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Introduction

In this course, the second term of Quantum Field Theory, we have
three main goals: to introduce and use the path integral formula-
tion of QFT, to understand the need for regularization and renor-
malization of QFTs, and to begin investigating gauge theories.





Path integral in quantum mechanics

We begin our introduction to path integrals on familiar grounds,
quantum mechanics in 1 spatial dimension. We will show that
Schrödinger’s equation can be reexpressed as an integral over parti-
cle trajectories, appropriately weighted.

The Hamiltonian operator Ĥ depends on position and momen-
tum operators

Ĥ = H(x̂, p̂) with [x̂, p̂] = ih̄ . (1.1)

Assume here that we can write the Hamiltonian as the sum of a
nonrelativisitic kinetic term and a potential term which depends
only on position

Ĥ =
p̂2

2m
+ V(x̂) . (1.2)

The Schrödinger equation governs the time evolution of states

ih̄
∂

∂t
|ψ(t)〉 = Ĥ|ψ(t)〉 . (1.3)

The formal solution can be expressed using the time evolution
operator

|ψ(t)〉 = e−iĤt/h̄|ψ(0)〉 . (1.4)

In the Schrödinger picture, states depend on time while oper-
ators are constant. From the latter statement, it follows that the
eigenbasis of operators are also constant. Let’s consider the posi-
tion operator x̂ and the fixed basis of position eigenstates {|x〉}. We
define the wavefunction to be the complex-valued function

Ψ(x, t) = 〈x|ψ(t)〉 (1.5)

where the duplicate use of ψ is standard notation. The action of the
Hamiltonian operator on the wavefunction is

〈x|Ĥ|ψ(t)〉 =
(
− h̄2

2m
∂2

∂x2 + V(x)

)
Ψ(x, t) . (1.6)

Our main goal is to replace Schrödinger’s differential equation
with an integral equation. We start by inserting (1.4) into (1.5), then
by inserting a complete set of initial positions x0:

Ψ(x, t) = 〈x|e−iĤt/h̄|ψ(0)〉

=
∫ ∞

−∞
dx0 〈x|e−iĤt/h̄|x0〉〈x0|ψ(0)〉

≡
∫ ∞

−∞
dx0 K(x, x0; t)Ψ(x0, 0) (1.7)
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The last line defines the integration kernel K.
Now we repeat this process multiple times. Let us choose times

t1 . . . tn in between our initial time t0 = 0 and a final time tn+1 = T:

0 ≡ t0 < t1 < . . . < tn < tn+1 ≡ T

and factor the time evolution operator into n + 1 parts

e−iĤT/h̄ = e−iĤ(tn+1−tn)/h̄e−iĤ(tn−tn−1)/h̄ · · · e−iĤ(t1−t0)/h̄ . (1.8)

We can use this expression in K(x, x0; T), inserting a complete set of
states between each exponential

K(x, x0; T) =
∫ ∞

−∞

[
n

∏
r=1

dxr〈xr+1|e−iĤ(tr+1−tr)/h̄|xr〉
]
〈x1|e−iĤt1/h̄|x0〉 .

(1.9)
What we have is an integral of amplitudes corresponding to all
possible positions for each t ∈ {t1, . . . , tn}, that is, we integrate over
particle “paths” (Fig. 1.1).

x
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Figure 1.1: An example of a path.

To make further progress, let us first consider the free theory,
with V(x̂) = 0. Denoting the free kernel as K0 we have between any
two points x and x′

K0(x, x′; t) = 〈x| exp
(
− i p̂2t

2mh̄

)
|x′〉 (1.10)

Inserting a complete set of momentum eigenstates

∫ ∞

−∞

dp
2πh̄
|p〉〈p| = 1

and recalling these are plane waves, 〈x|p〉 = eipx/h̄, then

K0(x, x′; t) =
∫ ∞

−∞

dp
2πh̄
〈x| exp

(
− i p̂2t

2mh̄

)
|p〉〈p|x′〉

=
∫ ∞

−∞

dp
2πh̄

exp
(
− ip2t

2mh̄

)
eip(x−x′)/h̄ .

Completing the square with the substitution p′ = p− m(x − x′)/t
we have

K0(x, x′; t) = eim(x−x′)2/2h̄t
∫ ∞

−∞

dp′

2πh̄
exp

(
− ip′2t

2mh̄

)

= eim(x−x′)2/2h̄t
√

m
2πih̄t

. (1.11)

Note that
lim
t→0

K0(x, x′; t) = δ(x− x′)

agreeing with 〈x|x′〉 = δ(x− x′).
For a nontrivial potential V(x̂) 6= 0, we need to use very small

time-steps. Recalling the Baker-Campbell-Hausdorff relation

eÂeB̂ = exp
(

Â + B̂ + 1
2 [Â, B̂] + . . .

)
6= eÂ+B̂, (1.12)
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for small ε� 1

eεÂeεB̂ = exp
(

εÂ + εB̂ +O(ε2)
)

. (1.13)

Turning this equation around, we have

eε(Â+B̂) = eεÂeεB̂(1 +O(ε2)) . (1.14)

Letting ε = 1/n, raising (1.14) to the n-th power, and taking the
large n limit, we find

eÂ+B̂ = lim
n→∞

(
eÂ/neB̂/n

)n
. (1.15)

We will use this to separate the kinetic and potential terms in the
Hamiltonian, in a way often referred to as the Suzuki-Trotter de-
composition

Take tr+1 − tr = δt for all r with δt very small, and also take n very large, such that T = nδt. Then

exp
(
− iĤδt

h̄

)
= exp

(
− i p̂2δt

2mh̄

)
exp

(
− iV(x̂)δt

h̄

)
[1 +O((δt)2)] . (1.16)

Sandwiching this between position eigenstates, we have

〈xr+1| exp
(
− iĤδt

h̄

)
|xr〉 = exp

(
− iV(xr)δt

h̄

)
〈xr+1| exp

(
− i p̂2δt

2mh̄

)
|xr〉

= exp
(
− iV(xr)δt

h̄

)
K0(xr+1, xr; δt)

=

√
m

2πih̄δt
exp

[
i

2h̄
m
(

xr+1 − xr

δt

)2
δt− i

h̄
V(xr)δt

]
(1.17)

having used V(x̂)|xr〉 = V(xr)|xr〉 and (1.11). Thus, with T = nδt,

K(x, x0; T) =
∫ [ n

∏
r=1

dxr

] ( m
2πih̄δt

) n+1
2 exp

{
i
h̄

n

∑
r=0

[
1
2

m
(

xr+1 − xr

δt

)2
−V(xr)

]
δt

}
. (1.18)

In the limit n→ ∞, δt→ 0, with T fixed, the exponent becomes

1
h̄

∫ T

0
dt
[

1
2 mẋ2 −V(x)

]
≡
∫ T

0
dt L(x, ẋ) (1.19)

where L(x, ẋ) is the classical Lagrangian. Defining the classical action at a particular point by S(x) ≡∫ T
0 dt L(x, ẋ) we see that we can write the kernal as a “path integral”

K(x, x0; T) = 〈x| exp
(
− iĤt

h̄

)
|x0〉 =

∫
Dx e

i
h̄ S(x) . (1.20)

The formal definition of the path integral measure is given by the limit used above

Dx = lim
δt→0

nδt=T

√
m

2πih̄δt

n

∏
r=1

(√
m

2πih̄δt
dxr

)
. (1.21)

The normalization factor can be safely ignored, as we will see in the next chapter. Subtleties regarding
the definition and existence of path integrals are beyond the scope of this course.
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Eq. (1.20) is the main result of the chapter. The amplitude for
a particle traveling from point x0 to point x in time T is equal to
integral over all possible positions for each successive moment in
time, i.e. the integral over all particle paths, weighted by a phase
with argument proportional to the classical action. In the classical
limit h̄ → 0, most trajectories will correspond to a highly oscillatory
integrand. Only the trajectory (or trajectories) which minimize the
classical action have a chance at giving some nonzero integral. Thus
we can see how Hamilton’s principle of least action for classical
dynamics is recovered from the h̄ → 0 limit of path integrals. It
is sometimes said that quantum effects such as those seen in the
classic double-slit experiment are due to a particle interfering with
itself. This is a reference to the phase factor in the path integral
(1.20).

In much of this course, we will analytically continue to imagi-
nary time. This is a straightforward mathematical trick as long as
the amplitudes of interest are analytic functions or have easy-to-
study nonanalyticities. Letting τ = it yields

〈x|e−Ĥτ/h̄|x0〉 =
∫
Dx e−S(x)/h̄ . (1.22)

Written this way, it is much easier to see that, in the h̄ → 0 limit, the
integral is dominated by the path which minimizes S(x). Another
nice feature is that integrals of the type in (1.22) are more easily
shown to be convergent than those of the type in (1.20). Finally, as
will become more evident in the next chapter, working in imagi-
nary time shows that many problems in quantum field theory can
be expressed as problems in statistical field theory, where e−S/h̄

plays the role of a Boltzmann factor.
Quantum mechanics is essentially quantum field theory in 0 +

1 dimensions, with the position operator acting as a field. In 1-
dimensional quantum mechanics x̂(t) : R → R is a real field
mapping t 7→ x. In 3 dimensions, ~̂x(t) : R→ R3.

However, in order to be consistent with Lorentz invariance, space
and time must be put on the same footing. QFT does this by de-
moting the position from an operator to a label. For example, real
scalar fields φ : R1,3 → R such that φ(t,~x) is a real number at each
point in 3+1 dimensions.

Summary of main points

1. Quantum mechanical amplitudes can be expressed as path inte-
grals.

Further reading

Many texts present the path integral for quantum mechanics in this
way.1 1 L Brown. Quantum Field Theory.

Cambridge University Press, 1992.
ISBN 0-521-40006-4; M Peskin and
D Schroeder. An Introduction to
Quantum Field Theory. Addison-
Wesley, 1995. ISBN 0-201-50397-2;
and S Weinberg. Lectures on Quantum
Mechanics. Cambridge University
Press, 2013. ISBN 978-0-107-02872-2



Integrals and their diagrammatic expansions

In the last chapter, we introduced the path integral as an alternative
way of describing evolution of a quantum mechanical wavefunc-
tion in the single variable available, time. In quantum field theory,
where the degree(s)-of-freedom are fields defined at every point in
spacetime, we will be interested in the behaviour of fields at sepa-
rated points in spacetime. Generically, we be calculating correlation
functions. In the next chapter we will make a better connection
between scattering amplitudes and correlation functions.

In the meantime, we will introduce the path integral methods
to be used throughout this course. Mainly we will be interested in
perturbative expansions of path integrals and the representation of
the resulting terms as Feynman diagrams.

We demonstrate the main ideas and methods for a 0-dimensional
field φ : {point} → R. That is, φ is a single, real variable.

Proceeding as we would in imaginary time, we study the integral
we would call a partition function in statistical physics

Z =
∫

R
dφ e−S(φ)/h̄ . (2.1)

Let us assume that S(φ) is a polynomial with even degree and that
S(φ) → ∞ as φ → ±∞. We will be concerned with expectation
values of the form

〈 f 〉 = 1
Z

∫
dφ f (φ) e−S(φ)/h̄ . (2.2)

f should not grow too rapidly as |φ| → ∞. Usually f is polynomial
in φ.

2.1 Free theory

In this section, let us work with N fields (variables) φa with a =

1, . . . , N. This will establish a relation which will provide an inter-
esting comparison when we come to discuss fermions. Consider the
action to be

S0(φ) =
1
2
Mabφaφb =

1
2

φTMφ (2.3)

whereM is an N × N symmetric, positive definite2 matrix. 2 detM > 0.

Say we diagonalizeM: M = PΛPT, where Λ is a diagonal
matrix of positive definite eigenvalues. For each eigenvalue λc
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we have a Gaussian integral over the corresponding eigenvector
χc = (PT)caφa. Then the free partition function Z0 can be integrated

Z0 =
∫

dNφ exp
(
− 1

2h̄
φTMφ

)

=
∫

dNχ exp
(
− 1

2h̄
χTΛχ

)

=
N

∏
c

∫

R
dχc exp

(
−λc

2h̄
χ2

c

)

=
N

∏
c

√
2πh̄
λc

=

√
(2πh̄)N

detM . (2.4)

(Note that symmetricM implies orthogonal P, so the Jacobian of
the transformation is 1.) We see that the result of a multidimen-
sional Gaussian integral is a square root of a determinant in the
denominator. We will find something else when we need to work
with fermionic fields. We have a lot more to do with real fields first.

By itself, the partition function is boring; it’s just a number. What
we want are correlation functions, and we can get them by making
a slight modification to the partition function. Introduce an external
(N component) source J so that

S0(φ) 7→ S0(φ) + JTφ . (2.5)

We denote the corresponding integral Z0(J) =
∫

dNφ exp{− 1
h̄ [S0(φ)+

JTφ]}. This can be evaluated by completing the square; let φ̃ =

φ +M−1 J

Z0(J) =
∫

dNφ exp
[
− 1

2h̄
φTMφ− 1

h̄
JTφ

]

= exp
(

1
2h̄

JTM−1 J
) ∫

dN φ̃ exp
(
− 1

2h̄
φ̃TMφ̃

)

= Z0(0) exp
(

1
2h̄

JTM−1 J
)

. (2.6)

This is called a generating function because we can obtain correlation
functions by differentiating with respect to J. For example, consider

〈φaφb〉 =
1

Z0(0)

∫
dNφ φaφb exp

(
− 1

2h̄
φTMφ− 1

h̄
JTφ

)∣∣∣∣
J=0

=
1

Z0(0)

∫
dNφ

(
−h̄

∂

∂Ja

)(
−h̄

∂

∂Jb

)
exp

(
− 1

2h̄
φTMφ− 1

h̄
JTφ

)∣∣∣∣
J=0

= (−h̄)2 ∂

∂Ja

∂

∂Jb
exp

(
1

2h̄
JTM−1 J

)∣∣∣∣
J=0

= h̄(M−1)ab . (2.7)

That is, the 2-point function is the inverse of the quadratic term in
S. In theories with dimension greater than 0, this is the propagator
for φ (Fig. 2.1).
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h�a�bi =

<latexit sha1_base64="VTxflaGP1PVOaEElSJp/LG4yno4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRS0IVCwY3LCvYBTQiT6U07dDIJMxOhlK7c+CtuXCji1m9w5984TbPQ1gP3cjjnXmbuCVPOlHacb6u0srq2vlHerGxt7+zu2fsHbZVkkkKLJjyR3ZAo4ExASzPNoZtKIHHIoROObmZ+5wGkYom41+MU/JgMBIsYJdpIgX3scSIGHLx0yAKS99CTuYSvcWBXnZqTAy8TtyBVVKAZ2F9eP6FZDEJTTpTquU6q/QmRmlEO04qXKUgJHZEB9AwVJAblT/IzpvjUKH0cJdKU0DhXf29MSKzUOA7NZEz0UC16M/E/r5fp6NKfMJFmGgSdPxRlHOsEzzLBfSaBaj42hFDJzF8xHRJJqDbJVUwI7uLJy6R9XnPrtfpdvdq4KuIooyN0gs6Qiy5QA92iJmohih7RM3pFb9aT9WK9Wx/z0ZJV7ByiP7A+fwDNqZiq</latexit>

h�a�
⇤
bi =

<latexit sha1_base64="K4DuOHW4VjsuODPqe8bIv8/qxaE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUQKulAouHFZwT6gieFmOm2HTiZhZiKU0L0bf8WNC0Xc+gPu/BunaRbaeuBeDufcy8w9YcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WpJLRFYh7LbgiKciZoSzPNaTeRFKKQ0044vp75nQcqFYvFnZ4k1I9gKNiAEdBGCuyKx0EMOfWSEQsg7+G9B0p7MtfxFQ7sqlNzcuBl4hakigo0A/vL68ckjajQhINSPddJtJ+B1IxwOi17qaIJkDEMac9QARFVfpbfMsUnRunjQSxNCY1z9fdGBpFSkyg0kxHokVr0ZuJ/Xi/Vgws/YyJJNRVk/tAg5VjHeBYM7jNJieYTQ4BIZv6KyQgkEG3iK5sQ3MWTl0n7rObWa/XberVxWcRRQseogk6Ri85RA92gJmohgh7RM3pFb9aT9WK9Wx/z0RWr2DlCf2B9/gDQr5re</latexit>

Figure 2.1: Propagator for real φ.



13

We can be more general by inventing a little more notation. Let
`(φ) be a linear combination of the N components of φ; that is,

`(φ) =
N

∑
a=1

`aφa (2.8)

where `a ∈ R and at least one term is nonzero. We can generalize
the same steps used in (2.7) by swapping

`(φ) for `

(
−h̄

∂

∂J

)
= −h̄

N

∑
a=1

`a
∂

∂Ja
. (2.9)

Now consider a correlation function composed of p such terms:

〈`(1)(φ) · · · `(p)(φ)〉 = 1
Z0(0)

∫
dNφ

p

∏
i=1

`(i)(φ)

× exp
(
− 1

2h̄
φTMφ− 1

h̄
JTφ

)∣∣∣∣
J=0

= (−h̄)p
p

∏
i=1

`(i)
(

∂

∂J

)
exp

(
1

2h̄
JTM−1 J

)∣∣∣∣∣
J=0

.

(2.10)

If p is odd, then the integrand is an odd function of at least one φa

and the integral over φa ∈ (−∞, ∞) vanishes. For p = 2k, we can
identify the terms which survive the J → 0 limit as follows. The
action of a derivative acting on the exponential is bring down a
prefactor ofM−1 J multiplying the exponential. The terms which
are nonzero as J → 0 are those where a second derivative acts on
the prefactor. Therefore, the nonvanishing terms are those where k
derivatives act on the exponential, and k remove the J-dependence
in the prefactor; that is, those term with k factors ofM−1.

Take, for example, the 4-point function.3 You can check that 3 Using the notation of the previous

paragraph, take `
(1)
a = δab, `(2)a = δac,

`
(3)
a = δad, `(4)a = δa f .〈φbφcφdφ f 〉 = h̄2

[
(M−1)bc(M−1)d f + (M−1)bd(M−1)c f

+(M−1)b f (M−1)cd

]
a

<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit>

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit>

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit>

b
<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

b
<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

b
<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

c
<latexit sha1_base64="4FknEPSgF3Gt6Rb3Fl0w1pLTZHA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3WL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8XljOU=</latexit> c

<latexit sha1_base64="4FknEPSgF3Gt6Rb3Fl0w1pLTZHA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3WL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8XljOU=</latexit>

c
<latexit sha1_base64="4FknEPSgF3Gt6Rb3Fl0w1pLTZHA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3WL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8XljOU=</latexit>

d
<latexit sha1_base64="R5HBigtIRVjYDMjJ81JaM2Z9qtQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH29uaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/LhUVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRrcz/+EJleaJvDfjFP2YDiSPOKPGSs2wX664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7olJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMTXfsTLtPMoGSLRVEmiEnI7GsScoXMiLEllClubyVsSBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP8dpjOY=</latexit>

d
<latexit sha1_base64="R5HBigtIRVjYDMjJ81JaM2Z9qtQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH29uaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/LhUVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRrcz/+EJleaJvDfjFP2YDiSPOKPGSs2wX664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7olJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMTXfsTLtPMoGSLRVEmiEnI7GsScoXMiLEllClubyVsSBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP8dpjOY=</latexit>

d
<latexit sha1_base64="R5HBigtIRVjYDMjJ81JaM2Z9qtQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH29uaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/LhUVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRrcz/+EJleaJvDfjFP2YDiSPOKPGSs2wX664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7olJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMTXfsTLtPMoGSLRVEmiEnI7GsScoXMiLEllClubyVsSBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP8dpjOY=</latexit>

+ +=

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit> b

<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit> b

<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

= ~(M�1)ab

<latexit sha1_base64="+njURK98bQzcn8snVvN/EoQw5AM=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCPVgSKehBoeDFi1DBfkAby2S7bZduNmF3I5SQmxf/ihcPinj1L3jz37htc9Dqg4HHezPMzPMjzpR2nC8rt7C4tLySXy2srW9sbtnbOw0VxpLQOgl5KFs+KMqZoHXNNKetSFIIfE6b/uhy4jfvqVQsFLd6HFEvgIFgfUZAG6lr71/gztAHWeoEoIcEeHKd3iXHbnrUTcBPu3bRKTtT4L/EzUgRZah17c9OLyRxQIUmHJRqu06kvQSkZoTTtNCJFY2AjGBA24YKCKjykukfKT40Sg/3Q2lKaDxVf04kECg1DnzTOblWzXsT8T+vHev+mZcwEcWaCjJb1I851iGehIJ7TFKi+dgQIJKZWzEZggSiTXQFE4I7//Jf0jgpu5Vy5aZSrJ5nceTRHjpAJeSiU1RFV6iG6oigB/SEXtCr9Wg9W2/W+6w1Z2Uzu+gXrI9vCUSYyA==</latexit>

= ~(M�1)ab

<latexit sha1_base64="+njURK98bQzcn8snVvN/EoQw5AM=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCPVgSKehBoeDFi1DBfkAby2S7bZduNmF3I5SQmxf/ihcPinj1L3jz37htc9Dqg4HHezPMzPMjzpR2nC8rt7C4tLySXy2srW9sbtnbOw0VxpLQOgl5KFs+KMqZoHXNNKetSFIIfE6b/uhy4jfvqVQsFLd6HFEvgIFgfUZAG6lr71/gztAHWeoEoIcEeHKd3iXHbnrUTcBPu3bRKTtT4L/EzUgRZah17c9OLyRxQIUmHJRqu06kvQSkZoTTtNCJFY2AjGBA24YKCKjykukfKT40Sg/3Q2lKaDxVf04kECg1DnzTOblWzXsT8T+vHev+mZcwEcWaCjJb1I851iGehIJ7TFKi+dgQIJKZWzEZggSiTXQFE4I7//Jf0jgpu5Vy5aZSrJ5nceTRHjpAJeSiU1RFV6iG6oigB/SEXtCr9Wg9W2/W+6w1Z2Uzu+gXrI9vCUSYyA==</latexit>

h�a�bi =

<latexit sha1_base64="VTxflaGP1PVOaEElSJp/LG4yno4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRS0IVCwY3LCvYBTQiT6U07dDIJMxOhlK7c+CtuXCji1m9w5984TbPQ1gP3cjjnXmbuCVPOlHacb6u0srq2vlHerGxt7+zu2fsHbZVkkkKLJjyR3ZAo4ExASzPNoZtKIHHIoROObmZ+5wGkYom41+MU/JgMBIsYJdpIgX3scSIGHLx0yAKS99CTuYSvcWBXnZqTAy8TtyBVVKAZ2F9eP6FZDEJTTpTquU6q/QmRmlEO04qXKUgJHZEB9AwVJAblT/IzpvjUKH0cJdKU0DhXf29MSKzUOA7NZEz0UC16M/E/r5fp6NKfMJFmGgSdPxRlHOsEzzLBfSaBaj42hFDJzF8xHRJJqDbJVUwI7uLJy6R9XnPrtfpdvdq4KuIooyN0gs6Qiy5QA92iJmohih7RM3pFb9aT9WK9Wx/z0ZJV7ByiP7A+fwDNqZiq</latexit>

h�a�
⇤
bi =

<latexit sha1_base64="K4DuOHW4VjsuODPqe8bIv8/qxaE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUQKulAouHFZwT6gieFmOm2HTiZhZiKU0L0bf8WNC0Xc+gPu/BunaRbaeuBeDufcy8w9YcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WpJLRFYh7LbgiKciZoSzPNaTeRFKKQ0044vp75nQcqFYvFnZ4k1I9gKNiAEdBGCuyKx0EMOfWSEQsg7+G9B0p7MtfxFQ7sqlNzcuBl4hakigo0A/vL68ckjajQhINSPddJtJ+B1IxwOi17qaIJkDEMac9QARFVfpbfMsUnRunjQSxNCY1z9fdGBpFSkyg0kxHokVr0ZuJ/Xi/Vgws/YyJJNRVk/tAg5VjHeBYM7jNJieYTQ4BIZv6KyQgkEG3iK5sQ3MWTl0n7rObWa/XberVxWcRRQseogk6Ri85RA92gJmohgh7RM3pFb9aT9WK9Wx/z0RWr2DlCf2B9/gDQr5re</latexit>

f

<latexit sha1_base64="70slsg7ssA+IcCzFG5i/3N+dJ1Y=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A8tpjOs=</latexit>

f

<latexit sha1_base64="70slsg7ssA+IcCzFG5i/3N+dJ1Y=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A8tpjOs=</latexit>

f

<latexit sha1_base64="70slsg7ssA+IcCzFG5i/3N+dJ1Y=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A8tpjOs=</latexit>

(2.11)

Notice that we get 3 terms, one for each way of grouping the 4

fields into pairs. In general, the number of ways of pairing 2k ele-
ments is (2k)!

