

[S;,S;] = iheiuSh (7.3.12)

but the remaining, symmetric part, is special to spin—%.

The Pauli matrices are components of a vector
S o %ha , O = (0'1,0'270'3) . (7313)

If @ and b are constant vectors (or at most operators which commute with S) then we
can contract a; and b; with both sides of Eqn. (7.3.10) to obtain

(a-o)b-o) = (a-b)l+i(arb) o. (7.3.14)

As a special case
(n-o)? =1, (7.3.15)
where n is any unit vector. Note that this is equivalent to (n - S)* = 1AI, which

agrees with the fact that the eigenstates of n - S are i%h; these are the only possible
results for measurement of spin along some direction n.

One last example of matrix properties corresponding to known properties of operators:

o’ = o} +o5+0; = 31, (7.3.16)

to be compared with
S =L E+1)I = 3—1 (7.3.17)

2
which has eigenvalue BZ on any state.

7.4 Some physical aspects of angular momentum and spin

Our analysis of angular momentum states in section 7.2 has revealed the mathematical
possibility of half-integral spin. As asserted earlier, this is realized in nature as previ-
ously stated that each particle carries an internal space of states |r) with —S <r < S.
Now identify these with |j = .S, m = r) angular momentum states. The spin operators
obey

[Si2;] = [Si,0;]1 =0, (7.4.1)

which should be contrasted with the commutators for L given in section 7.1. This is
consistent with our earlier use of basis states |x) ® |r) (fixed S) because &, S, S5 are a
commuting set.

In general, then, a given particle will have both orbital angular momentum L and spin
angular momentum S, giving a total angular momentum

J=L+§. (7.4.2)
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Note that [S;, L;] = 0 and hence
[LZ,L]] = Zh&kak [SZ,S]] = zh@wkSk (743)
together imply
[Ji,Jj] = Zhé‘z]kjk . (744)

How do we know the world works this way? Results of many experiments confirm it.
Here just mention the theoretical ideas underlying a few of them. The key idea is how
spin and angular momentum degrees of freedom enter into the Hamiltonian.

Main example for us is interaction with a background magnetic field. From classical
EM (no previous knowledge required) a moving distribution of electric charge interacts
with magnetic field B(x) to produce energy

—u- B, (7.4.5)

where p is the magnetic dipole moment of the distribution. Think of g as being a
small magnet which does not disturb B. For instance, a single charge ¢ in an orbit
with angular momentum L can be shown to have

q
= —L. 4.
H 2m (74.6)

Hence, the interaction energy is of the form
—~yL-B, -~ some constant. (7.4.7)

This final result is all that is important for us. Now pass to quantum theory and
consider the effect of including such a term in the Hamiltonian for the electron in the
hydrogen atom (works for any spherically symmetric potential).

(i) Before we turn on any magnetic field have 9),,;,, () joint eigenstates of H, L?, L3 with
degenerate energies E independent of m (as discussed in section 7.1).

Add a weak magnetic field along the 3-direction, B = (0,0, B) and so
H — H—~BLs, (7.4.8)
but ¥, (x) are still eigenstates and energies now split

E — E—~Bhm —l<m<l . (7.4.9)
—_——
20 + 1 levels

This is observed: spectral lines split into distinct lines. This is the Zeeman effect.
(ii) Replacing L by S we have an interaction energy of the form

—'S-B, ~ constant # 7 in general. (7.4.10)

For a spin—% particle originally in eigenstate of a spin-independent Hamiltonian,
adding this term splits the energy states by

h
iv’B§ B weak and constant. (7.4.11)

Also observed and also called the Zeeman effect. Get appearance of two distinct
levels — direct experimental evidence for spin—%.
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(i)

An electron in the atom has both an orbital magnetic moment p; oc L and a spin mag-
netic moment pgocS. Like two bar magnets near each other there is an interaction

energy
pp-pgcL-S. (7.4.12)

This is called spin-orbit coupling and when included in the atomic Hamiltonian it
leads to splitting of spectral lines into doublets because of the spin—% of the electron.
The two yellow sodium D lines are a famous outcome. This is called atomic fine
structure.