2kk!
. This can be derived by dividing the number of ways

of rearranging all 2k points (i.e. (2k)!), by the number of ways of
rearranging the pairs (i.e. k!) and by the number of ways of rear-
ranging the 2 points composing each pair (i.e. 2k). We will see that
combinatorics plays a role in diagrammatic expansions.

Note that if we were working with complex fields, then the ma-
trixM would be Hermitian rather than symmetric. In that case,
the order of the indices inM−1 matters and we would draw the
propagator with a directed line (Fig. 2.2).

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit>

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit>

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit>

b
<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

b
<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

b
<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

c
<latexit sha1_base64="4FknEPSgF3Gt6Rb3Fl0w1pLTZHA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3WL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8XljOU=</latexit> c

<latexit sha1_base64="4FknEPSgF3Gt6Rb3Fl0w1pLTZHA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3WL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8XljOU=</latexit>

c
<latexit sha1_base64="4FknEPSgF3Gt6Rb3Fl0w1pLTZHA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3WL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8XljOU=</latexit>

d
<latexit sha1_base64="R5HBigtIRVjYDMjJ81JaM2Z9qtQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH29uaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/LhUVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRrcz/+EJleaJvDfjFP2YDiSPOKPGSs2wX664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7olJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMTXfsTLtPMoGSLRVEmiEnI7GsScoXMiLEllClubyVsSBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP8dpjOY=</latexit>

d
<latexit sha1_base64="R5HBigtIRVjYDMjJ81JaM2Z9qtQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH29uaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/LhUVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRrcz/+EJleaJvDfjFP2YDiSPOKPGSs2wX664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7olJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMTXfsTLtPMoGSLRVEmiEnI7GsScoXMiLEllClubyVsSBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP8dpjOY=</latexit>

d
<latexit sha1_base64="R5HBigtIRVjYDMjJ81JaM2Z9qtQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH29uaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/LhUVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRrcz/+EJleaJvDfjFP2YDiSPOKPGSs2wX664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7olJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMTXfsTLtPMoGSLRVEmiEnI7GsScoXMiLEllClubyVsSBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP8dpjOY=</latexit>

+ +=

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit> b

<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit> b

<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

= ~(M�1)ab

<latexit sha1_base64="+njURK98bQzcn8snVvN/EoQw5AM=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCPVgSKehBoeDFi1DBfkAby2S7bZduNmF3I5SQmxf/ihcPinj1L3jz37htc9Dqg4HHezPMzPMjzpR2nC8rt7C4tLySXy2srW9sbtnbOw0VxpLQOgl5KFs+KMqZoHXNNKetSFIIfE6b/uhy4jfvqVQsFLd6HFEvgIFgfUZAG6lr71/gztAHWeoEoIcEeHKd3iXHbnrUTcBPu3bRKTtT4L/EzUgRZah17c9OLyRxQIUmHJRqu06kvQSkZoTTtNCJFY2AjGBA24YKCKjykukfKT40Sg/3Q2lKaDxVf04kECg1DnzTOblWzXsT8T+vHev+mZcwEcWaCjJb1I851iGehIJ7TFKi+dgQIJKZWzEZggSiTXQFE4I7//Jf0jgpu5Vy5aZSrJ5nceTRHjpAJeSiU1RFV6iG6oigB/SEXtCr9Wg9W2/W+6w1Z2Uzu+gXrI9vCUSYyA==</latexit>

= ~(M�1)ab

<latexit sha1_base64="+njURK98bQzcn8snVvN/EoQw5AM=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCPVgSKehBoeDFi1DBfkAby2S7bZduNmF3I5SQmxf/ihcPinj1L3jz37htc9Dqg4HHezPMzPMjzpR2nC8rt7C4tLySXy2srW9sbtnbOw0VxpLQOgl5KFs+KMqZoHXNNKetSFIIfE6b/uhy4jfvqVQsFLd6HFEvgIFgfUZAG6lr71/gztAHWeoEoIcEeHKd3iXHbnrUTcBPu3bRKTtT4L/EzUgRZah17c9OLyRxQIUmHJRqu06kvQSkZoTTtNCJFY2AjGBA24YKCKjykukfKT40Sg/3Q2lKaDxVf04kECg1DnzTOblWzXsT8T+vHev+mZcwEcWaCjJb1I851iGehIJ7TFKi+dgQIJKZWzEZggSiTXQFE4I7//Jf0jgpu5Vy5aZSrJ5nceTRHjpAJeSiU1RFV6iG6oigB/SEXtCr9Wg9W2/W+6w1Z2Uzu+gXrI9vCUSYyA==</latexit>

h�a�bi =

<latexit sha1_base64="VTxflaGP1PVOaEElSJp/LG4yno4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRS0IVCwY3LCvYBTQiT6U07dDIJMxOhlK7c+CtuXCji1m9w5984TbPQ1gP3cjjnXmbuCVPOlHacb6u0srq2vlHerGxt7+zu2fsHbZVkkkKLJjyR3ZAo4ExASzPNoZtKIHHIoROObmZ+5wGkYom41+MU/JgMBIsYJdpIgX3scSIGHLx0yAKS99CTuYSvcWBXnZqTAy8TtyBVVKAZ2F9eP6FZDEJTTpTquU6q/QmRmlEO04qXKUgJHZEB9AwVJAblT/IzpvjUKH0cJdKU0DhXf29MSKzUOA7NZEz0UC16M/E/r5fp6NKfMJFmGgSdPxRlHOsEzzLBfSaBaj42hFDJzF8xHRJJqDbJVUwI7uLJy6R9XnPrtfpdvdq4KuIooyN0gs6Qiy5QA92iJmohih7RM3pFb9aT9WK9Wx/z0ZJV7ByiP7A+fwDNqZiq</latexit>

h�a�
⇤
bi =

<latexit sha1_base64="K4DuOHW4VjsuODPqe8bIv8/qxaE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUQKulAouHFZwT6gieFmOm2HTiZhZiKU0L0bf8WNC0Xc+gPu/BunaRbaeuBeDufcy8w9YcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WpJLRFYh7LbgiKciZoSzPNaTeRFKKQ0044vp75nQcqFYvFnZ4k1I9gKNiAEdBGCuyKx0EMOfWSEQsg7+G9B0p7MtfxFQ7sqlNzcuBl4hakigo0A/vL68ckjajQhINSPddJtJ+B1IxwOi17qaIJkDEMac9QARFVfpbfMsUnRunjQSxNCY1z9fdGBpFSkyg0kxHokVr0ZuJ/Xi/Vgws/YyJJNRVk/tAg5VjHeBYM7jNJieYTQ4BIZv6KyQgkEG3iK5sQ3MWTl0n7rObWa/XberVxWcRRQseogk6Ri85RA92gJmohgh7RM3pFb9aT9WK9Wx/z0RWr2DlCf2B9/gDQr5re</latexit>

Figure 2.2: Propagator for complex φ.
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2.2 Interacting theory

We wish to go beyond the free theory, including higher-terms of φ

is S(φ). Exact integration is usually not possible, so we often seek
an expansion about the classical result, h̄ = 0. However integrals
like ∫

dNφ f (φ)e−
1
h̄ S

do not have a Taylor expansion about h̄ = 0. Dyson argued this by
contradiction. Assume that the integral did have a Taylor expansion
about h̄ = 0, then it must have a finite radius of convergence in the
complex h̄ plane. However for any Re h̄ < 0 the integral clearly
diverges.4 Therefore, the radius of convergence cannot be larger 4 Recall we assumed at the start of the

Chapter that S(φ)→ ∞ as φ→ ±∞.than zero.
Consequently the h̄-expansion is at best asymptotic. We say the

function I(h̄) is asyptotic to a power series

I(h̄) ∼
∞

∑
n=0

cn h̄n (2.12)

if and only if, for all N

lim
h̄→0+

1
h̄N

∣∣∣∣∣I(h̄)−
N

∑
n=0

cn h̄n

∣∣∣∣∣ = 0 . (2.13)

That is, for fixed N, the difference between the series and the func-
tion vanishes as h̄ → 0 from above. Naturally we are not usually in-
terested in this limit. We wish to successively improve our estimate
of the function by increasing N while h̄ is kept fixed. For h̄ > 0, the
asymptotic series fails to include any transcendental terms such as
exp(− 1

h̄2 ). These “nonperturbative” terms can be important in some
theories, or very small in others.

Once again, we take φ to be a real variable and

S(φ) =
1
2

m2φ2 +
λ

4!
φ4 . (2.14)

We will assume that λ > 0 so that the integral over φ below will
be finite as |φ| → ∞, and that m2 > 0 so that the minimum of S is
at φ = 0. Now we expand the exponential in the integrand of the
partition function

Z =
∫

dφ exp
[
−1

h̄

(
1
2

m2φ2 +
λ

4!
φ4
)]

=
∫

dφ e
−m2φ2

2h̄

∞

∑
V=0

1
V!

(
− λ

4! h̄

)V
φ4V . (2.15)

This infinite series converges and the resulting integral converges.
Now we’re going to be naughty and swap the order of integration
and summation, resulting in an expansion which is asymptotic to
Z. We cannot do this with an infinite series, so we first truncate the
series. Letting x = m2φ2

2h̄ we write

Z ∼
√

2h̄
m

N

∑
V=0

1
V!

(
− h̄λ

4! m4

)V
22V

∫ ∞

0
dx e−xx2V+ 1

2−1 . (2.16)
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The integral is the Γ function, Γ(2V + 1
2 ) =

(4V)!
√

π
42V(2V)! .

Z ∼
√

2πh̄
m

N

∑
V=0

(
− h̄λ

m4

)V 1
(4!)VV!︸ ︷︷ ︸

(1)

(4V)!
22V(2V)!︸ ︷︷ ︸

(2)

(2.17)

Stirling’s approximation that large V, V! ≈ eV log V , so 1
(4!)VV!

(4V)!
22V(2V)! ≈

eV log V ≈ V!. This factorial growth of coefficients is a sign that the
series is not convergent, but asymptotic.

Looking at the two combinatorial factors in (2.17), term (1) comes
from the Taylor expansion of the λ

4!h̄ φ4 term in the exponential
e−S/h̄. Term (2) is the number of ways of pairing 4V elements, i.e.
each of the φ4 in the V-th term.

Let us repeat this for the generating function Z(J), employing
some methods developed in § 2.1. Denoting S0(φ) = 1

2 m2φ2 and
S1(φ) =

λ
4! φ

4,

Z(J) =
∫

dφ exp
{
−1

h̄
[S0(φ) + S1(φ) + Jφ]

}

= exp
[
−1

h̄
S1

(
−h̄

∂

∂J

)] ∫
dφ e−

1
h̄ [S0(φ)+Jφ]

∝ exp

[
− λ

4! h̄

(
h̄

∂

∂J

)4
]

exp
(

1
2h̄

JTM−1 J
)

∼
N

∑
V=0

1
V!

[
− λ

4! h̄

(
h̄

∂

∂J

)4
]V

∑
P=0

1
P!

[
1

2h̄
JTM−1 J

]P
. (2.18)

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit>

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit>

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit>

b
<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

b
<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

b
<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

c
<latexit sha1_base64="4FknEPSgF3Gt6Rb3Fl0w1pLTZHA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3WL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8XljOU=</latexit> c

<latexit sha1_base64="4FknEPSgF3Gt6Rb3Fl0w1pLTZHA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3WL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8XljOU=</latexit>

c
<latexit sha1_base64="4FknEPSgF3Gt6Rb3Fl0w1pLTZHA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3WL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8XljOU=</latexit>

d
<latexit sha1_base64="R5HBigtIRVjYDMjJ81JaM2Z9qtQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH29uaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/LhUVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRrcz/+EJleaJvDfjFP2YDiSPOKPGSs2wX664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7olJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMTXfsTLtPMoGSLRVEmiEnI7GsScoXMiLEllClubyVsSBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP8dpjOY=</latexit>

d
<latexit sha1_base64="R5HBigtIRVjYDMjJ81JaM2Z9qtQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH29uaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/LhUVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRrcz/+EJleaJvDfjFP2YDiSPOKPGSs2wX664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7olJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMTXfsTLtPMoGSLRVEmiEnI7GsScoXMiLEllClubyVsSBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP8dpjOY=</latexit>

d
<latexit sha1_base64="R5HBigtIRVjYDMjJ81JaM2Z9qtQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH29uaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/LhUVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRrcz/+EJleaJvDfjFP2YDiSPOKPGSs2wX664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7olJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMTXfsTLtPMoGSLRVEmiEnI7GsScoXMiLEllClubyVsSBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP8dpjOY=</latexit>

+ +=

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit> b

<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

a
<latexit sha1_base64="tIT1IMRopvwDTyievdtgadfBF24=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3aL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2rehfVWvOyUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD8LdjOM=</latexit> b

<latexit sha1_base64="DZ9ySWdV7RYhvgrvWLtj+/VuKHg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2gX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH8RhjOQ=</latexit>

= ~(M�1)ab

<latexit sha1_base64="+njURK98bQzcn8snVvN/EoQw5AM=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCPVgSKehBoeDFi1DBfkAby2S7bZduNmF3I5SQmxf/ihcPinj1L3jz37htc9Dqg4HHezPMzPMjzpR2nC8rt7C4tLySXy2srW9sbtnbOw0VxpLQOgl5KFs+KMqZoHXNNKetSFIIfE6b/uhy4jfvqVQsFLd6HFEvgIFgfUZAG6lr71/gztAHWeoEoIcEeHKd3iXHbnrUTcBPu3bRKTtT4L/EzUgRZah17c9OLyRxQIUmHJRqu06kvQSkZoTTtNCJFY2AjGBA24YKCKjykukfKT40Sg/3Q2lKaDxVf04kECg1DnzTOblWzXsT8T+vHev+mZcwEcWaCjJb1I851iGehIJ7TFKi+dgQIJKZWzEZggSiTXQFE4I7//Jf0jgpu5Vy5aZSrJ5nceTRHjpAJeSiU1RFV6iG6oigB/SEXtCr9Wg9W2/W+6w1Z2Uzu+gXrI9vCUSYyA==</latexit>

= ~(M�1)ab

<latexit sha1_base64="+njURK98bQzcn8snVvN/EoQw5AM=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCPVgSKehBoeDFi1DBfkAby2S7bZduNmF3I5SQmxf/ihcPinj1L3jz37htc9Dqg4HHezPMzPMjzpR2nC8rt7C4tLySXy2srW9sbtnbOw0VxpLQOgl5KFs+KMqZoHXNNKetSFIIfE6b/uhy4jfvqVQsFLd6HFEvgIFgfUZAG6lr71/gztAHWeoEoIcEeHKd3iXHbnrUTcBPu3bRKTtT4L/EzUgRZah17c9OLyRxQIUmHJRqu06kvQSkZoTTtNCJFY2AjGBA24YKCKjykukfKT40Sg/3Q2lKaDxVf04kECg1DnzTOblWzXsT8T+vHev+mZcwEcWaCjJb1I851iGehIJ7TFKi+dgQIJKZWzEZggSiTXQFE4I7//Jf0jgpu5Vy5aZSrJ5nceTRHjpAJeSiU1RFV6iG6oigB/SEXtCr9Wg9W2/W+6w1Z2Uzu+gXrI9vCUSYyA==</latexit>

h�a�bi =

<latexit sha1_base64="VTxflaGP1PVOaEElSJp/LG4yno4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRS0IVCwY3LCvYBTQiT6U07dDIJMxOhlK7c+CtuXCji1m9w5984TbPQ1gP3cjjnXmbuCVPOlHacb6u0srq2vlHerGxt7+zu2fsHbZVkkkKLJjyR3ZAo4ExASzPNoZtKIHHIoROObmZ+5wGkYom41+MU/JgMBIsYJdpIgX3scSIGHLx0yAKS99CTuYSvcWBXnZqTAy8TtyBVVKAZ2F9eP6FZDEJTTpTquU6q/QmRmlEO04qXKUgJHZEB9AwVJAblT/IzpvjUKH0cJdKU0DhXf29MSKzUOA7NZEz0UC16M/E/r5fp6NKfMJFmGgSdPxRlHOsEzzLBfSaBaj42hFDJzF8xHRJJqDbJVUwI7uLJy6R9XnPrtfpdvdq4KuIooyN0gs6Qiy5QA92iJmohih7RM3pFb9aT9WK9Wx/z0ZJV7ByiP7A+fwDNqZiq</latexit>

h�a�
⇤
bi =

<latexit sha1_base64="K4DuOHW4VjsuODPqe8bIv8/qxaE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUQKulAouHFZwT6gieFmOm2HTiZhZiKU0L0bf8WNC0Xc+gPu/BunaRbaeuBeDufcy8w9YcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WpJLRFYh7LbgiKciZoSzPNaTeRFKKQ0044vp75nQcqFYvFnZ4k1I9gKNiAEdBGCuyKx0EMOfWSEQsg7+G9B0p7MtfxFQ7sqlNzcuBl4hakigo0A/vL68ckjajQhINSPddJtJ+B1IxwOi17qaIJkDEMac9QARFVfpbfMsUnRunjQSxNCY1z9fdGBpFSkyg0kxHokVr0ZuJ/Xi/Vgws/YyJJNRVk/tAg5VjHeBYM7jNJieYTQ4BIZv6KyQgkEG3iK5sQ3MWTl0n7rObWa/XberVxWcRRQseogk6Ri85RA92gJmohgh7RM3pFb9aT9WK9Wx/z0RWr2DlCf2B9/gDQr5re</latexit>

f

<latexit sha1_base64="70slsg7ssA+IcCzFG5i/3N+dJ1Y=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A8tpjOs=</latexit>

f

<latexit sha1_base64="70slsg7ssA+IcCzFG5i/3N+dJ1Y=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A8tpjOs=</latexit>

f

<latexit sha1_base64="70slsg7ssA+IcCzFG5i/3N+dJ1Y=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A8tpjOs=</latexit>

(a) (b)

Figure 2.3: (a) Propagator with exter-
nal sources at both ends. (b) Vertex.

We can represent the double series (2.18) graphically using Feyn-
man diagrams. Once again, each factor ofM−1 = m−2 is repre-
sented by a line (Fig. 2.3a). Let us use a filled circle at the end of
a line to represent a factor of J. For each factor ( ∂

∂J )
4, which came

from the interaction term in the action S1(φ), we draw a vertex
(Fig. 2.3b).

First let us check that we reproduce the result for Z = Z(0)
(2.17), at the same time seeing how the diagrammetic method
works. In order to be nonzero when we set J = 0, there must be
the same number of derivatives coming from the vertices as there
are sources at the ends of the propagators, i.e. we must have

E ≡ 2P− 4V = 0 . (2.19)

We define E to be the number of external sources left undiffer-
entiated. For Z(0) this must be zero, but when we want n-point
functions, we will want E = n.

+ + +1   +

Figure 2.4: First few terms in the
expansion of Z(0), normalized by
the free, sourceless partition function
Z0(0) given in (2.4).
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For the first two nontrivial terms in (2.17) correspond to (V, P) =
(1, 2) and (2, 4) (Fig. 2.4). Just as when we multiply algebraic ex-
pressions, we combine like terms. Here we have to account the
multiple ways in which derivatives from the vertices can act on
sources on the propagators. Consider the diagram in Fig. 2.4 with
1 vertex and the number of ways it can be made by multiplying out
the terms in (2.18). Let us make a “pre-diagram” where we label
the ends of the vertex lines and the propagators (Fig. 2.5). There are
A = 4! ways of assigning the sources a, a′, b, b′ to the derivatives
at 1, 2, 3, and 4. Notice this is cancelled by a 4! in the denominator
F = (V!)(4!)V(P!) 2P = 4! · 2 · 22 of (2.17). Therefore the 1-vertex
diagram in (Fig. 2.4) comes with a prefactor A

F = 1
8 (times − h̄λ

m4 ).

(a) (b)

1

2

3

4

a

<latexit sha1_base64="6pue9obVgz1UIoKhf/vSGMhmqe4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUpMOyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VvVq11qxV6rd5HEU4g3O4BA+uoQ730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AcPVjOY=</latexit>

a0

<latexit sha1_base64="LIg7lfEHJNKUsGwAa00fgRIhJtQ=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ahzm71kyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSXrGm4EayTKIZRIFg7GN/O/PYTU5rH8tFMEuZHOJQ85BSNlR7wvF+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/dErOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmb1NBlwxasTEEqSK21sJHaFCamw4JRuCt/zyKmldVr1atXZfq9Rv8jiKcAKncAEeXEEd7qABTaAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wckRY0X</latexit>

b0

<latexit sha1_base64="2iOcuxnAGdhitoEcyHu3rHFM53s=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6SE475crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n80vnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzN4mA66QGTGxhDLF7a2EjaiizNhwSjYEb/nlVdK6rHq1au2+Vqnf5HEU4QRO4QI8uII63EEDmsAghGd4hTdn7Lw4787HorXg5DPH8AfO5w8lyo0Y</latexit>

b

<latexit sha1_base64="OhiYayRaAuizt4Vpdu4q8RRQ51c=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMYlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A8VZjOc=</latexit>

Figure 2.5: Labelled prediagram.
More generally, we can see that the denominator

F = (V!)(4!)V(P!) 2P

accounts for the permutations of all vertices (V!), all the legs on
each vertex (4!), all the propagators (P!), and both ends on each
propagator (2). However, most diagrams have some symmetry
which means that some of the permutations in F are identical and
have been double-counted in F. In the example above, consider the
pairing of vertices (1a, 2a′, 3b, 4b′). Swapping a with a′ at the same
time as swapping 1 with 2, we arrive at exactly the same term in
(2.18), so it should not be counted twice.

(a) (b)

1

2

3

4

a

<latexit sha1_base64="6pue9obVgz1UIoKhf/vSGMhmqe4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUpMOyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VvVq11qxV6rd5HEU4g3O4BA+uoQ730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AcPVjOY=</latexit>

a0

<latexit sha1_base64="LIg7lfEHJNKUsGwAa00fgRIhJtQ=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ahzm71kyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSXrGm4EayTKIZRIFg7GN/O/PYTU5rH8tFMEuZHOJQ85BSNlR7wvF+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/dErOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmb1NBlwxasTEEqSK21sJHaFCamw4JRuCt/zyKmldVr1atXZfq9Rv8jiKcAKncAEeXEEd7qABTaAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wckRY0X</latexit>

b0

<latexit sha1_base64="2iOcuxnAGdhitoEcyHu3rHFM53s=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6SE475crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n80vnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzN4mA66QGTGxhDLF7a2EjaiizNhwSjYEb/nlVdK6rHq1au2+Vqnf5HEU4QRO4QI8uII63EEDmsAghGd4hTdn7Lw4787HorXg5DPH8AfO5w8lyo0Y</latexit>

b

<latexit sha1_base64="OhiYayRaAuizt4Vpdu4q8RRQ51c=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMYlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A8VZjOc=</latexit>

a

<latexit sha1_base64="6pue9obVgz1UIoKhf/vSGMhmqe4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUpMOyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VvVq11qxV6rd5HEU4g3O4BA+uoQ730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AcPVjOY=</latexit>

a0

<latexit sha1_base64="LIg7lfEHJNKUsGwAa00fgRIhJtQ=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ahzm71kyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSXrGm4EayTKIZRIFg7GN/O/PYTU5rH8tFMEuZHOJQ85BSNlR7wvF+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/dErOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmb1NBlwxasTEEqSK21sJHaFCamw4JRuCt/zyKmldVr1atXZfq9Rv8jiKcAKncAEeXEEd7qABTaAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wckRY0X</latexit>

b0

<latexit sha1_base64="2iOcuxnAGdhitoEcyHu3rHFM53s=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6SE475crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n80vnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzN4mA66QGTGxhDLF7a2EjaiizNhwSjYEb/nlVdK6rHq1au2+Vqnf5HEU4QRO4QI8uII63EEDmsAghGd4hTdn7Lw4787HorXg5DPH8AfO5w8lyo0Y</latexit>

b

<latexit sha1_base64="OhiYayRaAuizt4Vpdu4q8RRQ51c=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMYlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A8VZjOc=</latexit>

c

<latexit sha1_base64="Y1uaSBofxe+A4q9GEJT0KzoJbJE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUpMNyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VvVq11qxV6rd5HEU4g3O4BA+uoQ730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AcbdjOg=</latexit>

c0

<latexit sha1_base64="q7ohKYWO4ZUdRNn5VXrQ0WeDWCw=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m71kyd7esTsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg/svF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn80ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzN4mA6E5QzmxhDIt7K2EjaimDG04JRuCt/zyKmldVr1atXZfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcnT40Z</latexit>

d

<latexit sha1_base64="LI4RfLYILust68QaOVuYFDm1xIc=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH29ibJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8mHnFFjpWY4KFfcqrsAWSdeTiqQozEof/XDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurhGQYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmqGN37GZZIalGy5aJgKYmIy/5qEXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9WrVWrNWqd/mcRThDM7hEjy4hjrcQwNawADhGV7hzXl0Xpx352PZWnDymVP4A+fzB8hhjOk=</latexit>

d0

<latexit sha1_base64="R3ww4qNfMQ0Gn8AWRn9wocQnS/M=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7e3vJkr29Y3dOCCH/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCCVwqDrfjuFtfWNza3idmlnd2//oHx41DJJphlvskQmuhNQw6VQvIkCJe+kmtM4kLwdjG5nfvuJayMS9YjjlPsxHSgRCUbRSg/heb9ccavuHGSVeDmpQI5Gv/zVCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzS6fkzCohiRJtSyGZq78nJjQ2ZhwHtjOmODTL3kz8z+tmGF37E6HSDLlii0VRJgkmZPY2CYXmDOXYEsq0sLcSNqSaMrThlGwI3vLLq6R1WfVq1dp9rVK/yeMowgmcwgV4cAV1uIMGNIFBBM/wCm/OyHlx3p2PRWvByWeO4Q+czx8o1I0a</latexit>
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Interacting Theory

Figure 2.6: Basketball prediagram.
An alternative, and often simpler way to determine A

F is to con-
sider the actions which leave invariant the unlabelled diagram, like
the first one in (Fig. 2.4). The diagram is unchanged if we swap the
direction we draw the top loop or the bottom loop, or if we swap
the top with the bottom loop. That gives us 23 ways of drawing the
same unlabelled diagram. S = 23 = 8.

With these considerations, we can find from the Feynman rules
and symmetry factors that the interacting partition function has
terms corresponding to those shown in Fig. 2.4 as

Z(0)
Z0(0)

= 1− h̄λ

8m4 +
h̄2λ2

m8

(
1
48

+
1

16
+

1
128

)
+ . . .

= 1− h̄λ

8m4 +
35
384

h̄2λ2

m8 + . . . . (2.20)

Note we have reintroduced the constant of proportionality Z0(0) =√
2πh̄
m , the free, J = 0 partition function (2.4), not to be confused

with the J = 0 interacting partition function Z(0) (no subscript).5 5 It is usual to omit the argument
when J = 0, so that Z(0) = Z and
Z0(0) = Z0.

We next consider how correlation functions can be obtained from
diagrammatic expansions of Z(J). The first few contributions to
Z(J) with 2 external sources (i.e. E = 2) are shown in Figure 2.7.
Note that the diagrams with vacuum bubbles can be factored out.
The sum of vacuum bubble diagrams is just Z(0). Therefore, they
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+ ++ ++ + … 

+1 + + … 

+ ++ + … 

+ ++ + … +

+

+

= ×

Figure 2.7: First few E = 2 terms in
the expansion of Z(J). In the second
line, we note that the vacuum bubbles
can be factored out so that the first
line is equal to Z(0) times the sum
of diagrams not containing vacuum
bubbles.

are divided out in the expectation value

〈φ2〉 = (−h̄)2

Z(0)

(
∂

∂J

)2
Z(J)

∣∣∣∣∣
J=0

=

+ ++ ++ + … 

+1 + + … 

+ ++ + … 

+ ++ + … +

+

+

= ×

. (2.21)

Note the derivative removes the factors of J in the E = 2 con-
tributions to Z(J). We represent this by removing the large dots.
There is also a factor of 2 associated with the 2 ways of ordering the
derivatives; i.e. which derivative acts on which external leg. We can
similarly draw diagrams for the first few terms in the expansion of
〈φ4〉 (Fig. 2.8).

+ ++ +  … 
Figure 2.8: First few terms in 〈φ4〉.
Note that there are disconnected dia-
grams, like the 4th diagram here, but
there are contributions from diagrams
with vacuum bubbles due to the factor
of [Z(0)]−1 in the expectation value.

2.3 Wilsonion effective action

We will show that the sum of all vacuum diagrams can be gener-
ated by considering only connected vacuum diagrams. That is,

Z = e−W/h̄ (2.22)

where Z is the (sourceless) partition function, which we showed
could be represented as the asymptotic series of all vacuum dia-
grams. W is the Wilsonian effective action and will be the sum of
all connected vacuum diagrams.

+ ++ +  … 

Figure 2.9: A disconnected diagram.
Using the numbering of connected
contributions appearing in Fig. 2.4,
n1 = 3, n3 = 1, and all other nI = 0.

Any diagram D is a product of connected diagrams. Denote
the set of connected diagrams by {CI} and assume that each CI

includes its own symmetry factor. Any particular D can be repre-
sented as

D =
1

SD
∏

I
(CI)

nI (2.23)

where nI ∈ N0 depending on how many copies of the I-th con-
nected diagram appear in D. SD is the additional symmetry factor



18

+ + +1   +

X

{nI}

<latexit sha1_base64="T6plfTgE3qlmnsEsEmHUMy5yCzI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF71VsB/QxLDZbtqlm03Y3Sgl5H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QcKZ0rb9bZVWVtfWN8qbla3tnd296v5BR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB+Hrqdx+pVCwW93qSUC/CQ8FCRrA20oOr0sjP3Ez4t26e+9WaXbdnQMvEKUgNCrT86pc7iEkaUaEJx0r1HTvRXoalZoTTvOKmiiaYjPGQ9g0VOKLKy2ZX5+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5/q8NLLmEhSTQWZLwpTjnSMphGgAZOUaD4xBBPJzK2IjLDERJugKiYEZ/HlZdI5qzuN+vldo9a8KuIowxEcwyk4cAFNuIEWtIGAhGd4hTfryXqx3q2PeWvJKmYO4Q+szx8FnpLc</latexit>

n1

<latexit sha1_base64="EHjjRi4mnHMpBYcsSwUsm2a/scI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg+q7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6pXq17e1yr1mzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4A/S+NmA==</latexit>

n2

<latexit sha1_base64="ZyCvC9uU9gDLGnt+F/dmSMGW0G4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CRAuLgI1lRBMDyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPljML6Z+Y9PXBsRqwecJNyP6FCJUDCKVrpX/Vq/XHGr7hxklXg5qUCOZr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/EyoJEWu2GJRmEqCMZn9TQZCc4ZyYgllWthbCRtRTRnadEo2BG/55VXSrlW9evXirl5pXOdxFOEETuEcPLiEBtxCE1rAYAjP8ApvjnRenHfnY9FacPKZY/gD5/MH/rONmQ==</latexit>

n3

<latexit sha1_base64="2xm9ZDI1JsrbkLU+Yym/Fd1XDXI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40ooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmtx9RaR7LBzNJ0I/oUPKQM2qsdC/75/1yxa26c5C/xMtJBXI0+uXP3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkxCoDEsbKljRkrv6cyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt++S9pnVW9WvXirlapX+dxFOEIjuEUPLiEOtxCA5rAYAhP8AKvjnCenTfnfdFacPKZQ/gF5+MbAEaNmg==</latexit>

×…

n1

<latexit sha1_base64="EHjjRi4mnHMpBYcsSwUsm2a/scI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg+q7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6pXq17e1yr1mzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4A/S+NmA==</latexit>

n2

<latexit sha1_base64="ZyCvC9uU9gDLGnt+F/dmSMGW0G4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CRAuLgI1lRBMDyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPljML6Z+Y9PXBsRqwecJNyP6FCJUDCKVrpX/Vq/XHGr7hxklXg5qUCOZr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/EyoJEWu2GJRmEqCMZn9TQZCc4ZyYgllWthbCRtRTRnadEo2BG/55VXSrlW9evXirl5pXOdxFOEETuEcPLiEBtxCE1rAYAjP8ApvjnRenHfnY9FacPKZY/gD5/MH/rONmQ==</latexit>

X

n1

<latexit sha1_base64="in9C7ppEydzevY+7NeCkJpIl7E0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOTZZmdzCZDZmaXeQhhyV948aCIV//Gm3/jJNmDJhY0FFXddHfFGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdGGvKmaQtwwyn3UxRLGJOO/H4duZ3nqjSLJUPZpLRUOChZAkj2Djpsa+tiHIZBdOoWvPr/hxolQQFqUGBZlT96g9SYgWVhnCsdS/wMxPmWBlGOJ1W+lbTDJMxHtKeoxILqsN8fvEUnTllgJJUuZIGzdXfEzkWWk9E7DoFNiO97M3E/7yeNclNmDOZWUMlWSxKLEcmRbP30YApSgyfOIKJYu5WREZYYWJcSBUXQrD88ippX9SDy/rV/WWt0SjiKMMJnMI5BHANDbiDJrSAgIRneIU3T3sv3rv3sWgtecXMMfyB9/kDqrmQ6g==</latexit>

X

n2

<latexit sha1_base64="b8LjT+x7bLyfP1Ey+qb+XxpvmNo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY8FLx4r2A9sQ9hsN+3S3U3Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wervwe09UaRbLBzNLqC/wWLKIEWys9DjUqQgyGTTmQbXm1t0caJ14BalBgXZQ/RqOYpIKKg3hWOuB5ybGz7AyjHA6rwxTTRNMpnhMB5ZKLKj2s/ziObqwyghFsbIlDcrV3xMZFlrPRGg7BTYTveotxP+8QWqiGz9jMkkNlWS5KEo5MjFavI9GTFFi+MwSTBSztyIywQoTY0Oq2BC81ZfXSbdR95r1q/tmrdUq4ijDGZzDJXhwDS24gzZ0gICEZ3iFN0c7L86787FsLTnFzCn8gfP5A6w+kOs=</latexit>

X

n3

<latexit sha1_base64="ymBcZH7NO+kjYfRL1sk5hVom9CA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseAF48V7Ae2IWy2m3bp7ibsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040vp35nSeqNEvkg5mkNBB4KFnMCDZWeuzrTIS5DC+nYbXm1t050CrxClKDAs2w+tUfJCQTVBrCsdY9z01NkGNlGOF0WulnmqaYjPGQ9iyVWFAd5POLp+jMKgMUJ8qWNGiu/p7IsdB6IiLbKbAZ6WVvJv7n9TIT3wQ5k2lmqCSLRXHGkUnQ7H00YIoSwyeWYKKYvRWREVaYGBtSxYbgLb+8StoXda9Rv7pv1Hy/iKMMJ3AK5+DBNfhwB01oAQEJz/AKb452Xpx352PRWnKKmWP4A+fzB63DkOw=</latexit>

×…

n3

<latexit sha1_base64="2xm9ZDI1JsrbkLU+Yym/Fd1XDXI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40ooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmtx9RaR7LBzNJ0I/oUPKQM2qsdC/75/1yxa26c5C/xMtJBXI0+uXP3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkxCoDEsbKljRkrv6cyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt++S9pnVW9WvXirlapX+dxFOEIjuEUPLiEOtxCA5rAYAhP8AKvjnCenTfnfdFacPKZQ/gF5+MbAEaNmg==</latexit>

=

Figure 2.10: Representation of the
reordering of the sum over graphs in
Z(0) as in (2.25).

associated with rearranging the connected parts, CI , in such a way
as to leave the diagram invariant, i.e.

SD = ∏
I

nI ! . (2.24)

For an example, see Fig. 2.9.
Now the (J = 0) partition function, normalized by the free

partition function, can be written as the sum over all diagrams.
Using (2.23) and (2.24), this sum can then be rearranged

Z
Z0

= ∑
{nI}

∏
I

1
nI !

(CI)
nI

= ∏
I

∑
nI

1
nI !

(CI)
nI

= exp

(
∑

I
CI

)
≡ e−(W−W0)h̄ (2.25)

where we implicitly define the Wilsonian effective action

W = W0 − h̄ ∑
I

CI . (2.26)

Normally we can simply drop the constant W0 which just accounts
for the normalization factor Z0. In going from the first to the sec-
ond line in 2.25, we factor the sum over all possible integers nI for
the infinite product of connected graphs, into separate factors for
each of the connected graphs (Fig. 2.10).

To see an example of how the effective action is used, let us
consider a theory with two real fields6 6 Note that we do not include a fac-

torial in the interation term since the
fields are distinguishable.

S(φ, χ) =
m2

2
φ2 +

M2

2
χ2 +

λ

4
φ2χ2 (2.27)

The Feynman rules are shown in Fig. 2.11.
First we work with the full theory, given by action (2.27). The ef-
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Figure 2.11: Feynman rules for the
theory described by (2.27).
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fective action W is given by the sum of connected vacuum diagrams

−W
h̄

=

Effective actions

+ + + +  … 

+ ++ + … +

= − h̄λ

4m2M2 +
h̄2λ2

m4M4

(
1

16
+

1
16

+
1
8

)
+ . . . . (2.28)

The 2-point correlation function (or propagator) is given to 2-loops
as

〈φ2〉 =

Effective actions

+ + + +  … 

+ ++ + … +

=
h̄

m2 −
h̄2λ2

2m4M4 +
h̄3λ3

m6M4

(
1
4
+

1
4
+

1
2

)
+ . . . . (2.29)

Say we want to remove explicit χ-dependence, for example
maybe the χ is massive enough not to be produced at experimen-
tally accessible energy scales because M � m. Integrate out the
heavy field. Define W such that

e−W(φ)/h̄ =
∫

dχ e−S(φ,χ)/h̄ . (2.30)

The φ2χ2 term is treated as a source term for χ2 (J = φ2). Correla-
tion functions only involving φ fields can be obtained

〈 f (φ)〉 = 1
Z

∫
dφ dχ f (φ) e−S(φ,χ)/h̄ =

1
Z

∫
dφ f (φ) e−W(φ)/h̄ . (2.31)

It is in this sense that W is an effective action, incorporating the
virtual effects of the χ field.

In our example, the integral can be done.

∫
dχ e−S(φ,χ)/h̄ = e−

1
2h̄ m2φ2

√
2πh̄

M2 + λ
2 φ2

(2.32)

therefore

W(φ) =
1
2

m2φ2 +
h̄
2

log
(

1 +
λ

2M2 φ2
)
+

h̄
2

log
M2

2πh̄
. (2.33)

The constant term cancels in correlation functions, so it is irrelevant
in QFT. However, this contributes to the energy density of the uni-
verse, to the so-called cosmological constant. Why is the observed
value of the cosmological constant so small?

Expand the logarithm

W(φ) =

(
m2

2
+

h̄λ

4M2

)
φ2 − h̄λ2

16M4 φ4 +
h̄λ3

48M6 φ6 + . . .

≡ m2
eff
2

φ2 +
λ4

4!
φ4 +

λ6

6!
φ6 + . . . +

λ2k
(2k)!

φ2k + . . . (2.34)
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where we define effective mass and couplings

m2
eff = m2 +

h̄λ

2M2

λ2k = (−1)k+1h̄
(2k)!
2k+1k

λk

M2k . (2.35)

In dimensions greater than zero, it is usually not possible to eval-
uate integrals exactly, so W(φ) must be calculated perturbatively.
The λ

4 φ2χ2 term can be treated as a source term with 2 legs when
doing the χ-integrals (Fig. 2.12).
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Figure 2.12: Feynman rules for eval-
uating W(φ) by integrating out the χ
field, treating φ2 as a source term.

Since W is the −h̄ times the sum of connected diagrams

W(φ) =

~
M2
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=
m2

2
φ2 +

1
2

h̄λ

2M2 φ2 − 1
4

h̄λ2

4M4 φ4 +
1
3!

h̄λ

8M6 φ6 + . . . (2.36)

as before. Using this W(φ)

〈φ2〉 = 1
Z

∫
dφ φ2 e−

1
h̄ W(φ)

=

➙

+ + …   

=
h̄

m2
eff
− h̄2λ4

2m6
eff

+ . . . (2.37)

as before.

2.4 Quantum effective action

In this section we introduce the quantum effective action, closely
related to the Wilsonian effective action, but with a different inter-
pretation. Consider the mean field configuration in the presence of
external source J

Φ =
∂W
∂J

= − h̄
Z(J)

∂

∂J

∫
dφ e−

1
h̄ (S+Jφ) = 〈φ〉J . (2.38)

We perform Legendre transform, exchanging J as the independent
variable for Φ:

Γ(Φ) = W(J)−ΦJ . (2.39)

It may be useful to recall other Legendre transforms used in
physics, for example from Lagrangians to Hamiltonians, where
time derivatives of coordinates are replaced by conjugate momenta.
A more apt analogy comes from the statistical physics of magnetic
systems. Consider the partition function for a system of spins si in
the presense of an external magnetic field hi

Z(h) = ∑
{si}

exp

[
−β

(
∑

i,j,...
H(si, sj, . . .) + ∑

i
hisi

)]
(2.40)



21

where H is the Hamiltonian7 and β is the inverse temperature. The 7 e.g. the Ising Hamiltonian H ∝ −sisj
where the sum would be over all
nearest neighbors 〈ij〉Helmholtz free energy F(h) plays the role of the Wilsonian effective

action:

F(h) = − 1
β

log Z(h) . (2.41)

The magnetization M plays the role of the average field in the pres-
ence of the field h

M(h) = −dF
dh

= ∑
i
〈si〉 . (2.42)

However, we can swap which variable is independent through a
Legendre transform to the Gibbs free energy

G(M) = F(h) + Mh . (2.43)

Note that

dG
dM

=
dF
dh

dh
dM

+ h + M
dh
dM

= h (2.44)

where the last equality follows from (2.42). Read from right-to-left,
this formally gives the external field as a function of the magneti-
zation h(M); however, it is most useful to think about what (2.44)
implies about G(M). For example, the minimum of G(M) coincides
with the equilibrium magnetization of the system when h = 0.

We can similarly look at the gradient of the quantum effective
action

∂Γ
∂Φ

=
∂W
∂Φ
− J −Φ

∂J
∂Φ

=
∂W
∂J︸︷︷︸
=Φ

∂J
∂Φ
− J −Φ

∂J
∂Φ

= −J . (2.45)

For example
∂Γ
∂Φ

∣∣∣∣
J=0

= 0 (2.46)

that is, in the absence of a source, Φ = 〈φ〉 corresponds to an
extremum of the function Γ(Φ).

We must apply usual caveat regarding Legendre transforms
for physical systems: it is assumed that the functions being trans-
formed are convex. In cases where this is not so, it is possible that
one could apply a kind of Maxwell construction, as one sees in the
statistical physics of first-order transitions. In field theory, we rarely
have enough information to know beforehand whether such an ap-
proach is safe. As they say, then the proof of the pudding is in the
eating.8 8 Translation: If the results of the

calculation are correct, then the as-
sumptions in the calculation were
(probably) correct. Otherwise, not.

We can develop a perturbative expansion of Γ(Φ) building upon
our earlier perturbative expansions. Let us consider a Wilsonian ef-
fect action constructed, not using the classical action S(φ) which we
always compare to the physical Planck’s constant h̄, but instead us-
ing the quantum effective action Γ(Φ) compared to some ficticious
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Planck-like constant g:

e−WΓ(J)/g =
∫

dΦ exp
[
− 1

g
(Γ(Φ) + JΦ)

]
. (2.47)

WΓ is the sum of connected diagrams with Φ propagators and
vertices derived from Γ(Φ). A diagram with ` loops will enter at
order g`, so we can write the series as

WΓ(J) = ∑
`=0

g`W(`)
Γ (J) . (2.48)

Tree diagrams compose W(0)
Γ (J). In the g → 0 limit only tree dia-

grams contribute. Also as g → 0, the integral over Φ will be domi-
nated by the minimum of the exponent in (2.47), i.e. the Φ such that

∂Γ
∂Φ

= −J . (2.49)

Therefore WΓ(J) = W(0)
Γ (J) = Γ(Φ) + JΦ = W(J), the last equality

from (2.39). The sum of connected diagrams W(J) can be obtained
from the sum of tree diagrams using the action Γ(Φ) + JΦ.

➙

+= + …   

Figure 2.13: Example of a diagram
with a bridge. The first diagram is
not one-particle irreducible because it
becomes disconnected if an internal
line is cut.

In order for this to be true, Γ(Φ) must be the sum of a class of
diagrams called one-particle irreducible or “1PI" for short. These are
diagrams which contain no “bridges;” an internal line (that is, an
edge) of a connected graph is a bridge if cutting it would make the
graph disconnected (e.g. see Fig. 2.13).

The quantum effective action Γ(Φ) is the result of summing all
the 1PI graphs with propagators and vertices derived from the
action S(φ), yielding many effective vertices for Γ(Φ). Then cor-
relation functions can be formed by considering only tree graphs
constructed using the vertices in Γ(Φ) (e.g. see Fig. 2.14).

➙

+ + …   

(a)

(b)

Figure 2.14: (a) A complicated diagram
in a theory where S(φ) contains φ3

and φ4 terms. (b) A tree diagram, with
the vertices coming from Φ3 and Φ4

in Γ(Φ). Diagram (a) is one of many
contained in diagram (b), since the
vertices of Γ(Φ) are the sum of 1PI
diagrams with the corresponding
number of external legs.

For example, in a theory with N fields φa, a = 1, . . . , N, we can
find the connected two-point function

〈φaφb〉conn
J = 〈φaφb〉J − 〈φa〉J〈φb〉J

= −h̄
∂2W

∂Ja∂Jb

using relations above, transforming from J to Φ as the independent
variables

= −h̄
∂Φb
∂Ja

= −h̄
(

∂Ja

∂Φb

)−1

= h̄
(

∂2Γ
∂Φb∂Φa

)−1

. (2.50)

In words, the full φ propagator, including loops, is equal to h̄ times
the inverse of the quadratic term in Γ(Φ). Similar relations can be
derived for n-point functions, with n > 2.
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2.5 Fermions

θaθb = −θbθa (2.51)

For any scalar φb ∈ C

θaφb = φbθa (2.52)

i.e. Grassmann numbers communte with complex numbers. Note
that θ2

a = 0, which implies any function of n Grassmann numbers
can be written as a finite sum

F(θ) = f + ρaθa +
1
2!

gabθaθb + . . . +
1
n!

ha1a2···an θa1 θa2 · · · θan (2.53)

where the coefficients g, . . . , h are totally antisymmetric in their
indices, e.g. gab = −gba.