Unlike orbital angular momentum, it is sometimes appropriate to consider spin to-
tally divorced from any space degrees of freedom. E.g., electron somehow confined
to one atomic site in a crystal. Then

H = —~4S-B (7.4.13)

can be the complete Hamiltonian. If allow B(z) = (0,0, B(z)) to vary in space
rather than just separating energies can instead physically separate atoms according
to whether their spin states are 1 or |. This is due to

B B
force in z-dirn = —%(—’}/S'B(Z)) = —75’3C;—Z = 7 g“cil_z (7.4.14)

This is the Stern-Gerlach experiment.

Classical
rediction
P What was Silver atoms
)L actually observed
‘ /

A
\d
% Furnace

Inhomogeneous
magnetic field

(Source: en.wikipedia.org (Theresa Knott))

The proton is spin—% and has a magnetic moment. Even if [ = 0 for the electron in
the H atom and no external field there is a weak interaction between the proton spin
I and electron spin S ocI - S. There are two narrowly spaced levels and transitions
give radiation with wavelength ~ 21cm which is observed from interstellar hydrogen.

In water the proton magnetic moments of the hydrogen nuclei interact with an
external B-field, oc — I - B to produce two levels where the transition absorbs or
radiates microwaves. This forms the basis of MRI scanners.
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Essential idea is that spin or angular momentum behaves like a magnet/dipole. Actu-
ally, an iron bar magnet is magnetized because of the sum of the microscopic electron
spin magnetic dipoles in the atoms which, below the Curie temperature (T¢), prefer to
align and produce the macroscopic magnetic dipole. (For T' > T the magnetization
vanishes; at T' = T¢ there is a second-order phase transition.)

The existence of an atomic magnetic moment in iron and also the preference for them
to align and produce a macroscopic magnetization are due to the Pauli Exclusion
Principle (spin-statistics theorem) — a quantum effect. Look up Hund’s rule.

7.5 Addition of angular momentum

Set h = 1 in this section. Standard relations are

J2jmy = j(j+1)|j,m)
J3’j7 TTL> = m|j7m>
Jilim) = AGFm)(Gtm+1)|j,m+1). (7.5.1)

Consider two independent systems with angular momentum operators J, J@ acting
on spaces of states V1), V® each with standard basis {|j;,m;)} consisting of joint

eigenstates of (J¥)2, Jéi) fori=1,2.
Construct space of states for the combined system as V = V) @ V) with basis
(shorthand)

imy;ma) = |1, m1) @ [j2,me) = |mi)lma) J1, J2 fixed. (7.5.2)
Sum of angular momentum operators is the total angular momentum operator

J JVQTI+IQJ?
or simply = JO 4+ g

l

(7.5.3)

Recall j; = m; = —j; for i = 1,2 and so have total of (2j; + 1)(2j, + 1) basis states for
V.

Our aim is to find a new basis for V which consists of joint eigenstates |.J, M) of J?
and J;3. Since
Jy = JSV 4 g (7.5.4)

we have

Jsfmazmay = (S5 ma)) ma) + fmo) (7 ma))

So the product states are eigenstates of J3 already and its eigenvalues have range
i+ =M=—(1+ ). (7.5.6)

Note that this means that J < j; + j» since the maximum value of M available must
be the largest value J allowed. We shall see how this works now.
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It is less obvious how to find eigenstates of J?. Since {|m;;my)} is a basis, we must
have
LMy = ) Gy lmaima) (7.5.7)

mima2
mi+mo=M

(Remember ji, jo fixed.) We want to find
(i) which values of J are allowed;
(ii) what are the Clebsch-Gordan (CG) coefficients for addition of ji, jo:
cl o= dmymylJ, M) . (7.5.8)

mimse
So we are seeking a change of basis for V' from states with definite my, ms to states
with definite J, M (= my + mg). Of course, either basis will do since they are both
complete, and it is usually the physics application that determines which basis is the
most appropriate to use. These bases correspond to classification by the alternative
complete commuting sets:

JO P JO P o J g, TV, IO (7.5.9)
. ~ v}
|j17m17j27m2> |‘]7Maj17j2>

= [j1,m1)|j2, m2)
We now suppress the j1, 7o labels as they are common to all states.
The key idea is to find the top state for a given total angular momentum with
J M) =0 < J =M. (7.5.10)

Given M, which is easy to determine, we therefore know J for this state. Then the
others with the same J are found by applying J_.

e To begin the process consider the largest value of M: M = j; + jo. There is a
unique state |j1)|j2) with this eigenvalue, and so it must be a top state (can check
by applying J,). Hence,

|1+ d2, 01+ d2) = |j)ld) (7.5.11)

This is called the highest weight state since it is the state with the largest value
of M possible for given J. (This terminology arises in the group theory approach.)
The phase of the state on RHS (e V(Y ® V) is chosen by convention to be +1.

e Apply J_ = J 4+ 7P ¢ this state on LHS and RHS, respectively. We get

J JW 4 g

V201 +d2) [+ e+ 2= 1) = V20 [ = Dlje) + V250 [l — 1)
(7.5.12)
using standard formulas for V on LHS and for V), V3 on RHS. The normalized

state is then

. o . | N . . [ 72 .
+Jo,j1+jo—1) = - - —1 + - - —1>. (7.5.13
|]1 J2:01 + )2 > T+ Ja ’]1 >’J2> T+ Ja ’]1>\J2 > ( )
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e Continuing to apply J_ generates an entire multiplet of states |j; + jo, M) with
J1+ jo = M = —(j1 + j2). From these expressions we read off the CG coefficients.
E.g.,

Ji+iz J1+j _ J1 Ntz _ J2
0111]2 - 1’ Oﬁl 12]2 = i+ ja ) Cj117j2*1 = T+ s y e (7514)

e But we have not yet found all |J, M) states. We started from a unique state with
M = ji + jo. At the next level down, with M = j; + jo — 1, there are two states:

1= Dljey and il — 1) . (7.5.15)

One combination is identified above as |j; + j2, j1 + j2 — 1). The other, orthogonal,
combination (unique up to a phase) must be a new top state

5, =1 -

’]1+J2—1]1+J2—1> ]j1—1>]j2> (7.5.16)

The overall phase on the RHS is chosen by convention.
e Now proceed as before:
(i) generate the multiplet with J = j; + jo, — 1 by applying J_;

(ii) look for a possible new top state at level M = j; + jo — 2;
(ili) repeat until all states exhausted.

The general pattern can be depicted as follows.

NG e S T T B .5
it 9
y
jti-l ¢ /0
! y
j1+j2-2 ° e —» O
y ! y
° ° ° o
I I -
| :
1 | o
_(jl+j2)+1 L

o +— 0

_(jl+j2)
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where

O top states ! apply J_

unique state L others (7.5.17)

° other states - with same M value

Can check that top states |¢)) with J; eigenvalue M are annihilated by J, directly.
This is also guaranteed by

vy L J_|J,M+1) ¥ J> M by our construction. (7.5.18)

Thus,
I MA4+1JYy =0 ¥V I>M < Jjw)y = 0. (7.5.19)

The whole process stops with J = |j; — ja| by counting. The number of states in the
alternative bases must be the same.

Jj1+7j2
d@i+1) = 2+ 1)(20p+1). (7.5.20)
J=li1—jz|

We now have the answers to our original questions:

(i) j1 + jo = J = |j1 — j2| in integer steps. E.g.,

jl_%v .]2:% = J:170
h=1l jo=5 = J=3,3 (7.5.21)
ji=1, jo=1 = J=2,1,0

The range of J values matches bounds for addition of classical vectors J = J® +J@
with lengths of J, ji, jo.

(ii) Clebsch-Gordan coefficients are found by explicit calculation of states for given j;
and Js.