Differentiation obeys a product rule with an additional minus
sign

∂

∂θa
[θbF(θ)] = −θb

∂F
∂θa

+ δabF(θ) (2.54)

with δab the familiar Kronecker delta.
Integration. Require translational invariance, for constant Grass-

mann η ∫
dθ(θ + η) =

∫
dθ θ (2.55)

This implies ∫
dθ = 0 and

∫
dθ θ = 1 (2.56)

where the latter equality includes a choice of normalization. Note
the similarity between differentiation and integration. These rules
are attributed to Berezin. One helpful identity is

∫
dθ

∂

∂θ
F(θ) = 0 . (2.57)

Useful for integrating by parts.
With n Grassmann variables θa, the only nonvanishing integrals

involve exactly 1 power of each integration variable
∫

dnθ θ1θ2 · · · θn ≡
∫

dθndθn−1 · · · dθ1 θ1θ2 · · · θn = 1 (2.58)

In general ∫
dnθ θa1 θa2 · · · θan = εa1a2···an (2.59)

where ε is completely antisymmetric, i.e. equal to +1 if the indices
are an even permutation of 1, 2, . . . , n, to −1 if they are an odd
permutation, or to 0 if any indices are repeated. Say we have a
change of variables: θ′a = Aabθb. Then

∫
dnθ θ′a1

· · · θ′an = Aa1b1 Aa2b2 · · · Aanbn

∫
dnθ θb1 · · · θbn

= Aa1b1 Aa2b2 · · · Aanbn εb1···bn

= det A εa1···an

= det A
∫

dnθ′ θ′a1
· · · θ′an (2.60)
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Therefore a change of variables is accompanied by a determinant in
the numerator.

dnθ = det A dnθ′ . (2.61)

In order to move to field theories with fermions, we consider the
possible forms an action can take. With 2 Grassmann variables, we
have an action

S(θ) =
1
2

Aθ1θ2 (2.62)

with A ∈ R. The partition function is

Z0 =
∫

d2θ e−
1
h̄ S(θ)

=
∫

d2θ

(
1− A

2h̄
θ1θ2

)
= − A

2h
. (2.63)

With n = 2m fermion fields

S(θ) =
1
2

Aabθaθb , (2.64)

A is an antisymmetric matrix, and

Z0 =
∫

d2mθ e−
1
h̄ S

=
∫

d2mθ
m

∑
j=0

(−1)j

(2h̄)j j!
(Aabθaθb)

j

=
(−1)m

(2h̄)mm!

∫
d2mθ Aa1a2 Aa3a4 · · · Aa2m−1,a2m θa1 · · · θ2m

=
(−1)m

(2h̄)mm!
εa1a2···a2m Aa1a2 · · · Aa2m−1,a2m

=
(−1)m

h̄m PfA = ±
√

det A
h̄n . (2.65)

Compare this to (2.4) for bosonic (i.e. ordinary) integration, where
the determinant appears in the denominator. Above we have made
use of the Pfaffian of a 2m× 2m antisymmetric matrix A, defined to
be

PfA =
1

2mm!
εa1a2···a2m Aa1a2 · · · Aa2m−1,a2m (2.66)

For example, Pf

(
0 −a
a 0

)
= a.



LSZ reduction formula

[We adopt natural units h̄ = c = 1 in this chapter.]
Here we briefly sketch how the Lehmann-Symanzik-Zimmermann

reduction formula appears. This gives us a connection between
scattering amplitudes and correlations functions, in particular vac-
uum expectation values.

We will work through the case of 2 → 2 scattering. In order to
get a feel for what is going on, we imagine that our theory is very
weakly interacting, so that we can use our knowledge of the free
theory as a good approximation. At the end, we will comment on
how interactions introduce deviations from the free theory. The
conclusions we reach here can be shown more rigourously, but in a
way which does not allow us to use our intuition from free theory.
You are invited to investigate these discussions at the end of the
course.

Let us consider a real scalar field, in Minkowski spacetime using
the mostly minus metric,

φ(x) =
∫ d3k
(2π)3 2E

[
a(~k) e−ik·x + a†(~k) eik·x

]
(3.1)

where E2 = |~k|2 + m2 and k · x = Et −~k · ~x. The creation and
annihilation operators in (3.1) are relativistically normalized.

Invert to find expressions for a(~k)
∫

d3x eik·xφ(x) =
1

2E
a(~k) +

1
2E

e2iEt a†(−~k)
∫

d3x eik·x∂0φ(x) = − i
2

a(~k) +
i
2

e2iEt a†(−~k) (3.2)

which can be solved to give

a(~k) =
∫

d3x eik·x [i ∂0φ(x) + Eφ(x)]

a†(~k) =
∫

d3x e−ik·x [−i ∂0φ(x) + Eφ(x)] (3.3)

For a free theory, a one-particle state is created

|k〉 = a†(~k)|Ω〉 (3.4)

where the vacuum |Ω〉 satisfies a(~k)|Ω〉 for all~k, and 〈Ω|Ω〉 = 1.
Introduce a Gaussian wave packet, i.e. define a creation operator

a†
1 ≡

∫
d3k f1(~k)a†(~k) with f1(~k) ∝ exp

[
− (~k−~k1)

4σ2

]
(3.5)
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with some mean momentum~k1 and width σ. Similarly for a second
particle, define

a†
2 ≡

∫
d3k f2(~k)a†(~k) , (3.6)

with~k2 6= ~k1. This is a temporary step which keeps things well-
behaved later. We can imagine evolving the Gaussians in the far
distant past and future, to times when the overlap between Gaus-
sians in coordinate space vanishes. We assume that this works even
when interactions are included. One complication in the presence
of interactions is that the operators a†

1 and a†
2 are time-dependent.

However, in the distant past or future, we assume they coincide
with their free theory expressions.

Define initial and final states (in/out states) to be

|i〉 = lim
t→−∞

a†
1(t)a†

2(t)|Ω〉

| f 〉 = lim
t→∞

a†
1′(t)a†

2′(t)|Ω〉 (3.7)

with 〈i|i〉 = 1 = 〈 f | f 〉,~k1 6=~k2 and~k′1 6=~k′2.
Let us look at the following difference:9 9 Line 1: Fundamental theorem of

calculus. Line 2: Equation (3.3). Line
3: Differentiation. Line 4: Dispersion
relation, |k2| as Laplacian acting
(leftward) on the exponential, then
integration by parts twice with f1(~k)
ensuring surface terms vanish.

a†
1(∞)− a†

1(−∞) =
∫ ∞

−∞
dt ∂0a†

1(t)

=
∫

d3k f1(~k)
∫

d4x ∂0

[
e−ik·x(−i∂0φ + Eφ)

]

= −i
∫

d3k f1(~k)
∫

d4x e−ik·x(∂2
0 + E2)φ

= −i
∫

d3k f1(~k)
∫

d4x e−ik·x(∂2
0 −∇2 + m2)φ

= −i
∫

d3k f1(~k)
∫

d4x e−ik·x(∂2 + m2)φ(x) . (3.8)

(In a free theory, the Klein-Gordon equation (∂2 + m2)φ = 0 implies
a†

1(∞) = a†
1(−∞).) This relation (3.8) will be used below to integrate

creation (annihilation) operators from the distant past (future) to
the distant future (past).

Now let’s consider the 2→ 2 scattering amplitude of interest

〈 f |i〉 = 〈Ω|T a1′(∞) a2′(∞) a†
1(−∞)a†

2(−∞)|Ω〉 (3.9)

Note we can just insert the time-ordering, as the operators are al-
ready time-ordered. We then use equations like (3.8) to substitute

a†
j (−∞) = a†

j (∞) + i
∫

d3k f j(~k)
∫

d4x e−ik·x(∂2 + m2)φ(x)

aj′(∞) = aj′(−∞) + i
∫

d3k f j(~k)
∫

d4x eik·x(∂2 + m2)φ(x) (3.10)

The time-ordering moves the aj(∞) to the left, annihilating 〈Ω| and
the aj′(−∞) to the right, annihilating |Ω〉. The only nonzero term is
the one with the products of the integrals:

〈 f |i〉 =(i)4
∫

d4x1 d4x2 d4x′1 d4x′2 e−ik1·x1 e−ik2·x2 eik′1·x′1 eik′2·x′2

× (∂2
1 + m2)(∂2

2 + m2)(∂2
1′ + m2)(∂2

2′ + m2)

× 〈Ω|T φ(x1)φ(x2)φ(x′1)φ(x′2)|Ω〉 (3.11)
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having taken the narrow-width limit, σ → 0, of the Gaussian wave-
packets, such that f (~k j)→ δ(3)(~k−~k j).10 10 Note the signs in the exponentials in

(3.11). We have negative signs for the
initial-state, or “incoming,” momenta:
e−ik·x , and positive signs for the
final-state, or “outgoing,” momenta:
eik′ ·x′ . These signs are a consequence
of our sign conventions for Fourier
transforms (9.1) and for the metric. In
this chapter we have used the mostly
minus Minkowski metric. We will
find the opposite sign for Euclidean
metric (as we would for the mostly
plus Minkowski metric).

Eq. (3.11) is the LSZ reduction formula. It says that all the in-
teresting information describing scattering is contained correlation
functions like 〈Ω|T φ(x1) · · · φ(xn)φ(x′1) · · · φ(x′n′)|Ω〉, written here
for n → n′ scattering. Everything else in the formula (3.11) is inde-
pendent of the details of the interactions.

We should examine our assumptions that interactions do not
change the t → ±∞ in and out states. In fact, we only need the
following weaker assumptions:

1. Assume a unique ground state, and that the first excited state is
a single-particle state.

2. We want φ|Ω〉 to be a single-particle state, i.e. that

〈Ω|φ|Ω〉 = 0 . (3.12)

If 〈Ω|φ|Ω〉 = v 6= 0, then let φ̃ = φ− v and work with this field.

3. We want φ normalized so that it creates a plane wave with unit
amplitude

〈k|φ(x)|Ω〉 = eik·x (3.13)

as in the free case. Interactions may require us to rescale the
field, e.g. φ 7→ Z1/2

φ φ.

With these, and careful thought about multiparticle states, the LSZ
formula still applies. These observations also hint at the fact that
the field and couplings we write down in the classical Lagrangian
will need to be “renormalized” when including effects due to in-
teractions. For example, we will need to introduce renormalization
factors Zφ, Zm, and Zλ in φ4 theory

L =
Zφ

2
∂µφ ∂µφ− Zm

2
m2φ2 − Zλ

4!
λ φ4 . (3.14)

Summary of main points

1. The interesting contributions to scattering amplitudes are given
by correlation functions (3.11).

2. We want to work with a field φ whose vacuum expectation value
is 0. If that is not the case, then we would define a shifted field
φ− v.

3. We want our field to be normalized so that φ(0)|Ω〉 is a correctly
normalized, single-particle state. In the presence of interactions
this might mean rescaling the field by a factor Z1/2

φ .
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Further reading

This treatment follows Srednicki, where a few more of the subtleties
are discussed.11 Other texts give a proper nonperturbative deriva- 11 M Srednicki. Quantum Field Theory.

Cambridge University Press, 2007.
ISBN 978-0-521-86449-7

tion, but such a discussion would be more appropriate at the end of
this course.12 12 S Weinberg. The Quantum Theory

of Fields I. Cambridge University
Press, 1995. ISBN 0-521-55001-7;
and M Peskin and D Schroeder. An
Introduction to Quantum Field Theory.
Addison-Wesley, 1995. ISBN 0-201-
50397-2



Scalar field theory

We now have an appreciable toolbox of functional integral methods
and are ready to apply them to a quantum field theory. Let’s begin
with scalar field theory in 4-dimensions.

4.1 Wick rotation

In Minkowski space, with mostly minus metric the Lagrange den-
sity is

L[φ] = 1
2

∂µφ ∂µφ−V[φ] (4.1)

where the interactions arise from

V[φ] =
1
2

m2φ2 + ∑
n>2

1
n!

V(n)φn . (4.2)

Writing the Lagrangian as L =
∫

d3xL, the partition function is

Z =
∫
Dφ exp

(
i
∫

dx0 L
)

. (4.3)

The free propagator is obtained by Fourier transforming φ̃(k) =∫
d4x eik·xφ(x) and looking at the quadratic term. As you would

have discussed last term, a prescription is needed to avoid poles
along the real k axis, so you wrote the Minkowski propagator as

i
k2 −m2 + iε

=
i

(k0)2 − |~k|2 −m2 + iε
. (4.4)

We can avoid the need for an iε prescription and make the inte-
grals more convergent by working in imaginary time ix0 = x4. This
is effectively a rotation of integration contours in such a way that
avoids crossing any nonanalyticities. We arrange the signs so that in
Euclidean space, our Lagrangian and partition function are

L[φ] = 1
2

∂µφ ∂µφ + V[φ] (4.5)

and

Z =
∫
Dφ exp

(
−
∫

dx4 L
)

. (4.6)

The rotation in momentum space can be inferred from requiring
k · x to be invariant:

k0x0 −~k ·~x = −ik0x4 −~k ·~x = −k4x4 −~k ·~x (4.7)
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where k4 = ik0. Therefore when we see an ik · x in mostly-minus
Minkowski spacetime, we should write it as −ik · x in Euclidean
spacetime. The free propagator in momentum space is

∆̃0(k) =
1

k2 + m2 =
1

(k4)2 + |~k|2 + m2
. (4.8)

Scalar field theory

Im k0

<latexit sha1_base64="K7LHPn3kNAXUIatAedEuvyLDbC4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgQkoiBbssuNFdBfuAJpbJdNIOnUnCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzJ0g4U9pxvq3SxubW9k55t7K3f3B4ZB+fdFScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbTG5zvzulUrE4etSzhPoCjyIWMoK1kQa27Qmsx1Jk92LuXU2enIFddWrOAmiduAWpQoHWwP7yhjFJBY004Vipvusk2s+w1IxwOq94qaIJJhM8on1DIyyo8rNF8jm6MMoQhbE0L9Joof7eyLBQaiYCM5nnVKteLv7n9VMdNvyMRUmqaUSWh8KUIx2jvAY0ZJISzWeGYCKZyYrIGEtMtCmrYkpwV7+8TjrXNbdeqz/Uq81GUUcZzuAcLsGFG2jCHbSgDQSm8Ayv8GZl1ov1bn0sR0tWsXMKf2B9/gA5GZNc</latexit>

Im k4

<latexit sha1_base64="ngZZyX45X8yP7bGwZYyiMcnd2fs=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFcSEkkYJcFN7qrYB/QhDCZTtqhM0mYmRRK6J+4caGIW//EnX/jtM1CWw8MHM65l3vmRBlnSjvOt7WxubW9s1vZq+4fHB4d2yenHZXmktA2SXkqexFWlLOEtjXTnPYySbGIOO1G47u5351QqViaPOlpRgOBhwmLGcHaSKFt+wLrkRTFg5j51+PQC+2aU3cWQOvELUkNSrRC+8sfpCQXNNGEY6X6rpPpoMBSM8LprOrnimaYjPGQ9g1NsKAqKBbJZ+jSKAMUp9K8RKOF+nujwEKpqYjM5DynWvXm4n9eP9dxIyhYkuWaJmR5KM450ima14AGTFKi+dQQTCQzWREZYYmJNmVVTQnu6pfXSeem7np179GrNRtlHRU4hwu4AhduoQn30II2EJjAM7zCm1VYL9a79bEc3bDKnTP4A+vzB0Cuk2E=</latexit>

Re k4

<latexit sha1_base64="56BidW+gueZ3WjW5VP3LtkXHe1w=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQSsMuCG5dV7AOaECbTm3boTBJmJoUS+iduXCji1j9x5984bbPQ1gMDh3Pu5Z45UcaZ0o7zbW1sbm3v7Fb2qvsHh0fH9slpR6W5pNCmKU9lLyIKOEugrZnm0MskEBFx6Ebju7nfnYBULE2e9DSDQJBhwmJGiTZSaNu+IHokRfEIM/96HHqhXXPqzgJ4nbglqaESrdD+8gcpzQUkmnKiVN91Mh0URGpGOcyqfq4gI3RMhtA3NCECVFAsks/wpVEGOE6leYnGC/X3RkGEUlMRmcl5TrXqzcX/vH6u40ZQsCTLNSR0eSjOOdYpnteAB0wC1XxqCKGSmayYjogkVJuyqqYEd/XL66RzU3e9uvfg1ZqNso4KOkcX6Aq56BY10T1qoTaiaIKe0St6swrrxXq3PpajG1a5c4b+wPr8AUJBk2I=</latexit>

Re k0

<latexit sha1_base64="cskdEPJkv2veOaOHsWUNpyMU/I8=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwISWRgl0W3LisYh/QxDKZ3rRDZ5IwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6u0sbm1vVPereztHxwe2ccnHRWnkkKbxjyWvYAo4CyCtmaaQy+RQETAoRtMbnO/OwWpWBw96lkCviCjiIWMEm2kgW17guixFNkDzL2ryZMzsKtOzVkArxO3IFVUoDWwv7xhTFMBkaacKNV3nUT7GZGaUQ7zipcqSAidkBH0DY2IAOVni+RzfGGUIQ5jaV6k8UL9vZERodRMBGYyz6lWvVz8z+unOmz4GYuSVENEl4fClGMd47wGPGQSqOYzQwiVzGTFdEwkodqUVTEluKtfXied65pbr9Xv69Vmo6ijjM7QObpELrpBTXSHWqiNKJqiZ/SK3qzMerHerY/laMkqdk7RH1ifPzqsk10=</latexit>

Figure 4.1: Wick rotation from
Minkowski to Euclidean spacetime.

4.2 Feynman rules

The derivation of the free propagator follows § 2.1, with the compli-
cation that now the fields depend on spacetime position

S0[φ, J] =
∫

d4x
[

1
2

∂µφ∂µφ +
1
2

m2φ2 + J(x)φ(x)
]

. (4.9)

We solve for the free propagator by transforming to momentum
space. Following the sign convention for Fourier transforms,
Eq. (9.1) extended into Euclidean spacetime, we write φ(x) =∫ d4k

(2π)4 eik·xφ̃(k) and substitute into (4.9), taking care to use unique
integration variables for each substitution, to find the position inte-
gral yields a Dirac δ-function in the two momenta. After one of the
momentum integrations, we find

S0 =
1
2

∫ d4k
(2π)4

[
φ̃(−k)(k2 + m2)φ̃(k) + J̃(−k)φ̃(k) + J̃(k)φ̃(−k)

]

=
1
2

∫ d4k
(2π)4

[
χ̃(−k)(k2 + m2)χ̃(k)− J̃(−k) J̃(k)

k2 + m2

]
. (4.10)

We arrived at the first line by symmetrizing the Fourier transfer of
1
2 [J(x)φ(x) + J(x)φ(x)], choosing one momentum assignment for
the first term and the opposite for the second. The second line is
obtained as before by completing the square using χ̃ = φ̃ + J̃/(k2 +

m2). The path integral over χ̃ is Gaussian. We find (assuming a
normalization Z0[0] = 1)

Z0[ J̃] = exp
[

1
2

∫ d4k
(2π)4

J̃(−k) J̃(k)
k2 + m2

]
. (4.11)

We obtain the Feynman propagator by taking the functional deriva-
tive of Z0[ J̃] twice13 13 Note that while δ

δJ(x) J(y) = δ(4)(x−
y), in momentum space δ

δ J̃(q) J̃(k) =

(2π)4δ(4)(q− k).
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∆̃0(q) =
δ2Z0[ J̃]

δ J̃(−q) δ J̃(q)

∣∣∣∣
J̃=0

=
1

q2 + m2 . (4.12)

We can Fourier transform to obtain the propagator in position space

∆0(x− x′) =
∫ d4k

(2π)4
eik·(x−x′)

k2 + m2 . (4.13)

Thus we can write the generating functional as a position space
integral

Z0[J] = exp
[

1
2

∫
d4x d4x′ J(x)∆0(x− x′) J(x′)

]
. (4.14)

When we include interactions, we have L = L0 + L1 with
L0 = 1

2 ∂µφ ∂µφ + 1
2 m2φ2. Generalizing (2.18) we have the double

expansion

Z[J] =
∫
Dφ exp

[
−
∫

d4x(L0 + L1 + Jφ)

]

= exp
{
−
∫

d4yL1

[
− δ

δJ(y)

]}

× exp
[

1
2

∫
d4x d4x J(x)∆0(x− x′)J(x′)

]

∼
N

∑
V=0

1
V!

(
−
∫

d4yL1

[
− δ

δJ(y)

])V

× ∑
P=0

1
P!

[
1
2

∫
d4x d4x′ J(x)∆0(x− x′)J(x′)

]P
. (4.15)

Our representation of terms in this expansion as Feynman graphs is
as before, with the addition of position-dependent labels.

• For each term in the sum over P we have a propagator connect-
ing sources at two points x and x′
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<latexit sha1_base64="QeKzHzc8znzefJNQXKlhhFVrtoQ=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCtwp0EtLAI2FhGMR+QHGFvs5cs2ds7dufEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v3TWa9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZpRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmb5N+kJzhnJsCWVa2FsJG1JNGdpwijYEb/HlZdK8qHjVSvWuWq5d53EU4BhO4Bw8uIQa3EIdGsAghGd4hTdn5Lw4787HvHXFyWeO4A+czx9HOI0u</latexit>

x2

<latexit sha1_base64="+ssv/xah+yO2CMpiY6CjiBYsM5k=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRJMIyRH2NnvJkr29Y3dODEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGM9UNADZdC8RYKlPwh0ZxGgeSdYHw98zuPXBsRq3ucJNyP6FCJUDCKVrp76tf65Ypbdecgq8TLSQVyNPvlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzU+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J46WdCJSlyxRaLwlQSjMnsbzIQmjOUE0so08LeStiIasrQplOyIXjLL6+Sdq3q1av123qlcZXHUYQTOIVz8OACGnADTWgBgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8fDayNog==</latexit>

x1

<latexit sha1_base64="oE+SXgGjSVkaXCNOn2C5/oYcErA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyovmA5Ah7m7lkyd7esbsnhiM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+i0jyWD2aSoB/RoeQhZ9RY6f6p7/XLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ippXVS9WrV2V6vUr/M4inACp3AOHlxCHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDDCiNoQ==</latexit>

+ + … 

p1

<latexit sha1_base64="uWLIwUs8wutPv0DkaI8qRbhR5aE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kEAuLgI1lRPMByRH2NnPJkr29Y3dPCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH800QT+iI8lDzqix0kMy8Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLU2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDaz7hMUoOSLReFqSAmJvO/yZArZEZMLaFMcXsrYWOqKDM2nZINwVt9eZ20r6perVq7r1UaN3kcRTiDc7gED+rQgDtoQgsYjOAZXuHNEc6L8+58LFsLTj5zCn/gfP4A/+mNmQ==</latexit>

p2

<latexit sha1_base64="5X5VEp1curRQtj9Bh6L5pcTkJ7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlIiFIyilR6SQW1QrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYpG3PjZ4tQZubDKkISxtqWQLNTfExmNjJlGge2MKI7NqjcX//N6KYbXfiZUkiJXbLkoTCXBmMz/JkOhOUM5tYQyLeythI2ppgxtOiUbgrf68jpp16pevVq/r1caN3kcRTiDc7gED66gAXfQhBYwGMEzvMKbI50X5935WLYWnHzmFP7A+fwBAXyNmg==</latexit>

y

<latexit sha1_base64="NZAuii6fddXcsjF9/o+LylI039U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qih9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfTJagH9Gx5CFn1FiplQ3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgzqgxnAuelQaoxoWxKx9i3VNIItT9bHjonV1YZkTBWtqQhS/X3xIxGWmdRYDsjaiZ63VuI/3n91IR1f8ZlkhqUbLUoTAUxMVl8TUZcITMis4Qyxe2thE2ooszYbEo2BG/95U3Sual6tWqtVas06nkcRbiAS7gGD26hAffQhDYwQHiGV3hzHp0X5935WLUWnHzmHP7A+fwB5wGM+g==</latexit>

x

<latexit sha1_base64="6f2X+u7w3Ko58z+TFQ7FMkefAgQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAZMIyRH2NnPJmr29Y3dPDEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGI1X1ANQousWW4EXifKKRRILATjG9mfucRleaxvDOTBP2IDiUPOaPGSs2nfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzQKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7Gsy4AqZERNLKFPc3krYiCrKjM2mZEPwll9eJe2Lqler1pq1Sv06j6MIJ3AK5+DBJdThFhrQAgYIz/AKb86D8+K8Ox+L1oKTzxzDHzifP+axjP0=</latexit>

x0

<latexit sha1_base64="QeKzHzc8znzefJNQXKlhhFVrtoQ=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCtwp0EtLAI2FhGMR+QHGFvs5cs2ds7dufEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v3TWa9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZpRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmb5N+kJzhnJsCWVa2FsJG1JNGdpwijYEb/HlZdK8qHjVSvWuWq5d53EU4BhO4Bw8uIQa3EIdGsAghGd4hTdn5Lw4787HvHXFyWeO4A+czx9HOI0u</latexit>

= ∆0(x− x′) (4.16)

• For each term in the sum over V we have a vertex at an integra-
tion point y

−L1

[
− δ

δJ(y)

]
=

x1

<latexit sha1_base64="oE+SXgGjSVkaXCNOn2C5/oYcErA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyovmA5Ah7m7lkyd7esbsnhiM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+i0jyWD2aSoB/RoeQhZ9RY6f6p7/XLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ippXVS9WrV2V6vUr/M4inACp3AOHlxCHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDDCiNoQ==</latexit>

x2

<latexit sha1_base64="+ssv/xah+yO2CMpiY6CjiBYsM5k=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRJMIyRH2NnvJkr29Y3dODEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGM9UNADZdC8RYKlPwh0ZxGgeSdYHw98zuPXBsRq3ucJNyP6FCJUDCKVrp76tf65Ypbdecgq8TLSQVyNPvlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzU+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J46WdCJSlyxRaLwlQSjMnsbzIQmjOUE0so08LeStiIasrQplOyIXjLL6+Sdq3q1av123qlcZXHUYQTOIVz8OACGnADTWgBgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8fDayNog==</latexit>

y2

<latexit sha1_base64="sWRCQUNntrX6jlfNv1vKtywhPB0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnPJkr29Y3dPOEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH02WoB/RkeQhZ9RY6SEb1Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uTp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJrf8plkhqUbLkoTAUxMZn/TYZcITMis4Qyxe2thI2poszYdEo2BG/15XXSrlW9erV+X680bvI4inAG53AJHlxBA+6gCS1gMIJneIU3RzgvzrvzsWwtOPnMKfyB8/kDDzKNow==</latexit>

y1

<latexit sha1_base64="BWh/T7/sEZS9on+Iqn3GZDqJbsk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9OCh4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dtfWNza7u0U97d2z84rBwdt02casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9uZ33ni2ohYPWKWcD+iIyVCwSha6SEbeINK1a25c5BV4hWkCgWag8pXfxizNOIKmaTG9Dw3QT+nGgWTfFrup4YnlE3oiPcsVTTixs/np07JuVWGJIy1LYVkrv6eyGlkTBYFtjOiODbL3kz8z+ulGF77uVBJilyxxaIwlQRjMvubDIXmDGVmCWVa2FsJG1NNGdp0yjYEb/nlVdK+rHn1Wv2+Xm3cFHGU4BTO4AI8uIIG3EETWsBgBM/wCm+OdF6cd+dj0brmFDMn8AfO5w8Nro2i</latexit>

p1

<latexit sha1_base64="uWLIwUs8wutPv0DkaI8qRbhR5aE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kEAuLgI1lRPMByRH2NnPJkr29Y3dPCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH800QT+iI8lDzqix0kMy8Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLU2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDaz7hMUoOSLReFqSAmJvO/yZArZEZMLaFMcXsrYWOqKDM2nZINwVt9eZ20r6perVq7r1UaN3kcRTiDc7gED+rQgDtoQgsYjOAZXuHNEc6L8+58LFsLTj5zCn/gfP4A/+mNmQ==</latexit>

p2

<latexit sha1_base64="5X5VEp1curRQtj9Bh6L5pcTkJ7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlIiFIyilR6SQW1QrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYpG3PjZ4tQZubDKkISxtqWQLNTfExmNjJlGge2MKI7NqjcX//N6KYbXfiZUkiJXbLkoTCXBmMz/JkOhOUM5tYQyLeythI2ppgxtOiUbgrf68jpp16pevVq/r1caN3kcRTiDc7gED66gAXfQhBYwGMEzvMKbI50X5935WLYWnHzmFP7A+fwBAXyNmg==</latexit>

p

<latexit sha1_base64="lAMb/GyTTdc0Jfv5KJBNh6D4uS8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMZlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A9qRjPU=</latexit>

p

<latexit sha1_base64="lAMb/GyTTdc0Jfv5KJBNh6D4uS8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMZlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A9qRjPU=</latexit>

k

<latexit sha1_base64="mAUwCuDKLu3kgUllM6JvF6jKI04=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUnMyKFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9WrVWrNWqd/mcRThDM7hEjy4hjrcQwNawADhGV7hzXl0Xpx352PZWnDymVP4A+fzB9L9jPA=</latexit>

k � p

<latexit sha1_base64="Hxon3STgtIIoRoneznphJ0kDTyo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTgBYWARvLiOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxrczv/2ESvNYPppJgn5Eh5KHnFFjpYfxRdIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukdVn1atXafa1Sv8njKMIJnMI5eHAFdbiDBjSBwRCe4RXeHOG8OO/Ox6K14OQzx/AHzucPC9yNoQ==</latexit>

k4

<latexit sha1_base64="etng7dKR0ss6/4jqavYbypfuo6I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE9OCh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZF6aCa+O6387a+sbm1nZpp7y7t39wWDk6bukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVWehj3/X6l6tbcOcgq8QpShQKNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n81Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroOci7TzKBki0VRJohJyOxvMuAKmRETSyhT3N5K2IgqyoxNp2xD8JZfXiWty5rn1/x7v1q/KeIowSmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNKWZO4A+czx/8142X</latexit>

k3

<latexit sha1_base64="DdVF147/ILUDIudibBhAE1TAhMM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40oIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6WHcv+yXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6tWrtvlap3+RxFOEETuEcPLiCOtxBA5rAYAjP8ApvjnBenHfnY9FacPKZY/gD5/MH+1ONlg==</latexit>

x

<latexit sha1_base64="6f2X+u7w3Ko58z+TFQ7FMkefAgQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAZMIyRH2NnPJmr29Y3dPDEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGI1X1ANQousWW4EXifKKRRILATjG9mfucRleaxvDOTBP2IDiUPOaPGSs2nfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzQKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7Gsy4AqZERNLKFPc3krYiCrKjM2mZEPwll9eJe2Lqler1pq1Sv06j6MIJ3AK5+DBJdThFhrQAgYIz/AKb86D8+K8Ox+L1oKTzxzDHzifP+axjP0=</latexit>

x0

<latexit sha1_base64="QeKzHzc8znzefJNQXKlhhFVrtoQ=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCtwp0EtLAI2FhGMR+QHGFvs5cs2ds7dufEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v3TWa9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZpRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmb5N+kJzhnJsCWVa2FsJG1JNGdpwijYEb/HlZdK8qHjVSvWuWq5d53EU4BhO4Bw8uIQa3EIdGsAghGd4hTdn5Lw4787HvHXFyWeO4A+czx9HOI0u</latexit>

x2

<latexit sha1_base64="+ssv/xah+yO2CMpiY6CjiBYsM5k=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRJMIyRH2NnvJkr29Y3dODEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGM9UNADZdC8RYKlPwh0ZxGgeSdYHw98zuPXBsRq3ucJNyP6FCJUDCKVrp76tf65Ypbdecgq8TLSQVyNPvlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzU+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J46WdCJSlyxRaLwlQSjMnsbzIQmjOUE0so08LeStiIasrQplOyIXjLL6+Sdq3q1av123qlcZXHUYQTOIVz8OACGnADTWgBgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8fDayNog==</latexit>

x1

<latexit sha1_base64="oE+SXgGjSVkaXCNOn2C5/oYcErA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyovmA5Ah7m7lkyd7esbsnhiM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+i0jyWD2aSoB/RoeQhZ9RY6f6p7/XLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ippXVS9WrV2V6vUr/M4inACp3AOHlxCHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDDCiNoQ==</latexit>

+ + … 

p1

<latexit sha1_base64="uWLIwUs8wutPv0DkaI8qRbhR5aE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kEAuLgI1lRPMByRH2NnPJkr29Y3dPCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH800QT+iI8lDzqix0kMy8Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLU2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDaz7hMUoOSLReFqSAmJvO/yZArZEZMLaFMcXsrYWOqKDM2nZINwVt9eZ20r6perVq7r1UaN3kcRTiDc7gED+rQgDtoQgsYjOAZXuHNEc6L8+58LFsLTj5zCn/gfP4A/+mNmQ==</latexit>

p2

<latexit sha1_base64="5X5VEp1curRQtj9Bh6L5pcTkJ7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlIiFIyilR6SQW1QrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYpG3PjZ4tQZubDKkISxtqWQLNTfExmNjJlGge2MKI7NqjcX//N6KYbXfiZUkiJXbLkoTCXBmMz/JkOhOUM5tYQyLeythI2ppgxtOiUbgrf68jpp16pevVq/r1caN3kcRTiDc7gED66gAXfQhBYwGMEzvMKbI50X5935WLYWnHzmFP7A+fwBAXyNmg==</latexit>

y

<latexit sha1_base64="NZAuii6fddXcsjF9/o+LylI039U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qih9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfTJagH9Gx5CFn1FiplQ3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgzqgxnAuelQaoxoWxKx9i3VNIItT9bHjonV1YZkTBWtqQhS/X3xIxGWmdRYDsjaiZ63VuI/3n91IR1f8ZlkhqUbLUoTAUxMVl8TUZcITMis4Qyxe2thE2ooszYbEo2BG/95U3Sual6tWqtVas06nkcRbiAS7gGD26hAffQhDYwQHiGV3hzHp0X5935WLUWnHzmHP7A+fwB5wGM+g==</latexit>

x

<latexit sha1_base64="6f2X+u7w3Ko58z+TFQ7FMkefAgQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAZMIyRH2NnPJmr29Y3dPDEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGI1X1ANQousWW4EXifKKRRILATjG9mfucRleaxvDOTBP2IDiUPOaPGSs2nfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzQKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7Gsy4AqZERNLKFPc3krYiCrKjM2mZEPwll9eJe2Lqler1pq1Sv06j6MIJ3AK5+DBJdThFhrQAgYIz/AKb86D8+K8Ox+L1oKTzxzDHzifP+axjP0=</latexit>

x0

<latexit sha1_base64="QeKzHzc8znzefJNQXKlhhFVrtoQ=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCtwp0EtLAI2FhGMR+QHGFvs5cs2ds7dufEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v3TWa9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZpRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmb5N+kJzhnJsCWVa2FsJG1JNGdpwijYEb/HlZdK8qHjVSvWuWq5d53EU4BhO4Bw8uIQa3EIdGsAghGd4hTdn5Lw4787HvHXFyWeO4A+czx9HOI0u</latexit>

�J(y)

<latexit sha1_base64="j8AjeXC8yqkVzaEpUCJ+2kgG8Rg=">AAAB9HicbVBNS8NAEN34WetX1aOXYBHqpSRS0WPBi3iqYD+gDWWzmbZLN5u4OymE0N/hxYMiXv0x3vw3btsctPXBwOO9GWbm+bHgGh3n21pb39jc2i7sFHf39g8OS0fHLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPvj25nfnoDSPJKPmMbghXQo+YAzikbyegEIpP3svpJeTPulslN15rBXiZuTMsnR6Je+ekHEkhAkMkG17rpOjF5GFXImYFrsJRpiysZ0CF1DJQ1Be9n86Kl9bpTAHkTKlER7rv6eyGiodRr6pjOkONLL3kz8z+smOLjxMi7jBEGyxaJBImyM7FkCdsAVMBSpIZQpbm612YgqytDkVDQhuMsvr5LWZdWtVa8eauW6k8dRIKfkjFSIS65JndyRBmkSRp7IM3klb9bEerHerY9F65qVz5yQP7A+fwBUA5HD</latexit>

�J(y)

<latexit sha1_base64="j8AjeXC8yqkVzaEpUCJ+2kgG8Rg=">AAAB9HicbVBNS8NAEN34WetX1aOXYBHqpSRS0WPBi3iqYD+gDWWzmbZLN5u4OymE0N/hxYMiXv0x3vw3btsctPXBwOO9GWbm+bHgGh3n21pb39jc2i7sFHf39g8OS0fHLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPvj25nfnoDSPJKPmMbghXQo+YAzikbyegEIpP3svpJeTPulslN15rBXiZuTMsnR6Je+ekHEkhAkMkG17rpOjF5GFXImYFrsJRpiysZ0CF1DJQ1Be9n86Kl9bpTAHkTKlER7rv6eyGiodRr6pjOkONLL3kz8z+smOLjxMi7jBEGyxaJBImyM7FkCdsAVMBSpIZQpbm612YgqytDkVDQhuMsvr5LWZdWtVa8eauW6k8dRIKfkjFSIS65JndyRBmkSRp7IM3klb9bEerHerY9F65qVz5yQP7A+fwBUA5HD</latexit>

�J(y)

<latexit sha1_base64="j8AjeXC8yqkVzaEpUCJ+2kgG8Rg=">AAAB9HicbVBNS8NAEN34WetX1aOXYBHqpSRS0WPBi3iqYD+gDWWzmbZLN5u4OymE0N/hxYMiXv0x3vw3btsctPXBwOO9GWbm+bHgGh3n21pb39jc2i7sFHf39g8OS0fHLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPvj25nfnoDSPJKPmMbghXQo+YAzikbyegEIpP3svpJeTPulslN15rBXiZuTMsnR6Je+ekHEkhAkMkG17rpOjF5GFXImYFrsJRpiysZ0CF1DJQ1Be9n86Kl9bpTAHkTKlER7rv6eyGiodRr6pjOkONLL3kz8z+smOLjxMi7jBEGyxaJBImyM7FkCdsAVMBSpIZQpbm612YgqytDkVDQhuMsvr5LWZdWtVa8eauW6k8dRIKfkjFSIS65JndyRBmkSRp7IM3klb9bEerHerY9F65qVz5yQP7A+fwBUA5HD</latexit>

�J(y)

<latexit sha1_base64="j8AjeXC8yqkVzaEpUCJ+2kgG8Rg=">AAAB9HicbVBNS8NAEN34WetX1aOXYBHqpSRS0WPBi3iqYD+gDWWzmbZLN5u4OymE0N/hxYMiXv0x3vw3btsctPXBwOO9GWbm+bHgGh3n21pb39jc2i7sFHf39g8OS0fHLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPvj25nfnoDSPJKPmMbghXQo+YAzikbyegEIpP3svpJeTPulslN15rBXiZuTMsnR6Je+ekHEkhAkMkG17rpOjF5GFXImYFrsJRpiysZ0CF1DJQ1Be9n86Kl9bpTAHkTKlER7rv6eyGiodRr6pjOkONLL3kz8z+smOLjxMi7jBEGyxaJBImyM7FkCdsAVMBSpIZQpbm612YgqytDkVDQhuMsvr5LWZdWtVa8eauW6k8dRIKfkjFSIS65JndyRBmkSRp7IM3klb9bEerHerY9F65qVz5yQP7A+fwBUA5HD</latexit>

(4.17)

where we used the shorthand δJ(y) ≡ − δ
δJ(y) . Note also that here

we have assumed the simple case where L1 is a monomial in
φ. If this is not the case, one just has to take care to keep track
of the combinations of different types of vertices; usually this is
straightforward but can become tedious.

• One integrates over all internal points of the graph, i.e. the y
variables in (4.15).
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• There are symmetry factors as discussed in Chapter 2.

For example, the 2-point function may be written as a diagram-
matic exansion

〈φ(x2)φ(x1)〉 = x1

<latexit sha1_base64="oE+SXgGjSVkaXCNOn2C5/oYcErA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyovmA5Ah7m7lkyd7esbsnhiM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+i0jyWD2aSoB/RoeQhZ9RY6f6p7/XLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ippXVS9WrV2V6vUr/M4inACp3AOHlxCHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDDCiNoQ==</latexit>

x2

<latexit sha1_base64="+ssv/xah+yO2CMpiY6CjiBYsM5k=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRJMIyRH2NnvJkr29Y3dODEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGM9UNADZdC8RYKlPwh0ZxGgeSdYHw98zuPXBsRq3ucJNyP6FCJUDCKVrp76tf65Ypbdecgq8TLSQVyNPvlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzU+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J46WdCJSlyxRaLwlQSjMnsbzIQmjOUE0so08LeStiIasrQplOyIXjLL6+Sdq3q1av123qlcZXHUYQTOIVz8OACGnADTWgBgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8fDayNog==</latexit>

y2

<latexit sha1_base64="sWRCQUNntrX6jlfNv1vKtywhPB0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnPJkr29Y3dPOEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH02WoB/RkeQhZ9RY6SEb1Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uTp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJrf8plkhqUbLkoTAUxMZn/TYZcITMis4Qyxe2thI2poszYdEo2BG/15XXSrlW9erV+X680bvI4inAG53AJHlxBA+6gCS1gMIJneIU3RzgvzrvzsWwtOPnMKfyB8/kDDzKNow==</latexit>

y1

<latexit sha1_base64="BWh/T7/sEZS9on+Iqn3GZDqJbsk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9OCh4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dtfWNza7u0U97d2z84rBwdt02casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9uZ33ni2ohYPWKWcD+iIyVCwSha6SEbeINK1a25c5BV4hWkCgWag8pXfxizNOIKmaTG9Dw3QT+nGgWTfFrup4YnlE3oiPcsVTTixs/np07JuVWGJIy1LYVkrv6eyGlkTBYFtjOiODbL3kz8z+ulGF77uVBJilyxxaIwlQRjMvubDIXmDGVmCWVa2FsJG1NNGdp0yjYEb/nlVdK+rHn1Wv2+Xm3cFHGU4BTO4AI8uIIG3EETWsBgBM/wCm+OdF6cd+dj0brmFDMn8AfO5w8Nro2i</latexit>

p1

<latexit sha1_base64="uWLIwUs8wutPv0DkaI8qRbhR5aE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kEAuLgI1lRPMByRH2NnPJkr29Y3dPCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH800QT+iI8lDzqix0kMy8Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLU2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDaz7hMUoOSLReFqSAmJvO/yZArZEZMLaFMcXsrYWOqKDM2nZINwVt9eZ20r6perVq7r1UaN3kcRTiDc7gED+rQgDtoQgsYjOAZXuHNEc6L8+58LFsLTj5zCn/gfP4A/+mNmQ==</latexit>

p2

<latexit sha1_base64="5X5VEp1curRQtj9Bh6L5pcTkJ7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlIiFIyilR6SQW1QrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYpG3PjZ4tQZubDKkISxtqWQLNTfExmNjJlGge2MKI7NqjcX//N6KYbXfiZUkiJXbLkoTCXBmMz/JkOhOUM5tYQyLeythI2ppgxtOiUbgrf68jpp16pevVq/r1caN3kcRTiDc7gED66gAXfQhBYwGMEzvMKbI50X5935WLYWnHzmFP7A+fwBAXyNmg==</latexit>

p

<latexit sha1_base64="lAMb/GyTTdc0Jfv5KJBNh6D4uS8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMZlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A9qRjPU=</latexit>

p

<latexit sha1_base64="lAMb/GyTTdc0Jfv5KJBNh6D4uS8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMZlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A9qRjPU=</latexit>

k

<latexit sha1_base64="mAUwCuDKLu3kgUllM6JvF6jKI04=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUnMyKFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9WrVWrNWqd/mcRThDM7hEjy4hjrcQwNawADhGV7hzXl0Xpx352PZWnDymVP4A+fzB9L9jPA=</latexit>

k � p

<latexit sha1_base64="Hxon3STgtIIoRoneznphJ0kDTyo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTgBYWARvLiOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxrczv/2ESvNYPppJgn5Eh5KHnFFjpYfxRdIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukdVn1atXafa1Sv8njKMIJnMI5eHAFdbiDBjSBwRCe4RXeHOG8OO/Ox6K14OQzx/AHzucPC9yNoQ==</latexit>

k4

<latexit sha1_base64="etng7dKR0ss6/4jqavYbypfuo6I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE9OCh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZF6aCa+O6387a+sbm1nZpp7y7t39wWDk6bukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVWehj3/X6l6tbcOcgq8QpShQKNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n81Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroOci7TzKBki0VRJohJyOxvMuAKmRETSyhT3N5K2IgqyoxNp2xD8JZfXiWty5rn1/x7v1q/KeIowSmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNKWZO4A+czx/8142X</latexit>

k3

<latexit sha1_base64="DdVF147/ILUDIudibBhAE1TAhMM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40oIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6WHcv+yXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6tWrtvlap3+RxFOEETuEcPLiCOtxBA5rAYAjP8ApvjnBenHfnY9FacPKZY/gD5/MH+1ONlg==</latexit>

x

<latexit sha1_base64="6f2X+u7w3Ko58z+TFQ7FMkefAgQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAZMIyRH2NnPJmr29Y3dPDEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGI1X1ANQousWW4EXifKKRRILATjG9mfucRleaxvDOTBP2IDiUPOaPGSs2nfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzQKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7Gsy4AqZERNLKFPc3krYiCrKjM2mZEPwll9eJe2Lqler1pq1Sv06j6MIJ3AK5+DBJdThFhrQAgYIz/AKb86D8+K8Ox+L1oKTzxzDHzifP+axjP0=</latexit>

x0

<latexit sha1_base64="QeKzHzc8znzefJNQXKlhhFVrtoQ=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCtwp0EtLAI2FhGMR+QHGFvs5cs2ds7dufEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v3TWa9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZpRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmb5N+kJzhnJsCWVa2FsJG1JNGdpwijYEb/HlZdK8qHjVSvWuWq5d53EU4BhO4Bw8uIQa3EIdGsAghGd4hTdn5Lw4787HvHXFyWeO4A+czx9HOI0u</latexit>

x2

<latexit sha1_base64="+ssv/xah+yO2CMpiY6CjiBYsM5k=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRJMIyRH2NnvJkr29Y3dODEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGM9UNADZdC8RYKlPwh0ZxGgeSdYHw98zuPXBsRq3ucJNyP6FCJUDCKVrp76tf65Ypbdecgq8TLSQVyNPvlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzU+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J46WdCJSlyxRaLwlQSjMnsbzIQmjOUE0so08LeStiIasrQplOyIXjLL6+Sdq3q1av123qlcZXHUYQTOIVz8OACGnADTWgBgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8fDayNog==</latexit>

x1

<latexit sha1_base64="oE+SXgGjSVkaXCNOn2C5/oYcErA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyovmA5Ah7m7lkyd7esbsnhiM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+i0jyWD2aSoB/RoeQhZ9RY6f6p7/XLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ippXVS9WrV2V6vUr/M4inACp3AOHlxCHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDDCiNoQ==</latexit>

+ + … 

p1

<latexit sha1_base64="uWLIwUs8wutPv0DkaI8qRbhR5aE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kEAuLgI1lRPMByRH2NnPJkr29Y3dPCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH800QT+iI8lDzqix0kMy8Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLU2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDaz7hMUoOSLReFqSAmJvO/yZArZEZMLaFMcXsrYWOqKDM2nZINwVt9eZ20r6perVq7r1UaN3kcRTiDc7gED+rQgDtoQgsYjOAZXuHNEc6L8+58LFsLTj5zCn/gfP4A/+mNmQ==</latexit>

p2

<latexit sha1_base64="5X5VEp1curRQtj9Bh6L5pcTkJ7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlIiFIyilR6SQW1QrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYpG3PjZ4tQZubDKkISxtqWQLNTfExmNjJlGge2MKI7NqjcX//N6KYbXfiZUkiJXbLkoTCXBmMz/JkOhOUM5tYQyLeythI2ppgxtOiUbgrf68jpp16pevVq/r1caN3kcRTiDc7gED66gAXfQhBYwGMEzvMKbI50X5935WLYWnHzmFP7A+fwBAXyNmg==</latexit>

y

<latexit sha1_base64="NZAuii6fddXcsjF9/o+LylI039U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qih9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfTJagH9Gx5CFn1FiplQ3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgzqgxnAuelQaoxoWxKx9i3VNIItT9bHjonV1YZkTBWtqQhS/X3xIxGWmdRYDsjaiZ63VuI/3n91IR1f8ZlkhqUbLUoTAUxMVl8TUZcITMis4Qyxe2thE2ooszYbEo2BG/95U3Sual6tWqtVas06nkcRbiAS7gGD26hAffQhDYwQHiGV3hzHp0X5935WLUWnHzmHP7A+fwB5wGM+g==</latexit>

(4.18)

The first term is just ∆0(x2 − x1) as in (4.16). The second term is

λ2
∫

d4y1 d4y2 ∆0(x2 − y2)∆0(y1 − x1)[∆0(y2 − y1)]
2 . (4.19)

It is rare that the perturbative expansion is carried out in position
space. It is much more likely that we are interested in initial and
final momenta rather than initial and final positions. Therefore we
should carry out a Fourier transform.