Simplest example is for

ji1=Jo=13%, |mimo) m;=+5, 4 states. (7.5.22)
1,1 = D3 top state with M =1
Jo = JY 4 ® gives

VL) = =D+ 1D} -
L0 = H(-DIH+IDI-)

VIL=1) = S (DD EDD) =
I1,-1) = |-3)|-3 completes J = 1 multiplet

(7.5.23)

Then )
0,00 = —=(=DIH - 1DI-5) (7.5.24)
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with M =0 and L |1,0). Need a phase convention to decide overall sign of top states.

\J 1 0 . . o

M Compare this results with the combination

1 o of spin states in Eqns. (5.5.14) and (5.5.15)
] with [3) = | 1), [=3) = | |) which were

0 e —»O found previously by demanding definite sym-
¢ metry; they are precisely the same.

-1 ®

Have
3 (triplet) J =1 states symmetric
] i ) (7.5.25)
1 (singlet) J =0 state antisymmetric
Indeed, the permutation group and its representations are often central to constructing
multiplets in this way.

Tables for CG coefficients can be found in the Particle Data Group (PDG) Tables
( http://pdg.1bl.gov/2013/reviews/rpp2012-rev-clebsch-gordan-coefs.pdf). The PDG
collate all reviews and tables for properties of elementary particles.

The table for 2® 1 giving states with M =1 is

J 3 2 1

mp mg | M +1  +1 +1
| 1/15  1/3 3/5
1 0 8/15 1/6 -3/10
0 1 2/5 -1/2  1/10

Take ,/~ but keep the sign. E.g., —3/10 — —+/3/10.

8 Transformations and Symmetries

8.1 Introduction and an Example

Given a unitary operator U define a transformation of a quantum system to be
either a map of states only:

¥y — Ul (o] — {|UT, (8.1.1)
or a map of operators only:
A — UTAU . (8.1.2)

These are equivalent. Either way, inner products of states (¢|¢)) left unchanged but
matrix elements change:

(GlA[) = (HUTAT[) . (8.1.3)
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Unlike the change of picture we change states or operators but not both. Such a
transformation is a symmetry of the quantum system if

U'HU = H or, equivalently, [U,H] = 0. (8.1.4)
It then follows that

e in S-picture if [¢(¢)) is a solution of the Schrodinger equation then so is U (t));

e in H-picture if A(t) is a solution of the Heisenberg EoM then so is UTA(¢)U.

Now consider a group G and transformations of a QM system U(g) for each g € G with

U(g)U(g2) = U(9192)
Ulg) = 1

Ulg™") = Ulg)™" = U (8.1.5)

In any given case U(g) is a representation of G. Our aim is to find the unitary
operators U(g) when G is a group of translations, rotations or reflections. In these
cases we know how GG acts geometrically

x — g(x), (8.1.6)
and similarly for momentum p. We infer the action on position eigenstates

Ug)le) = lg(x)) (8.1.7)

and on operators
U(g)'zU(g) = g(z) . (8.1.8)

These statements are equivalent. E.g.; assuming the second one

2U(g)l@) = Ulg)g(@)a) = g(@) (Ug)a)) | (8.1.9)

and so confirm the first.

On a general state

) — Ulg)ly) (8.1.10)

and the position space wavefunction of the new state is

@U@ = (V)2 [0 = ™ @) (8.1.11)
So the effect of the transformation on the wavefunction is the change
b@) — v(g (@) (8.1.12)
Simplest example is translation in one dimension

r — gi(x) = x+a (8.1.13)
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and write U(a) = U(g,) to simplify notation. Then must have

Ula)lr) = |x+a)
U)2U() = &+a), (8.1.14)

but we showed in section 2 that
Ula) = etap/h (8.1.15)

has precisely these properties. The effect of translation by a on ¢ (z) should be ¥(x—a)
which is illustrated by the picture below.

P > P(x-a)

/\/h A
s

0
Confirmation: on wavefunctions
. L0 0
p — *Zh%, U(a) — exp <*a%) (8.1.16)
and so
V() = exp(—as) ()
a)yp(xr) = exp agx T
/ 1 Vi
= w<x>—aw<x>+5a2w () —...
= Y(zr—a) Taylor’s theorem, (8.1.17)

as expected. Because of its special role in U(a) the momentum p is called the generator
of translations.