〈φ̃(p2)φ̃(p1)〉 =
∫

d4x1 d4x2 e−i(p1·x1+p2·x2)〈φ(x2)φ(x1)〉 (4.20)

This convention for the signs of the p1 and p2 in the Fourier trans-
forms corresponds to choosing the momenta to be directed outward
(Fig. 4.2). Note that this is consistent with the signs appearing in
the phases of (3.11) once we account for the Wick rotation (4.7) from
mostly-minus Minkowski to Euclidean spacetime.

x1

<latexit sha1_base64="oE+SXgGjSVkaXCNOn2C5/oYcErA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyovmA5Ah7m7lkyd7esbsnhiM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+i0jyWD2aSoB/RoeQhZ9RY6f6p7/XLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ippXVS9WrV2V6vUr/M4inACp3AOHlxCHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDDCiNoQ==</latexit>

x2

<latexit sha1_base64="+ssv/xah+yO2CMpiY6CjiBYsM5k=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRJMIyRH2NnvJkr29Y3dODEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGM9UNADZdC8RYKlPwh0ZxGgeSdYHw98zuPXBsRq3ucJNyP6FCJUDCKVrp76tf65Ypbdecgq8TLSQVyNPvlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzU+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J46WdCJSlyxRaLwlQSjMnsbzIQmjOUE0so08LeStiIasrQplOyIXjLL6+Sdq3q1av123qlcZXHUYQTOIVz8OACGnADTWgBgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8fDayNog==</latexit>

y2

<latexit sha1_base64="sWRCQUNntrX6jlfNv1vKtywhPB0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnPJkr29Y3dPOEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH02WoB/RkeQhZ9RY6SEb1Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uTp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJrf8plkhqUbLkoTAUxMZn/TYZcITMis4Qyxe2thI2poszYdEo2BG/15XXSrlW9erV+X680bvI4inAG53AJHlxBA+6gCS1gMIJneIU3RzgvzrvzsWwtOPnMKfyB8/kDDzKNow==</latexit>

y1

<latexit sha1_base64="BWh/T7/sEZS9on+Iqn3GZDqJbsk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9OCh4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dtfWNza7u0U97d2z84rBwdt02casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9uZ33ni2ohYPWKWcD+iIyVCwSha6SEbeINK1a25c5BV4hWkCgWag8pXfxizNOIKmaTG9Dw3QT+nGgWTfFrup4YnlE3oiPcsVTTixs/np07JuVWGJIy1LYVkrv6eyGlkTBYFtjOiODbL3kz8z+ulGF77uVBJilyxxaIwlQRjMvubDIXmDGVmCWVa2FsJG1NNGdp0yjYEb/nlVdK+rHn1Wv2+Xm3cFHGU4BTO4AI8uIIG3EETWsBgBM/wCm+OdF6cd+dj0brmFDMn8AfO5w8Nro2i</latexit>

p1

<latexit sha1_base64="uWLIwUs8wutPv0DkaI8qRbhR5aE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kEAuLgI1lRPMByRH2NnPJkr29Y3dPCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH800QT+iI8lDzqix0kMy8Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLU2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDaz7hMUoOSLReFqSAmJvO/yZArZEZMLaFMcXsrYWOqKDM2nZINwVt9eZ20r6perVq7r1UaN3kcRTiDc7gED+rQgDtoQgsYjOAZXuHNEc6L8+58LFsLTj5zCn/gfP4A/+mNmQ==</latexit>

p2

<latexit sha1_base64="5X5VEp1curRQtj9Bh6L5pcTkJ7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlIiFIyilR6SQW1QrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYpG3PjZ4tQZubDKkISxtqWQLNTfExmNjJlGge2MKI7NqjcX//N6KYbXfiZUkiJXbLkoTCXBmMz/JkOhOUM5tYQyLeythI2ppgxtOiUbgrf68jpp16pevVq/r1caN3kcRTiDc7gED66gAXfQhBYwGMEzvMKbI50X5935WLYWnHzmFP7A+fwBAXyNmg==</latexit>

p

<latexit sha1_base64="lAMb/GyTTdc0Jfv5KJBNh6D4uS8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMZlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A9qRjPU=</latexit>

p

<latexit sha1_base64="lAMb/GyTTdc0Jfv5KJBNh6D4uS8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMZlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A9qRjPU=</latexit>

k

<latexit sha1_base64="mAUwCuDKLu3kgUllM6JvF6jKI04=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUnMyKFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9WrVWrNWqd/mcRThDM7hEjy4hjrcQwNawADhGV7hzXl0Xpx352PZWnDymVP4A+fzB9L9jPA=</latexit>

k � p

<latexit sha1_base64="Hxon3STgtIIoRoneznphJ0kDTyo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTgBYWARvLiOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxrczv/2ESvNYPppJgn5Eh5KHnFFjpYfxRdIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukdVn1atXafa1Sv8njKMIJnMI5eHAFdbiDBjSBwRCe4RXeHOG8OO/Ox6K14OQzx/AHzucPC9yNoQ==</latexit>

k4

<latexit sha1_base64="etng7dKR0ss6/4jqavYbypfuo6I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE9OCh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZF6aCa+O6387a+sbm1nZpp7y7t39wWDk6bukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVWehj3/X6l6tbcOcgq8QpShQKNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n81Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroOci7TzKBki0VRJohJyOxvMuAKmRETSyhT3N5K2IgqyoxNp2xD8JZfXiWty5rn1/x7v1q/KeIowSmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNKWZO4A+czx/8142X</latexit>

k3

<latexit sha1_base64="DdVF147/ILUDIudibBhAE1TAhMM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40oIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6WHcv+yXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6tWrtvlap3+RxFOEETuEcPLiCOtxBA5rAYAjP8ApvjnBenHfnY9FacPKZY/gD5/MH+1ONlg==</latexit>

x

<latexit sha1_base64="6f2X+u7w3Ko58z+TFQ7FMkefAgQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAZMIyRH2NnPJmr29Y3dPDEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGI1X1ANQousWW4EXifKKRRILATjG9mfucRleaxvDOTBP2IDiUPOaPGSs2nfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzQKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7Gsy4AqZERNLKFPc3krYiCrKjM2mZEPwll9eJe2Lqler1pq1Sv06j6MIJ3AK5+DBJdThFhrQAgYIz/AKb86D8+K8Ox+L1oKTzxzDHzifP+axjP0=</latexit>

x0

<latexit sha1_base64="QeKzHzc8znzefJNQXKlhhFVrtoQ=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCtwp0EtLAI2FhGMR+QHGFvs5cs2ds7dufEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v3TWa9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZpRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmb5N+kJzhnJsCWVa2FsJG1JNGdpwijYEb/HlZdK8qHjVSvWuWq5d53EU4BhO4Bw8uIQa3EIdGsAghGd4hTdn5Lw4787HvHXFyWeO4A+czx9HOI0u</latexit>

x2

<latexit sha1_base64="+ssv/xah+yO2CMpiY6CjiBYsM5k=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRJMIyRH2NnvJkr29Y3dODEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGM9UNADZdC8RYKlPwh0ZxGgeSdYHw98zuPXBsRq3ucJNyP6FCJUDCKVrp76tf65Ypbdecgq8TLSQVyNPvlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzU+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J46WdCJSlyxRaLwlQSjMnsbzIQmjOUE0so08LeStiIasrQplOyIXjLL6+Sdq3q1av123qlcZXHUYQTOIVz8OACGnADTWgBgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8fDayNog==</latexit>

x1

<latexit sha1_base64="oE+SXgGjSVkaXCNOn2C5/oYcErA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyovmA5Ah7m7lkyd7esbsnhiM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+i0jyWD2aSoB/RoeQhZ9RY6f6p7/XLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ippXVS9WrV2V6vUr/M4inACp3AOHlxCHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDDCiNoQ==</latexit>

+ + … 

p1

<latexit sha1_base64="uWLIwUs8wutPv0DkaI8qRbhR5aE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kEAuLgI1lRPMByRH2NnPJkr29Y3dPCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH800QT+iI8lDzqix0kMy8Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLU2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDaz7hMUoOSLReFqSAmJvO/yZArZEZMLaFMcXsrYWOqKDM2nZINwVt9eZ20r6perVq7r1UaN3kcRTiDc7gED+rQgDtoQgsYjOAZXuHNEc6L8+58LFsLTj5zCn/gfP4A/+mNmQ==</latexit>

p2

<latexit sha1_base64="5X5VEp1curRQtj9Bh6L5pcTkJ7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlIiFIyilR6SQW1QrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYpG3PjZ4tQZubDKkISxtqWQLNTfExmNjJlGge2MKI7NqjcX//N6KYbXfiZUkiJXbLkoTCXBmMz/JkOhOUM5tYQyLeythI2ppgxtOiUbgrf68jpp16pevVq/r1caN3kcRTiDc7gED66gAXfQhBYwGMEzvMKbI50X5935WLYWnHzmFP7A+fwBAXyNmg==</latexit>

y

<latexit sha1_base64="NZAuii6fddXcsjF9/o+LylI039U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qih9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfTJagH9Gx5CFn1FiplQ3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgzqgxnAuelQaoxoWxKx9i3VNIItT9bHjonV1YZkTBWtqQhS/X3xIxGWmdRYDsjaiZ63VuI/3n91IR1f8ZlkhqUbLUoTAUxMVl8TUZcITMis4Qyxe2thE2ooszYbEo2BG/95U3Sual6tWqtVas06nkcRbiAS7gGD26hAffQhDYwQHiGV3hzHp0X5935WLUWnHzmHP7A+fwB5wGM+g==</latexit>

Figure 4.2: Momentum directions for
the 2-point function using the Fourier
transform conventions of (4.20).

Thinking about momentum conservation, it is natural to set
p1 = −p2 = −p and draw the momentum flowing through the
diagram from left to right. Nevertheless it is useful to remember
a general sign convention, and then make adjustments afterward
based on the particular physics of interest.

The contribution to 〈φ̃(p2)φ̃(p1)〉 from (4.19) is then

D̃(1) ≡ λ2
∫

d4x1 d4x2 e−i(p1·x1+p2·x2)
∫

d4y1 d4y2

×
∫ [ 4

∏
j=1

d4k j

(2π)4

]
eik1·(y1−x1)eik2·(x2−y2)ei(k3+k4)·(y2−y1)

× ∆̃0(k1)∆̃0(k2)∆̃0(k3)∆̃0(k4) . (4.21)

The x1 and x2 integrations give, respectively, factors of (2π)4δ(4)(p1 +

k1) and (2π)4δ(4)(p2 − k2). After doing the corresponding integrals
over k1 and k2, we can see that the y1 and y2 integrals similarly
yield (2π)4δ(4)(p1 + k3 + k4) and (2π)4δ(4)(p2 − k3 − k4). Finally,
we can integrate over k3, say, to find, dropping the subscript on the
final integration variable

D̃(1) = λ2
∫ d4k

(2π)4 (2π)4δ(4)(p1 + p2) ∆̃0(−p1)∆̃0(p2)∆̃0(p2 − k)∆̃0(k) .

(4.22)

Realizing that overall momentum will be conserved for physical
processes, it is common to set p2 = −p1 ≡ p (Fig. 4.3).

It is straightforward to see that the steps of the example gener-
alize to other diagrams in momentum space. To summarize, the
momentum-space Feynman rules for real scalar theory are
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x1

<latexit sha1_base64="oE+SXgGjSVkaXCNOn2C5/oYcErA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyovmA5Ah7m7lkyd7esbsnhiM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+i0jyWD2aSoB/RoeQhZ9RY6f6p7/XLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ippXVS9WrV2V6vUr/M4inACp3AOHlxCHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDDCiNoQ==</latexit>

x2

<latexit sha1_base64="+ssv/xah+yO2CMpiY6CjiBYsM5k=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRJMIyRH2NnvJkr29Y3dODEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGM9UNADZdC8RYKlPwh0ZxGgeSdYHw98zuPXBsRq3ucJNyP6FCJUDCKVrp76tf65Ypbdecgq8TLSQVyNPvlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzU+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J46WdCJSlyxRaLwlQSjMnsbzIQmjOUE0so08LeStiIasrQplOyIXjLL6+Sdq3q1av123qlcZXHUYQTOIVz8OACGnADTWgBgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8fDayNog==</latexit>

y2

<latexit sha1_base64="sWRCQUNntrX6jlfNv1vKtywhPB0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnPJkr29Y3dPOEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH02WoB/RkeQhZ9RY6SEb1Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uTp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJrf8plkhqUbLkoTAUxMZn/TYZcITMis4Qyxe2thI2poszYdEo2BG/15XXSrlW9erV+X680bvI4inAG53AJHlxBA+6gCS1gMIJneIU3RzgvzrvzsWwtOPnMKfyB8/kDDzKNow==</latexit>

y1

<latexit sha1_base64="BWh/T7/sEZS9on+Iqn3GZDqJbsk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9OCh4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dtfWNza7u0U97d2z84rBwdt02casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9uZ33ni2ohYPWKWcD+iIyVCwSha6SEbeINK1a25c5BV4hWkCgWag8pXfxizNOIKmaTG9Dw3QT+nGgWTfFrup4YnlE3oiPcsVTTixs/np07JuVWGJIy1LYVkrv6eyGlkTBYFtjOiODbL3kz8z+ulGF77uVBJilyxxaIwlQRjMvubDIXmDGVmCWVa2FsJG1NNGdp0yjYEb/nlVdK+rHn1Wv2+Xm3cFHGU4BTO4AI8uIIG3EETWsBgBM/wCm+OdF6cd+dj0brmFDMn8AfO5w8Nro2i</latexit>

p1

<latexit sha1_base64="uWLIwUs8wutPv0DkaI8qRbhR5aE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kEAuLgI1lRPMByRH2NnPJkr29Y3dPCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH800QT+iI8lDzqix0kMy8Ablilt1FyDrxMtJBXI0B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLU2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDaz7hMUoOSLReFqSAmJvO/yZArZEZMLaFMcXsrYWOqKDM2nZINwVt9eZ20r6perVq7r1UaN3kcRTiDc7gED+rQgDtoQgsYjOAZXuHNEc6L8+58LFsLTj5zCn/gfP4A/+mNmQ==</latexit>

p2

<latexit sha1_base64="5X5VEp1curRQtj9Bh6L5pcTkJ7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CQAuLgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlIiFIyilR6SQW1QrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYpG3PjZ4tQZubDKkISxtqWQLNTfExmNjJlGge2MKI7NqjcX//N6KYbXfiZUkiJXbLkoTCXBmMz/JkOhOUM5tYQyLeythI2ppgxtOiUbgrf68jpp16pevVq/r1caN3kcRTiDc7gED66gAXfQhBYwGMEzvMKbI50X5935WLYWnHzmFP7A+fwBAXyNmg==</latexit>

p

<latexit sha1_base64="lAMb/GyTTdc0Jfv5KJBNh6D4uS8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMZlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A9qRjPU=</latexit>

p

<latexit sha1_base64="lAMb/GyTTdc0Jfv5KJBNh6D4uS8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUjMZlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qerVqrVmr1G/zOIpwBudwCR5cQx3uoQEtYIDwDK/w5jw6L86787FsLTj5zCn8gfP5A9qRjPU=</latexit>

k

<latexit sha1_base64="mAUwCuDKLu3kgUllM6JvF6jKI04=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUnMyKFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9WrVWrNWqd/mcRThDM7hEjy4hjrcQwNawADhGV7hzXl0Xpx352PZWnDymVP4A+fzB9L9jPA=</latexit>

k � p

<latexit sha1_base64="Hxon3STgtIIoRoneznphJ0kDTyo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTgBYWARvLiOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxrczv/2ESvNYPppJgn5Eh5KHnFFjpYfxRdIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukdVn1atXafa1Sv8njKMIJnMI5eHAFdbiDBjSBwRCe4RXeHOG8OO/Ox6K14OQzx/AHzucPC9yNoQ==</latexit>

k4

<latexit sha1_base64="etng7dKR0ss6/4jqavYbypfuo6I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE9OCh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZF6aCa+O6387a+sbm1nZpp7y7t39wWDk6bukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVWehj3/X6l6tbcOcgq8QpShQKNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n81Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroOci7TzKBki0VRJohJyOxvMuAKmRETSyhT3N5K2IgqyoxNp2xD8JZfXiWty5rn1/x7v1q/KeIowSmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNKWZO4A+czx/8142X</latexit>

k3
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Figure 4.3: Momentum in diagram
D̃(1), before and after integrating over
δ-functions.

• Lines are propagators with factors of (k2 + m2)−1.

• n-point vertices correspond to factors of −V(n) in (4.2).

• Momentum is conserved at each vertex.

• For each loop, there is an integral over a single loop momentum.

• Overall momentum is conserved, so there is an overall factor
(2π)4δ(4)(∑j pj) containing all external momenta.

• One must account for the graph’s symmetry factor.

4.3 Vertex functions

The effective actions introduced in § 2.3 and § 2.4, become func-
tionals. The Wilsonian effective action W[J], now a functional of an
external source field J(x), is still the sum of connected Feynman
diagrams (times −h̄−1). The quantum effective action Γ[Φ] depends
on the mean field Φ(x) in the presence of J(x), and is the sum of
single-particle irreducible (1PI) graphs. The relation between them
is the Legendre transform

Γ[Φ] = W[J]−
∫

d4x J(x)Φ(x) , (4.23)

which implies

δW[J]
δJ(x)

= Φ(x) and
δΓ[Φ]

δΦ(x)
= −J(x) . (4.24)

Note that these relations can be read two ways: one where J(x) is
an independent external source, in which case the mean field Φ(x)
depends on J(x); the other where we think of Φ(x) as indepen-
dent with the corresponding J(x) changing accordingly as Φ(x) is
varied.

Let us introduce some notation. For the connected n-point func-
tions we write

G(n)(x1, . . . , xn) = (−1)n+1
n

∏
i=1

δ

δJ(xi)
W[J] (4.25)

and we define the vertex functions

Γ(n)(x1, . . . , xn) = (−1)n
n

∏
i=1

δ

δΦ(xi)
Γ[Φ] . (4.26)
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1PI
=

1PI= + 1PI 1PI + 2 perms

Figure 4.4: Graphical representation
of (4.29).

1PI
=

1PI= + 1PI 1PI + 2 perms

Figure 4.5: Graphical representation
relating G(4) to integrals over Γ(4) and
Γ(3). The 2 terms not shown are the
other two ways of connecting the two
Γ(3) vertices.

Consider n = 2.

G(2)(x, y) = − δ2W
δJ(x)δJ(y)

= − δΦ(y)
δJ(x)

Γ(2)(y, z) =
δ2Γ

δΦ(y)δΦ(z)
= − δJ(z)

δΦ(y)
. (4.27)

These are inverses of each other:
∫

d4y G(x, y)Γ(y, z) = δ(4)(x− z) . (4.28)

As you showed in an example sheet problem,

G(3)(x1, x2, x3) =
∫

d4z1 d4z2 d4z3 G(2)(x1, z1)G(2)(x2, z2)

× G(2)(x3, z3) Γ(3)(z1, z2, z3) . (4.29)

This tells us that the connected 3-point function can be constructed
from convolving the 3-point vertex function with three 2-point
functions. In the diagrammatic picture, the connected 3-point func-
tion is equal to the 1PI graphs with 3 legs with each leg equal to
G(2) and the internal points integrated over. We can think of the
3-point vertex as an "amputated" n-point function.

Note that for n > 3, G(n) is composed of terms coming from
products of Γ(m) with 3 ≤ m ≤ n. In Figure 4.5 for example, the
connected 4-point function G(4) can be written schematically as
a sum of four terms: one with the amputated 4-point vertex Γ(4)

and three terms coming from the three ways of inserting two 3-
point vertices Γ(3) (recall that the external legs carry distinguishable
momenta).

The expression (4.29) can be inverted

Γ(3)(y1, y2, y3) =
∫

d4x1 d4x2 d4x3 Γ(2)(x1, y1)Γ(2)(x2, y2)

× Γ(2)(x3, y3) G(3)(x1, x2, x3) . (4.30)
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We will often work in momentum space. The Fourier transform
of the two-point function is

〈φ̃(p1)φ̃(p2)〉 =
∫

d4x1 d4x2 e−ip1·x1 e−ip2·x2〈φ(x1)φ(x2)〉

=
∫

d4x1 d4x2 e−ip1·x1 e−ip2·x2〈φ(x1 − x2)φ(0)〉

=
∫

d4y d4x2 e−ip1·y e−i(p1+p2)·x2〈φ(y)φ(0)〉

=
∫

d4y δ(4)(p1 + p2) e−ip1·y〈φ(y)φ(0)〉 (4.31)

where we have assumed translational invariance in going from
the first line to the second. Note this implies that momentum is
conserved.14 The connected two-point function can also be written 14 Recall that the momentum operator

is said to be the generator of transla-
tions.

as a Fouier transform

G̃(2)(p) =
∫

d4x e−ip·xG(x, φ(0)) . (4.32)

It is conventional to make use of momentum conservation to write
G̃(2) as a function of a single momentum.

We can similarly consider Fourier transforms Γ̃(n) of the vertex
functions Γ(n).

4.4 Renormalization

Let us consider the following classical action for a real scalar field
in 4 dimensions is

S[φ] =
∫

d4x
[

1
2
(∂φ)2 +

1
2

m2φ2 +
λ

4!
φ4
]

. (4.33)

In this section we will begin to compute terms in the quantum
effective action using perturbation theory.

Let us consider the perturbative expansion of the propagator. As
discussed above, the full propagator can be written as the sum of
all tree diagrams composed with vertices derived from the quantum
effective action. Graphically, these are trees connected by blobs
containing all relevant 1PI diagrams. In the case of the propagator,
this is a geometric series

G̃(2)(p) =

1PI
=

1PI= + 1PI 1PI + 2 perms

1PI 1PI 1PI= + + +… 

=
1

p2 + m2 +
1

p2 + m2 Π(p2)
1

p2 + m2

+
1

p2 + m2 Π(p2)
1

p2 + m2 Π(p2)
1

p2 + m2 + . . .

=
1

p2 + m2 −Π(p2)
. (4.34)

We have implicitly defined the vacuum polarization Π(p2) as the
amputated two-point 1PI amplitude, and used Lorentz invariance
to conclude that it should depend on p only through p2.
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Using (4.28) the 2-point vertex function can be inferred from
Π(p2) to be

Γ̃(2)(p) =
[

G̃(2)(p)
]−1

= p2 + m2 −Π(p2) . (4.35)

Expanding in a perturbative series, the 1-loop contribution (Fig. 4.6)
is

Π1(p2) = −λ

2

∫ Λ d4k
(2π)4

1
k2 + m2

= − λS4

2(2π)4

∫ Λ

0

k3 dk
k2 + m2

= − λm2

32π2

∫ Λ2/m2

0

u du
1 + u

= − λ

32π2

[
Λ2 −m2 log

(
1 +

Λ2

m2

)]
. (4.36)

Notation in the first line is shorthand for |k| < Λ. Surface area
Sd = 2π/Γ( d

2 ), where Γ here is the Γ-function. We note that this is
divergent as Λ→ ∞.
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Figure 4.6: One-loop vacuum polariza-
tion diagram in φ4 theory.

Γ̃(4)
1 (p1, p2, p3, p4) =

λ2

2

∫ Λ d4k
(2π)4

1
k2 + m2 ∑

P

1
(P + k)2 + m2 (4.37)

where the sum P runs over p1 + p2, p1 + p3, and p1 + p4. At this
moment, we wish to investigate the ultraviolet divergence in (??).
As Λ and therefore the loop momentum gets arbitrarily large, the
external momenta are negilgible. Thus it suffices to consider

Γ̃(4)
1 (0, 0, 0, 0) =

3λ2

2

∫ Λ d4k
(2π)4

1
(k2 + m2)2

=
3λ2

32π2

[
log
(

1 +
Λ2

m2

)
− Λ2

Λ2 + m2

]
. (4.38)

On general grounds, we expect the full propagator to have the
form

G̃(2)(p) = ∑
n

|〈Ω|φ̃(0)|n〉|2
p2 + m2

n

=
|〈Ω|φ̃(0)|1〉|2

p2 + m2
phys

+ . . . (4.39)

where the top line includes a sum over a set of complete states
(which would include a continuum of scattering states), and the
second line assumes that the first excited state is a single particle
with a mass measured to be mphys. For a field properly normalized
as discussed in the context of the LSZ formula, we would also
expect 〈Ω|φ(0)|1〉 = 1 (see the discussion around (3.13)). However,
generally speaking, corrections from loop diagrams will mean that
〈Ω|φ(0)|1〉 6= 1 and the mass in our Lagrangian m 6= mphys. In fact,
we find divergences.

Clearly we have to do something about the divergences found in
the one-loop calculations above. A practical approach is to prescribe
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a way of separating the divergences from finite pieces. In doing so,
we will sacrifice some predictability of the theory, however not as
much as you might think.

In order to emphasize that the parameters and fields used above
give rise to divergent contributions, let us add a ‘0’ subscript. The
‘original’ Lagrangian

L0 =
1
2
(∂φ0)

2 +
1
2

m2
0φ2

0 +
λ0

4!
φ4

0 (4.40)

is written here in terms of the original field φ0 and the original
mass m0 and coupling λ0.

Let us first define a rescaled field φ such that φ0 = Z1/2
φ φ. The

constant Zφ can be determined by requiring the rescaled field to
satisfy 〈Ω|φ̃(0)|1〉 = 1. In terms of this field

L0 =
Zφ

2
(∂φ)2 +

Zφ

2
m2

0φ2 +
Z2

φλ0

4!
φ4 . (4.41)

Next we assert that we can divide the original Lagrangian into two
sets of terms: a renormalized Lagrangian and a set of ‘countert-
erms’

L0 =
1
2
(∂φ)2 +

1
2

m2φ2 +
λ

4!
φ4 +

δZφ

2
(∂φ)2 +

1
2

δm2φ2 +
δλ

4!
φ4 .

(4.42)

We might write this as L0 = Lren + Lct. Equating coefficients in
(4.41) and (4.42) we have

δZφ = Zφ − 1 , δm2 = Zφm2
0 −m2 , and δλ = Z2

φλ0 − λ . (4.43)
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Figure 4.7: Vertices arising from
counterterms.

We can now use (4.42) to do perturbative calculations of n-point
vertices Γ̃(n). The Feynman rules for the terms in the renormalized
Lagrangian are the same as in the original Lagrangian. In addition
to these, we treat the counterterms as additional vertices (Fig. 4.7).

The counterterms are all proportional to h̄ (were we to restore
it), assuming that the δZφ, δm2, and δλ are nonzero at one-loop
order.15 Therefore at the same time as we consider one-loop graphs 15 Actually, δZ is only nonzero at 2-

loop order in φ4 theory, but let’s ignore
that for the moment.

involving the renormalized Lagrangian, we have to include tree-
diagrams with counterterm vertices.

Let’s return to the 2-point vertex and Π1(p2). We already have
the contribution from using the renormalized Lagrangian – just
interpret the m and λ in (4.36) as the renormalized mass and cou-
pling. To that we add the contribution from the counterterm tree-
graph

Π1,ct = −δm2 . (4.44)

We can have a finite result for Π1 + Π1,ct if we choose δm2 to cancel
the divergence in (4.36), for example let

δm2 = − λ

32π2

[
Λ2 −m2 log

(
1 +

Λ2

m2

)]
. (4.45)

With this choice Π1 + Π1,ct = 0.
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This is not a unique choice. We are free to add any finite term to
δm2. Whatever prescription we choose for the finite terms here and
in the other counterterms, constitutes a ‘renormalization scheme.’
The scheme used in (4.45) is called ‘on-shell’ scheme, because with
it

G̃(2)(p) =
1

p2 + m2 −Π1 −Π1,ct
=

1
p2 + m2 (4.46)

and the renormalized mass can be identified with the mass of the
single particle created by φ: m = mphys. The full statement of an
on-shell renormalization scheme are that the pole of G̃(2)(p) should
be at p2 = −m2

phys and that the residue of the pole should be 1. In

terms of Πren(p2) = Π(p2) + Πct(p2) these amount to

Πren(−m2
phys) = m2 −m2

phys (usually = 0) (4.47)

∂Πren

∂p2

∣∣∣∣
p2=−m2

phys

= 0 . (4.48)

In the case of φ4 we have

Πren = − λ

32π2

[
Λ2 −m2 log

(
1 +

Λ2

m2

)]
− p2δZφ − δm2 . (4.49)

Because the only 1-loop diagram has a loop integral independent
of the external momentum, we did not get a contribution – in par-
ticular a divergence – proportional to p2 in Π1. Therefore, δZ = 0
here and (4.48) is satisfied. With our choice of δm2 (4.45), we satisfy
(4.47).

Next we must choose δλ so that the divergence in Γ̃(4)
1 (0, 0, 0, 0)

(4.38) is cancelled. The contribution from the counterterm vertex at
tree-level is just Γ̃(4)

1,ct = −δλ. Choosing

δλ =
3λ2

32π2

(
log

λ2

m2 − 1
)

(4.50)

gives

λeff ≡ Γ̃(4)(0, 0, 0, 0) = λ + Γ̃(4)
1 (0, 0, 0, 0) + Γ̃(4)

1,ct

= λ− 3λ2

32π2

[
log
(

1 +
m2

Λ2

)
+

m2

m2 + Λ2

]
(4.51)

which we can think of as an effective coupling, in fact is the coeffi-
cient of the quartic term in the quantum effective action. Note that
λeff = λ in the Λ → ∞ limit. This is due our choice of finite term in
(4.50).

4.5 Dimensional regularization

A momentum cutoff is not compatible with gauge invariance in
nonabelian gauge theories. In this section we introduce a more so-
phisticated method of regulating divergent loop integrals: varying
the dimension. Let us work through the example of φ4 theory in 4
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dimensions. Actually, we will work in d = 4− ε dimensions, where
we will treat ε as a small parameter.

First, we perform a little dimensional analysis in d dimensions,
where the couplings acquire non-standard dimensionality. In natu-
ral units h̄ = c = 1, we know we must have a dimensionless action,
here

S =
∫

ddx
[

1
2
(∂φ)2 +

1
2

m2φ2 +
λ

4!
φ4
]

. (4.52)

Let us use [A] to give the mass dimension of quantity A. Given
[S] = 0 and [∂] = −[x] = [m] = 1, the mass term in (4.52),
[m2φ2] = d, implies that [φ] = d

2 − 1. Next looking at the interaction
term, we can infer that [λ] = 4− d = ε.

It is more convenient to work with a dimensionless couplings.
We introduce an arbitrary mass scale µ; this is not a cutoff to be
taken to infinity, but it is a scale associated with the regulator. Then
we can write

λ = µεg(µ) (4.53)

where g(µ) is a dimensionless coupling whose value depends on µ.
In a moment we will return to considering the integrals arising

from 1-loop diagrams of § 4.4. However first, let us collect a few
mathematical observations which will be useful to us.

1. The definition of the (surface) area Sd of a unit sphere in d
dimensions: Consider a Gaussian integral in d ∈ Z+ dimensions

(
√

π)d =
∫

Rd

d

∏
i=1

dxi e−x2
i

= Sd

∫ ∞

0
dr rd−1 e−r2

=
Sd
2

Γ
(

d
2

)
. (4.54)

We use this expression to analytically continue the definition of Sd

to d ∈ C

Sd =
2πd/2

Γ
(

d
2

) . (4.55)

2. We recall some useful properties of the Γ function (also analyt-
ically continued). For α > 0 we have

Γ(α) =
∫ ∞

0
dx xα−1e−x

=
1
α

∫ ∞

0
dx
(

d
dx

)
ex

=
1
α

[
xαe−x]∞

0 +
1
α

∫ ∞

0
dx xαe−x

= 0 +
1
α

Γ(α + 1) . (4.56)

We can use this recursion relation to analytically continue to Re α <

0, with poles when Re α ∈ Z− ∪ {0}. Other useful facts which



40

follow from the above are that Γ(1) = 1, hence Γ(n) = (n− 1)! for
n ∈ Z+, and Γ( 1

2 ) =
√

π.
3. The Taylor expansion about small α of the logarithm of the Γ

function can be shown to be

log Γ(1 + α) = −γα−
∞

∑
k=2

(−1)k 1
k

ζ(k)αk (4.57)

where γ ≈ 0.577216 is the Euler-Mascheroni constant and ζ(k) =

∑∞
n=1 n−k is the Riemann ζ function. We will usually use just the

first term of this along with (4.56) to write αΓ(α) ≈ e−γα ≈ 1− γα

or

Γ(ε) =
1
ε
− γ + . . . . (4.58)

4. We will encounter integrals which are called Euler Beta func-
tions16 16 with a capital β.

B(s, t) =
∫ 1

0
du us−1(1− u)t−1 (4.59)

which can be shown to be related to the Γ function via17 17 Work with the integral representa-
tion of the product of two Γ functions
and make an inspired change of vari-
ables [see e.g. Wikipedia].

B(s, t) =
Γ(s)Γ(t)
Γ(s + t)

. (4.60)

Now we are ready to evaluate our 1-loop integrals using dimen-
sional regularization.

Π1 = −1
2

g(µ)µε
∫ ddk

(2π)d
1

k2 + m2

= −1
2

g(µ)µε Sd

2(2π)d

∫ ∞

0

kd−1dk
k2 + m2 . (4.61)

Focusing on the integral

µε
∫ ∞

0

kd−1dk
k2 + m2 =

µε

2

∫ ∞

0

(k2)
d
2−1dk2

k2 + m2

=
m2

2

( µ

m

)ε ∫ 1

0
du u−

d
2 (1− u)

d
2−1

=
m2

2

( µ

m

)ε Γ(1− d
2 )Γ(

d
2 )

Γ(1)
(4.62)

where we substituted u = m2/(k2 + m2) and recognized the integral
as B(1− d

2 , d
2 ).

The final step involves looking at the small ε limit. We have

Γ(1− d
2 ) = Γ( ε

2 − 1) = − 1
1− ε

2
Γ( ε

2 )

= − 1
1− ε

2

(
2
ε
− γ + O(ε)

)

= −2
ε
+ γ− 1 + O(ε) (4.63)

as well as
(

4πµ2

m2

)ε/2

= 1 +
ε

2
log

4πµ2

m2 + O(ε2) . (4.64)
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Putting it all together, we find

Π1 = − gm2

32π2

(
2
ε
− γ + 1 + log

4πµ2

m2

)
+ O(ε) . (4.65)

Counterterm. We have a choice regarding what to do with the
finite terms. Minimal subtraction (MS): just subtract the divergence.

δm2 = − gm2

16π2ε
(4.66)

Modified minimal subtraction (MS): also subtract the associated
constants

δm2 = − gm2

32π2ε

(
2
ε
− γ + log 4π

)
. (4.67)

On-shell schemes are also possible in dimensional regularization.
We also wish to look at the 4-point vertex function

Γ̃(4)(0, 0, 0, 0) =
3g2µ2ε

2

∫ ddk
(2π)d

1
(k2 + m2)2

=
3g2µε

32π2

(
2
ε
− γ + log

4πµ2

m2

)
+ O(ε) (4.68)

For the MS counterterm, let

δg =
3g2

32π2

(
2
ε
− γ + log 4π

)
. (4.69)

Let us now explore effects due to the introduction of the renor-
malization scale µ. There are two different ways we can examine
this. The first follows from the discussion of the previous section.
We can look at how we have split the original Lagrangian L0 (4.40)
into

Lren + Lct =
1 + δZφ

2
(∂φ)2 +

m2 + δm2

2
φ2 +

(g + δg)µε

4!
φ4 . (4.70)

We can equate coefficients as before: m2
0 = m2 + δm2 and λ0 =

(g + δg)µε. The original parameters do not depend on µ, so m2

and g2 must compensate for the µ-dependence of the counterterm
coefficients.

Let’s work in the MS scheme to save writing. The calculation for
MS is essentially the same. Defining β(g) ≡ dg

d log µ = µ
dg
dµ ,

0 = µ
d

dµ
[(g + δg)µε]

= εg
(

1 +
3g

16π2ε

)
+ β(g)

(
1 +

3g
8π2ε

)
(4.71)

We solve for β(g) under the assumption that we can treat the terms
proportional to g/ε as small, yielding

β(g) =
3g2

16π2 − gε + O
(

g2

ε
, 2 loops

)
. (4.72)
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The divergences we have ignored here will be cancelled if we carry
out renormalization to 2-loop order.

Note that β(g) > 0 here. Integrating the differential equation
between µ and µ′,

1
g(µ′)

=
1

g(µ)
− 3

16π2 log
µ′

µ
(4.73)

or

g(µ′) =
g(µ)

1− 3g(µ)
16π2 log µ′

µ

= g(µ) +
3g2(µ)

16π2 log
µ′

µ
. (4.74)

In the last step, we assumed g(µ) is small.



Renormalization group

Quantum field theory is not fully defined by its Lagrangian. It must
be regulated somehow. A regularization scheme introduces an
associated, unphysical scale. Renormalization conditions must be
imposed in order to uniquely set parameters in the theory. Then we
can make physical predictions.

Physical predictions should be independent of the specific, ar-
bitrary choices made. That is, they should be scheme and scale
independent. The renormalization group18 studies how theories 18 Not a group.

with different renormalization scales can give the same physical
predictions. In the language of statistical field theories, the regular-
ization takes place in the ultraviolet, or very short-distance scales,
while we are interested in physics at lower energies compared to
some artificial cutoff. We think of the interesting physics as the in-
frared, or long-distance, side of our regulated theory. Requiring
scheme and scale independence of QFT predictions is comparable
to studying universal macroscopic physics emerging from statistical
systems with different microscopic details.

In this chapter we will write down a general action for a real
scalar field in d dimensions. Take Λ0 as our initial hard momentum
cutoff. Then we can write the action as a sum over an infinity of
terms

SΛ0 [φ] =
∫

ddx

[
1
2
(∂φ)2 + ∑

i

gi0

Λdi−d
0

Oi(x)

]
. (5.1)

The Oi(x) represent local terms of φ or its derivatives raised to
some power, Oi = (∂φ)ri φsi , and di > 0 is the mass dimension of Oi.
The factors of Λ0 are there so that the gi0 are dimensionless. Note
that in this way of writing the action, the mass term is included in
the sum over generic operators.

5.1 Effective actions

The partition function is

ZΛ0(gi0) =
∫ Λ0

Dφ e−SΛ0 [φ] . (5.2)
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The integral is over fields such that |p| ≤ Λ0. That is, the φ(x) in Z
are

φ(x) =
∫

|p|≤Λ0

dd p
(2π)d eip·x φ̃(p)

=
∫

|p|≤Λ

dd p
(2π)d eip·x φ̃(p) +

∫

Λ<|p|≤Λ0

dd p
(2π)d eip·x φ̃(p)

= φ−(x) + φ+(x) . (5.3)

After the first line, we have introduced an intermediate scale Λ <

Λ0, and separated φ into low momentum (IR) and high momentum
(UV) modes. Note that these sets of modes are disjoint, so Dφ =

Dφ−Dφ+.
Integrating out the high energy modes results in an effective

Wilsonian action

Seff
Λ [φ] = − log

∫ Λ0

Λ
Dφ+ e−SΛ0 [φ

−+φ+ ] . (5.4)

This equation tells us how one action maps to another as UV modes
are integrated out. We will soon iterate this procedure.

One thing to note, especially if carrying out explicit calculation,
is that the kinetic and mass terms do not couple high and low mo-
mentum modes. That is, we may write

SΛ0 [φ
− + φ+] = S0[φ−] + S0[φ+] + Sint

Λ0
[φ−, φ+] (5.5)

with free action

S0[φ] =
∫

ddx
1
2

[
(∂φ)2 + m2φ2

]
. (5.6)

Since φ− and φ+ have disjoint support in momentum space, there
is no quadratic term φ−φ+ in SΛ0 . In momentum space, the cor-
responding term in the action would be φ̃−(k) φ̃+(k′) δ(k + k′),
which would vanish upon integrating over the δ-function, due to
this disjoint support. Contrariwise, cubic terms may not vanish:
φ̃−(k) φ̃−(k′) φ̃+(k′′) δ(k + k′ + k′′) would allow Λ < |k′′| < Λ0 with
both |k|, |k′| < Λ. The effective interaction at cutoff scale Λ can be
written as

Sint
Λ [φ] = − log

{∫
Dφ+ e−S0[φ+ ]−Sint

Λ0
[φ− ,φ+ ]

}
. (5.7)

In the next sections we explore what this integration over modes
means for coupling constants and vertex functions.

5.2 Running couplings

Physics should be independent of whether we use a cutoff of Λ0 or
Λ. Therefore the corresponding partition functions should be equal

∫ Λ
Dφ e−Seff

Λ [φ] =
∫ Λ0
Dφ e−SΛ0 [φ]

ZΛ(gi(Λ)) = ZΛ0(gi0; Λ0) . (5.8)
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Note the right-hand side is independent of Λ; therefore, the left-
hand side must also be independent of Λ. The renormalized cou-
plings gi(µ) must “run” in order to cancel for any explicit Λ depen-
dence

Λ
dZΛ

dΛ
=

(
Λ

∂

∂Λ

∣∣∣∣
gi

+
dgi
dΛ

∂

∂gi

∣∣∣∣
Λ

)
ZΛ(g) = 0 . (5.9)

The action SΛ0 (5.1) is completely general, so Seff
Λ should have the

same form.

Seff
Λ [φ] =

∫
ddx

[
ZΛ

2
(∂φ)2 + ∑

i

Zni/2
Λ

Λdi−d
0

gi(Λ)Oi(x)

]
(5.10)

where we introduce a field renormalization factor Z1/2
Λ to account

for the fact that the integration over UV modes will generically
change the normalization, and ni is the number of fields in Oi. Let

φr = Z1/2
Λ φ (5.11)

be the renormalized field. The remaining variations in terms is
described by the Λ-dependence of the couplings, for each of which
we have a β-function

β
qu
i = Λ

dgi
dΛ

. (5.12)

Note that β
qu
i = β

qu
i ({gj}) can depend on the whole collection of

couplings, and that the classical, leading-order result βcl
i = (di −

d)gi, giving the full βi = βcl
i + β

qu
i .

5.3 Vertex functions

The anomalous dimension of the field φ is defined as

γφ = −Λ
2

d
dΛ

log ZΛ . (5.13)

Let us consider further integrating out more UV modes, from
Λ down to sΛ, with 0 < s < 1. Vertex functions (4.26) should be
independent of the cutoff, so we should have

Z−n/2
sΛ Γ(n)

sΛ (x1, . . . , xn; gi(sΛ)) = Z−n/2
Λ Γ(n)

Λ (x1, . . . , xn; gi(Λ)) (5.14)

We want to consider the limit where s is infinitesimally close to 1.
Let sΛ = Λ′ with Λ fixed, then differentiate with respect to s. We
have

s
d
ds

Z−n/2
sΛ = −n

2
Z−n/2

sΛ s
d
ds

log ZsΛ = nγφ (5.15)

using s d
ds = Λ′ d

dΛ′ and relabeling Λ′ → Λ. We find

Λ
d

dΛ
Γ(n)

Λ (x1, . . . , xn; gi(Λ)) =

(
Λ

∂

∂Λ
+ βi

∂

∂gi
+ nγφ

)
Γ(n)

Λ (x1, . . . , xn; gi(Λ)) .

(5.16)
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We have done the first step of a renormalization group action:
1) Integrate out momentum modes in (sΛ, Λ). There is one more
step remaining: 2) rescale coordinates by defining xµ → sxµ. The
momentum scale is then rescaled Λ → Λs. This allows us to com-
pare the computations using coupling constants before and after
the RG action. Under this rescaling, we should ensure the kinetic
term should be invariant, so that

φr(sx) = s1− d
2 φr(x) or φr(x)→ s

d
2−1φr(sx) (5.17)

The rest of the action is invariant.
Let us look at the n-point vertex function Γ(n)

sΛ (x1, . . . , xn; gi(sΛ)):

Γ(n)
Λ (x1, . . . , xn; gi(Λ)) =

(
ZΛ

ZsΛ

)n/2
Γ(n)

sΛ (x1, . . . , xn; gi(sΛ))

=

(
s2−d ZΛ

ZsΛ

)n/2
Γ(n)

Λ (sx1, . . . , sxn; gi(sΛ))

(5.18)

Note that in this rescaling step, the numerical values for ZsΛ and
gi(sΛ) are not changed. Now reconsider the initial coordinates.
Instead of looking at xi, look at xi/s. Then

Γ(n)
Λ

( x1

s
, . . . ,

xn

s
; gi(Λ)

)
=

(
s2−d ZΛ

ZsΛ

)n/2
Γ(n)

Λ (x1, . . . , xn; gi(sΛ))

(5.19)

As s → 0 we are integrating out more UV modes. From this equa-
tion, we see on the left-hand side, that we are looking at vertex
functions where |xi − xj|/s is getting large (probing the IR). This
is equated to vertex functions with fixed positions, but with the
coupling running to lower scales sΛ.

We can also examine the prefactor. For infinitesimal δs = 1− s

(
s2−d ZΛ

ZsΛ

)1/2
= 1 +

(
d− 2

2
+ γφ

)
δs . (5.20)

That is, the fields behave as if their mass dimension were

d− 2
2

+ γφ ≡ ∆φ . (5.21)

The field’s “scaling dimension” is equal to its classical, or “engi-
neering” mass dimension plus its anomalous dimension.

5.4 Renormalization group flow

Coupling constant space.
Renormalization group trajectories are lines in coupling constant

space traced out as the renormalization scale is varied, e.g. as mo-
mentum modes are integrated out. The lines are the solutions to the
set of differential equations given by the beta functions βi(gj). By
construction theories lying along the same RG trajectories describe
the same long-distance (or IR) physics.
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Fixed points. βi|{g∗j } = 0 for all i.

βi({gj}) = (di − d)gi + Λ
dgi
dΛ

({gj}) (5.22)

Scale invariance at a fixed point. γφ({g∗i }) = γ∗φ. Callan-
Symanzik implies

Λ
∂

∂Λ
Γ(2)

Λ (x, y; {g∗i }) = −2γ∗φΓ(2)(x, y; {g∗i }) . (5.23)

Translational and Lorentz invariance implies Γ(2)
Λ (x, y) = Γ(2)

Λ (|x −
y|)). Like 〈φ(x)φ(y)〉, Γ(2)

Λ has mass (engineering) dimensions of
d− 2. Therefore, in order to satisfy (5.23)

Γ(2)
Λ (x, y; {g∗i }) =

Λd−2

Λ2∆φ

c({g∗i })
|x− y|2∆φ

(5.24)

where

∆φ =
1
2
(d− 2) + γ∗φ (5.25)

is the field’s scaling dimension and c is a dimensionless function
of the fixed-point couplings. This power-law behaviour for Γ(2)

Λ is
characteristic of scale-invariant theories. In contrast, theories with
a mass scale have a finite correlation length ξ ∝ M−1 and the two-
point functions decay exponentially Γ(2) ∼ exp(−M|x − y|)/|x −
y|2∆φ .

We can analyze the RG flow near a fixed point by linearizing the
RG equations. Let δgj = gj − g∗j .

Λ
dgi
dΛ

∣∣∣∣
g∗j +δgj

= Bijδgj + O((δg)2) . (5.26)

Let the eigenvectors and eigenvalues of the matrix Bij be denoted σi

and ∆i − d, where we refer to ∆i as the scaling dimension of σi. In
general, the σi represent a linear combination of some operators Oj

in the action.
Under the RG transformation, the linearized flow near {g∗j } is

Λ
dσi
dΛ

= (∆i − d) σi

=⇒ σi(Λ) =

(
Λ
Λ0

)∆i−d
σi(Λ0) (5.27)

with some initial Λ0 > Λ.

5.5 Continuum limit and renormalizability

Further reading

Schwartz19 covers the RG in Chapter 23; §23.6 in particular has a 19 M D Schwartz. Quantum Field Theory
and the Standard Model. Cambridge
University Press, 2014. ISBN 978-1-107-
03473-0

nice summary of Wilsonian RG. Banks20 has a nice discussion in

20 T Banks. Modern Quantum Field
Theory. Cambridge University Press,
2008. ISBN 978-0-521-85082-7

Chapter 9, going well beyond what we have been able to cover here.
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Renormalization group

C
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Figure 5.1: RG flow near a fixed
point. As we tune the couplings
gi0 → g̃i0 in the initial action closer to
the critical surface C, the greater the

ratio Λ̃0
Λ > Λ0

Λ can be with the effective
couplings gi(Λ) still in the vicinity of
the fixed point.