8.2 Generators and conservation laws

The action of many transformations such as translations, already discussed above, and
rotations can be formulated in terms of groups. In the case of rotations the group
is SO(3), the group of orthogonal 3 x 3 real matrices of unit determinant. In many
cases the relevant group is non-abelian meaning that successive group operations do
not commute; SO(3) is such an example. If R(6,n) € SO(3) is a rotation by ¢ about
the axis m then in general

R(0,n)R(6,m) # R(¢,m)R(0,n) . (8.2.1)
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However, for fixed n the elements R(6,n) do commute and form a one-parameter,
abelian, subgroup:

R(O,n)R(p,n) = R(p,n)R(O,n) = RO+ ¢,n) . (8.2.2)

The translation group is another example. It is with general ideas about such abelian
subgroups that we begin.

Consider some continuous group G, and let g, (o a real number) be a one parameter
family of group elements with

9adp = 4989a = Yo+, Yo = 1G 5 (823>

and assume we know

ga(A) = A+ af(A) + O(a?) (8.2.4)

for quantities of interest A (positions, momenta, etc.). Write the corresponding unitary
operators as

Ula) = U(ga) to simplify notation, (8.2.5)
and then have
Ula)TAU(a) = go(A) . (8.2.6)
Define oU ()
, a
Q =ih do |, (8.2.7)
so that
U(ba) = IT— %5&@ + 0(60a?)
U(—6a) — T+ %5@@ +0(50?) . (8.2.8)
Then
U(—da) =U(ba) =U(Sa)! = Q=Q": @ isan observable. (8.2.9)
Also have
Ula+ da) = U(a)U(0a) = U(da)U(ar) (8.2.10)
so deduce
[Q,U(a)] =0. (8.2.11)

From above have

oU ()
o

— _%Q Ula) = U(a)=-exp (—i%@) given U(0) = 1. (8.2.12)

() is the generator of this family of transformations, the one-parameter subgroup,
within G. To find ) we equate

9o(A) = A+ af(A) + O(a?) (8.2.13)
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with
U)!AU(a) = <H+ %(504@—1— ) A (]I— %504@—1—...)
= A+ %Q[Q, Al + O(a?) (8.2.14)
to obtain
[Q, A] = —ihf(A) . (8.2.15)

Knowing the RHS for any A determines (). Conversely, the behaviour of any quantity
under the transformation is fixed by its commutation relation with the generator.

Now suppose the continuous family g, corresponds to a symmetry of the quantum

system
[U(a),H] =0 < [Q,H|]=0. (8.2.16)

The second equation says that the observable () is a conserved quantity:

e in S-picture can choose joint eigenstates of H and @)

Qy(0)) = ql¢(0)) = Q(t)) = qli(t)) . (8.2.17)
e In H-picture expect Q(t) in general but here
Q _ 1 _
= h[Q’H] —0. (8.2.18)

Noether’s Theorem: for each continous transformation of a quantum system there
is an hermitian generator, and if the transformation is a symmetry this generator is
conserved; it is called the Noether charge.

Example: system of particles labelled by r, s, ... with positions " and momenta f?(r)
which obey
(27, ] = ih ;67 . (8.2.19)
The transformation is translation along the k-axis.
go(@) = & v adu,  g() = 0 =
() 1 (8.2.20)
f(&7) = ou, f;’) =0
for all ». Then the generators must obey
Q&) = —ihsy. [Q.07] = 0 (8.2.21)

The solution is ) = P, = Z ]5,(;), the total momentum in the k-direction.

T
In general, translations by a are generated by the total momentum P with correspond-
ing unitary operator

Ula) = exp (—%a~15) . (8.2.22)

Noether’s Theorem: for particles interacting through potential depending only on

#" — 3 H is translation invariant and total momentum P is conserved.

| Note that there are conserved quantities in classical dynamics such as momentum for
translation-invariant systems and angular momentum for rotationaly-invariant systems.

|