Quantum electrodynamics

QED is the original field theory, describing the electromagnetic
interactions of relativistic electrons as they exchange photons.

The Euclidean spacetime, classical action is

S[ψ, ψ̄, A] =
∫

d4x
[

1
4

FµνFµν + ψ̄(/D + m)ψ

]
(6.1)

where /D = γµ(∂µ + ieAµ), ψ and ψ̄ are 4-spin-component Grass-
mann fields, and the field strength tensor is Fµν = ∂µ Aν − ∂ν Aµ. It
is straightforward to check that the action is invariant under U(1)
gauge transformations

ψ(x)→ eieα(x)ψ(x)

ψ̄(x)→ ψ̄(x)e−ieα(x)

Aµ(x)→ Aµ(x)− ∂µα(x) . (6.2)

The partition function is

Z =
∫
DψDψ̄DA e−S[ψ,ψ̄,A] . (6.3)

Note that ψ and ψ̄ are independent Grassmann variables.
In Euclidean spacetime, the Dirac matrices satisfy the anticom-

mutation relation

{γµ, γν} = 2δµν (6.4)

and we take them to be Hermitian: γ†
µ = γµ. A typical representa-

tion is

γj =

(
0 −iσj

iσj 0

)

γ4 =

(
1 0
0 −1

)
or

(
0 1
1 0

)

γ5 = γ1γ2γ3γ4 (6.5)

with σj being the Pauli matrices.

6.1 Feynman rules

It is useful to work in momentum space

ψ(x) =
∫ d4 p

(2π)4 eip·xψ̃(p)

ψ̄(x) =
∫ d4 p

(2π)4 eip·x ˜̄ψ(p) . (6.6)
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Then the free electron action in momentum space is

S f [ψ̃, ˜̄ψ] =
∫ d4 p

(2π)4
˜̄ψ(−p)(i/p + m)ψ̃(p) . (6.7)

The generating functional with Grassmann sources η and η̄ is

Z0[η̃, ˜̄η] =
∫
DψDψ̄ exp

{
−
∫ d4 p

(2π)4

[
˜̄ψ(i/p + m)ψ̃− ˜̄ηψ̃ + ˜̄ψη

]}

= Z0[0, 0] exp
{
−
∫ d4 p

(2π)4
˜̄η(i/p + m)−1η̃

}
(6.8)

following similar steps as in the scalar theory.
The free electron propagator is obtained from

S̃F(p) =
δ

δ ˜̄η
δ

δη̃
Z [η̃, ˜̄η]

∣∣∣∣
η̃, ˜̄η=0

=
1

i/p + m
. (6.9)

Making the spin indices explicit, we would write

S̃αβ
F (p) =

−i/p αβ + m δαβ

p2 + m2 . (6.10)

This propagator is drawn as a solid line with an arrow.
For the photon generating functional, we couple an external

source following Maxwell’s equations

∂νFµν = Jµ (6.11)

so that we have

Z0[J] =
∫
DA exp

{
−
∫

d4x
[

1
4

FµνFµν + Jµ Aµ

]}
. (6.12)

To check gauge invariance of the second term in the action (6.12),
let A′µ(x) = Aµ(x)− ∂µα(x) and perform the following integral by
parts

∫
d4x Jµ(A′µ − Aµ) =

∫
d4x Jµ ∂µα

=
∫

d4x ∂µ(Jµα)−
∫

d4x (∂µ Jµ)α = 0 (6.13)

where the first integral vanishes for suitable boundary conditions
at infinity. The second term vanishes because Jµ is a conserved
current: ∂µ∂νFµν = 0 due to F being antisymmetric in its Lorentz
indices.

Fourier transforming the gauge field and source, the action is

Sg[Ã, J̃] =
1
2

∫ d4k
(2π)4

[
Ãµ(−k)

(
k2δµν − kµkν

)
Ãν(k)

+ J̃µ(−k)Ãµ(k) + J̃µ(k)Ãµ(−k)
]

. (6.14)
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We can see propagator D̃µν must be the inverse of the quadratic
term, i.e. it must solve

(k2δµν − kµkν)D̃νρ(k) = δµ
ρ . (6.15)

One solution is

D̃µν(k) =
1
k2

(
δµν − kµkν

k2

)
. (6.16)

There is a subtle point, though, in that there are zero modes
which have vanishing action and hence give a divergent contribu-
tion to path integrals. Consider gauge fields which are gauge trans-
forms of the field Aµ(x) = 0; that is, Aµ(x) = ∂µα(x). In momen-
tum space these are fields which can be written as Ãµ(k) = kµα̃(k).
Let us define

Pµν(k) = δµν − kµkν

k2 (6.17)

and note that it is a 4× 4 projection matrix: Pµ
ν(k)Pνρ(k) = Pµρ(k).

As such, its eigenvalues are either 0 or 1.21 The action vanishes for 21 P2v = Pv = λv implies λ2 = λ.

gauge fields parallel to the zero eigenvector kµ:

Pµν(k)kν = 0 . (6.18)

Note also that fields satisfying Ãµ(k) = kµα̃(k) also give no contri-
bution to the source terms in the action (6.14) since kµ J̃µ = 0 from
current conservation (∂µ Jµ = 0).

We can see that the other three eigenvalues of Pµν must be equal
to 1, since the sum of all the eigenvalues is equal to the trace

δµνPµν(k) = 3 . (6.19)

Therefore, we make sense of the path integral over Aµ by requir-
ing that we do not integrate over the fields gauge-equivalent to
Aµ(x) = 0. This means we only integrate over fields which are
orthogonal to kµ in the sense that

kµ Aµ(k) = 0 or ∂µ Aµ(x) = 0 . (6.20)

This is called Lorenz or Landau gauge.
In the subspace specified by (6.20) Pµν(k) is just the identity,

so the inverse of k2Pµν is easy to write down and just gives the
Landau-gauge propagator (6.16). The generating functional is

Z0[ J̃] = exp
{

1
2

∫ d4k
(2π)4 J̃µ(−k)

Pµν

k2 J̃ν(k)
}

. (6.21)

Noting once again that kµ Jµ = 0, we see we can drop the 2nd term
in (6.17) in (6.21) and write

Z0[ J̃] = exp

{
1
2

∫ d4k
(2π)4

J̃µ(−k) J̃µ(k)
k2

}
(6.22)
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which is equivalent to working in Feynman gauge. In fact one can
write the photon propagator in a more general gauge as

D̃µν(k) =
1
k2

(
δµν − (1− ξ)

kµkν

k2

)
(6.23)

where ξ = 0 corresponds to Landau gauge and ξ = 1 to Feynman
gauge. This Rξ gauge, or covariant gauge, is more useful in the
context of nonabelian gauge theories.

The interaction term in the Lagrangian density is

ieAµ(x)ψ̄α(x)(γµ)αβψβ(x) (6.24)

where we have written the spin indices explicitly. Following the
procedure developed in § 2.2, we can write the interacting generat-
ing functional for QED as

Z[η, η̄, J] ∝ exp
[

ie
∫

d4x
(

δ

δJ(x)

)(
δ

δηα(x)

)
(γµ)αβ

(
δ

δη̄β(x)

)]

× Z0[η, η̄]Z0[J] . (6.25)

It is a tedious exercise to show that, for every fermion loop, we
pick up a factor of (−1) due to the necessity of anticommuting the
Grassmann sources appropriately.

6.2 Vacuum polarization
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Figure 6.1: Vacuum polarization one-
loop diagram.

Let us begin the discussion of QED renormalization by considering
quantum corrections to the photon propagator; this is known as the
polarization of the vacuum due to quantum fluctuations. As with
the scalar two-point function, the photon two-point function can be
written as a geometric series.

MORE HERE
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(6.26)

The key quantity to calculate at one-loop order is the amputated
diagram with a fermion loop (Fig. 6.1).

We will use dimensional regularization, so define a dimensionless coupling g through

e2 = g2(µ) µε (6.27)

where ε = 4− d in d dimensions. The 1-loop vacuum polarization is

Πµν
1 (q) = −(−ig)2µε

∫ dd p
(2π)d tr

(
1

i/p + m

)
γµ

(
1

i(/p− /q) + m

)
γν

= g2µε
∫ dd p

(2π)d
tr {(−i/p + m)γµ[−i(/p− /q) + m]γν}

(p2 + m2)[(p− q)2 + m2]
. (6.28)

Use Feynman’s trick

1
AB

=
∫ 1

0
dx
∫ 1

0
dy

δ(x + y− 1)
[Ay + Bx]2

(6.29)



53

to write the integral of the denominator as

∫ 1

0

dx

{(p2 + m2)(1− x) + [(p− q)2 + m2]x}2 =
∫ 1

0

dx
[(p− qx)2 + m2 + q2x(1− x)]2

(6.30)

Shift the momentum integration variable to ` = p− qx to obtain

Πµν
1 (q) = g2µε

∫ dd`

(2π)d

∫ 1

0
dx

tr {[−i(/̀+ /qx) + m]γµ[−i[/̀− /q(1− x)] + m]γν}
(`2 + ∆)2 (6.31)

where we introduce the abbreviation ∆ = m2 + q2x(1− x). We need the following spin traces

trγµγν = 4δµν (6.32)

trγµγργνγσ = 4(δµρδνσ − δµνδρσ + δµσδνρ) . (6.33)

Therefore the trace in the numerator of (6.31) becomes

tr{·} = 4
{
−(`+ qx)µ[`− q(1− x)]ν + (`+ qx) · [`− q(1− x)]δµν − (`+ qx)ν[`− q(1− x)]µ + m2δµν

}
.

(6.34)

As d → 4, integrals over odd powers of p vanish, so we neglect these terms. For the same reason
only the diagonal parts of `µ`ν have nonzero interals. The nonvanishing terms can be obtained by the
following replacements

`µ`ν → 1
d

δµν`2

`µ`ρ`ν`σ → (`2)2

d(d + 2)
(δµρδνσ − δµνδρσ + δµσδρν) . (6.35)

Now the integrand is rotationally invariant, so the angular part of the integral can be done easily. This
amounts to replacing the measure

∫ dd`

(2π)d → Sd
`d−1d`
(2π)d =

(`2)
d
2−1d`2

(4π)
d
2 Γ( d

2 )
. (6.36)

Putting these ingredients together gives

Πµν
1 (q) =

4g2µε

(4π)
d
2 Γ( d

2 )

∫ 1

0
dx
∫ ∞

0
d`2 (`2)

d
2−1

(`2 + ∆)2

[
`2
(

1− 2
d

)
δµν +

(
2qµqν − q2δµν

)
x(1− x) + m2δµν

]
.

(6.37)

With the substitution u = ∆
`2+∆ , we can identify that these integrals are proportional to Euler’s Beta

functions, (4.59) ∆
d
2−1B(1− d

2 , 1 + d
2 ) and ∆

d
2−2B(2− d

2 , d
2 ), and use the result (4.60). We find

Πµν
1 (q) =

4g2µε

(4π)
d
2

Γ( ε
2 )
∫ 1

0
dx

1
∆ε/2

{
δµν
[
m2 − x(1− x)q2

]
− δµν

[
m2 + x(1− x)q2

]
+ 2x(1− x)qµqν

}

=
8g2µε

(4π)
d
2

Γ( ε
2 )
∫ 1

0
dx

1
∆ε/2 (−q2δµν + qµqν)x(1− x)

≡ (q2δµν − qµqν)π1(q2) (6.38)

where we implicitly define the Lorentz-invariant function

π1(q2) = −8g2Γ( ε
2 )

(4π)
d
2

∫ 1

0
dx x(1− x)

(
µ2

∆

) ε
2

. (6.39)
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Note that Πµν
1 (q) has the same Lorentz structure as the free photon propagator, i.e. qµΠµν

1 (q) = 0. In the
d→ 4 (ε→ 0) limit

π1(q2) = − g2

2π2

∫ 1

0
x(1− x)

(
2
ε
− γ + log

4πµ2

∆

)
+ O(ε) . (6.40)

In order to deal with the divergence we write the orginal action
as the sum of a renormalized action plus a counterterm action.

S0 = S + Sct (6.41)

with

e0 = Ze

m0 = Zmm

ψ0 =
√

Z2ψ

A0 =
√

Z3 A. (6.42)

We write the right-hand side of (6.41) as

S + Sct =
∫

d4x
[

1
4

Z3F2 + Z2ψ̄ /∂ψ + ZmZ2mψ̄ψ + ieZ1ψ̄/Aψ

]
(6.43)

where Z1 = ZeZ2
√

Z3. Let Zk = 1 + δZk for k = e, m, 1, 2, 3 and δZk

small. Then δZe = δZ1 − δZ2 − 1
2 δZ3. We will later show that gauge

invariance implies Z1 = Z2 so that ψ̄(/∂ + ie/A)ψ is renormalized by a
single, overall factor. Given that this is the case δZe = − 1

2 δZ3.
Counterterm diagram

δZ3 = − g2(µ)

12π2

(
2
ε
− γ + log 4π

)
(6.44)

in the MS scheme.

πren
1 (q2) =

g2(µ)

2π2

∫
dx x(1− x) log

(
m2 + x(1− x)q2

µ2

)
(6.45)

Note about branch cut.

6.3 QED β function

g0 = Z−
1
2

3 gµ
ε
2 =

(
1− 1

2
δZ3

)
gµ

ε
2 (6.46)

0 = µ
dg0

dµ
=

(
µ

∂

∂µ
+ β(g)

∂

∂g

) [
1 +

g2

24π2

(
2
ε
− γ + log 4π

)]
gµ

ε
2

(6.47)

which implies

εg
2

(
1 +

g2

12π2ε

)
+ β(g)

(
1 +

g2

4π2ε

)
= 0 (6.48)
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or

β(g) = −
(

εg
2

+
g3

24π2

)(
1 +

g2

4π2ε

)−1

= − εg
2

+
g3

12π2 + 2-loop (6.49)

The QED β function is positive, so the coupling is marginally irrele-
vant. Integrate from µ to µ′

1
g2(µ′)

=
1

g2(µ)
+

1
6π2 log

µ

µ′
. (6.50)

Let ΛQED be the scale at which the coupling diverges:

g2(µ) =
6π2

log ΛQED
µ

. (6.51)

Given experimental measurements me = 0.511 MeV and α =
1

4π g2(me) =
1

137 , implies that ΛQED ≈ 10286 GeV. COMMENTS.

G(2)
µν (q) =

∫
ddx eiq·x〈Aµ(x)Aν(0)〉

=

k
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= Dµν + DµνΠµνDµν + DµνΠµνDµνΠµνDµν + . . .

= Dµν(q)(1 + π(q2) + π2(q2) + . . .)

=
Dµν

1− π(q2)
. (6.52)

At one loop, Πµν = Πµν
1 and π = π1 we found earlier in the

chapter.
G(2)

µν (q) can be found from differentiating the quantum effective
action. Using the one-loop results above, this differentiation is on
the following term

Γ[ψ, ψ̄, A] ⊃
∫ dd p

(2π)d [1− π(p2)](p2δµν − pµ pν)
1
2

Ãµ(−p)Ãν(p) .

(6.53)

Rescale Aµ → 1
e Aµ and consider position space to find

Γ[ψ, ψ̄, A] ⊃
∫

ddx
[

1− π(0)
4e2 F2 + ∂2F2 term

]
(6.54)

The coefficients in Γ[ψ, ψ̄, A] should be µ-independent. The physical
coupling should just be read off from the coefficient of 1

4 F2, say

1
e2

phys
=

1− π(0)
e2 =

1
g2µε

[
1− g2

2π

∫ 1

0
dx x(1− x) log

∆
µ2

]
. (6.55)

Taking the logarithmic derivative d
d log µ of both side will give the

same β-function we obtained earlier.
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6.4 Full one-loop renormalization

G(/p) =
∫

d4x eip·x〈ψ(x)ψ̄(0)〉

=

k
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Figure 6.2: One-loop fermion self-
energy diagram Σ1.

Σ1(/p) = −
g2

16π2

∫ 1

0
dx [(2− ε)x(i/p) + (4− ε)m]

×
[

2
ε
− γ + log

4πµ2

∆
+ O(ε)

]
(6.57)

where here ∆ = x(1− x)p2 + (1− x)m2.22 Note that Σ1(/p) is not 22 There is also an infrared divergence
at k = 0. This can be regulated by
introducing a small mass for the
photon, then taking the limit of it
vanishing.

proportional to i/p + m. The two independent counterterms δZ2 and
δZm are introduced to remove the two divergences. Counterterm
Feynman rule: 2-point fermion vertex with coefficient −[δZ2i/p +

(δZ2 + δZm)m]. Renormalization conditions, either MS (or MS), or
on-shell. In the latter case we require

Σ(/p)|/p=imphys
= 0 and

dΣ
d/p

∣∣∣∣
/p=imphys

= 0 . (6.58)

The statement /p = imphys is a shorthand, which can be under-
stood formally. What we really mean is that the renormalization
constants should be set so that G(/p)(6.56) should have a pole on
the imaginary axis corresponding to the physical electron mass,
and its residue should be 1. To be careful we would rationalize the
denominator in (6.56) so that it carried no spin indices.

Further reading

Srednicki23, e.g. §§54, 57, 58. Schwartz24 Chapter 14. 23 M Srednicki. Quantum Field Theory.
Cambridge University Press, 2007.
ISBN 978-0-521-86449-7
24 M D Schwartz. Quantum Field Theory
and the Standard Model. Cambridge
University Press, 2014. ISBN 978-1-107-
03473-0



Symmetries and path integrals

Path integral integral quantization makes use of the classical action.
We recall from Noether’s theorem that symmetries of the theory
can be explored by studying variations of the classical action. In
this chapter we investigate the quantum effects of theories which
possess symmetries at the classical level.

7.1 Schwinger-Dyson equations for scalars

Consider a free, massless scalar theory described by the action

S =
1
2

∫
d4y ∂µφ∂µφ = −1

2

∫
d4y φ∂2φ ; (7.1)

we will find it more useful to use the second form of the action,
obtained by integrating by parts.

Now consider the vacuum expectation value of the field 〈φ(x)〉.
Inside the path integral, let us shift the field φ → φ + ε, which
leaves the measure invariant. We will assume that ε(x) is a small
variation, so that we can neglect terms O(ε2).

〈φ(x)〉 = 1
Z
∫
Dφ [φ(x) + ε(x)] e

1
2
∫

d4y (φ+ε)∂2(φ+ε) (7.2)

Expand about small ε so that the exponential above can be written
as

e
1
2
∫

d4y φ∂2φ

[
1 +

1
2

∫
d4z

(
φ∂2ε + ε∂2φ

)]
= e

1
2
∫

d4y φ∂2φ

(
1 +

∫
d4z ε∂2φ

)

(7.3)

where we have integrated by parts twice. Now

〈φ(x)〉 = 1
Z
∫
Dφ e

1
2
∫

d4y φ∂2φ

[
φ(x) + ε(x) + φ(x)

∫
d4z ε(z)∂2

zφ(z)
]

.

(7.4)

Note we have put a subscript z on the latter partial derivative to
make it clear we differentiate with respect to z and not x. (The
derivative with respect to y in the exponential will not appear after
another step.) Note that the first term on the right hand side is
simply 〈φ(x)〉, so the remaining terms must sum to 0. Writing
ε(x) =

∫
d4z ε(z)δ(4)(z− x), we can factor the ε(z) out

∫
d4z ε(z)

∫
Dφ e

1
2
∫

d4y φ∂2φ
[
φ(x)∂2

zφ(z) + δ(4)(z− x)
]
= 0 . (7.5)
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Since this is true for all ε(z), and since the path integral is indepen-
dent of z, except at the field insertion, it must be that

∂2
z〈φ(z)φ(x)〉 = −δ(4)(z− x) . (7.6)

This is the Schwinger-Dyson equation for a free, massless scalar
field. In fact this is nothing but the Klein Gordon equation for the
Green’s function which yields the Feynman propagator. The steps
above can be repeated for general n-point functions, for example

∂2
z〈φ(z)φ(x)φ(y)〉 = −δ(4)(z− x)〈φ(y)〉 − δ(4)(z− y)〈φ(x)〉 . (7.7)

When we add an interaction term

S =
∫

d4y
(
−1

2
φ∂2φ + Lint[φ]

)
(7.8)

we can simply modify the steps above, Taylor expanding

Lint[φ + ε] = Lint[φ] + εL′int[φ] (7.9)

where L′int[φ(z)] = δ
δφ(z)Lint. The resulting Schwinger-Dyson

equation is

∂2
z〈φ(z)φ(x)〉 = 〈L′int[φ(z)]φ(x)〉 − δ(4)(z− x) . (7.10)

Again, this is the classical equation of motion (∂2 − L′int)φ = 0 up
to a contact term. The interaction term appears similarly for n-point
functions, for example

∂2
z〈φ(z)φ(x)φ(y)〉 = 〈L′int[φ(z)]φ(x)φ(y)〉 − δ(4)(z− x)〈φ(y)〉

− δ(4)(z− y)〈φ(x)〉 . (7.11)

This can be put into a nice form if we recall a few things from
Noether’s theorem. Under φ → φ + ε, the Lagrange density trans-
forms as L → L+ δL, with

δL(y) = δL(y)
δφ(y)

ε(y) +
δL(y)
δ(∂µφ)

∂µε(y) . (7.12)

Let us write the variation of the Lagrangian with respect to ε(z) as

∂L(y)
δε(z)

=
δL(y)
δφ(y)

δ(4)(z− y) +
δL(y)

δ(∂µφ(y))
∂µδ(4)(z− y) . (7.13)

The variation of the action S =
∫

d4yL is then

δS
δε(z)

=
∫

d4y
δL(y)
δε(z)

=
∫

d4y
[

δL
δφ(y)

δ(4)(z− y)− ∂µ

(
δL(y)

δ(∂µφ(y))

)
δ(4)(z− y)

]

=
δL(z)
δφ(z)

− ∂µ

(
δL(z)

δ(∂µφ(z))

)
. (7.14)

In going from the firs to the second line, we integrated by parts
in order to move the derivative operator from the δ-function to
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its prefactor. Now use this to replace the first term in (7.12), with
appropriate changes to the coordinate

δL(y) = ∂µ

[
δL

δ(∂µφ(y))
ε(y)

]
+

δS
δε(y)

ε(y)

≡ ∂µ jµ +
δS

δε(y)
ε(y) (7.15)

where we have identified the Noether current as

jµ(y) =
δL

δ(∂µφ(y))
ε(y) . (7.16)

Now back to our action (7.8). Here (7.14) reads

δS
δε(z)

= L′int[φ]− ∂2φ . (7.17)

Therefore the Schwinger-Dyson equation (7.10) becomes
〈

δS
δε(z)

φ(x)
〉

= δ(4)(z− x) . (7.18)

All this discussion is most useful for transformations which leave
the classical Lagrangian invariant: that is, those for which δL = 0.
In this case (7.15) becomes

∂µ jµ = − δS
δε(z)

ε(z) (7.19)

and (7.18) becomes

∂

∂zµ 〈jµ(z)φ(x)〉 = −δ(4)(z− x)〈ε(x)〉 . (7.20)

This is the form of the Ward-Takahasi we will use in the next sec-
tion.

Before leaving this section, it is worth remarking that the Schwinger-
Dyson equations provide a link between path integral and canoni-
cal quantization. Consider repeating the steps we used earlier, this
time for the generating functional Z [J].

Z [J] =
∫
Dφ exp−

∫
d4y

[
−1

2
(φ + ε)∂2(φ + ε) + Lint[φ + ε] + J(φ + ε)

]

=
∫
Dφ e−

∫
d4y(L+Jφ)

[
1−

∫
d4z ε(z)

(
−∂2

zφ + L′int + J
)
+ . . .

]

= Z [J] for any ε(z). (7.21)

That implies the O(ε) terms must sum to 0, i.e.

−∂2
z

∫
Dφ φ e−

∫
d4y(L+Jφ) =

∫
Dφ (L′int + J) e−

∫
d4y(L+Jφ)

∂2
z

δZ
δJ(z)

=

{
L′int

[
− δ

δJ(z)

]
+ J(z)

}
Z [J] . (7.22)

This differential equation can be used to define the generating
functional, and hence the whole theory. Z [J] is the unique solution
(for appropriate boundary conditions) to the differential equation.
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A similar procedure can be done in canonical quantization. A
generating function for time-ordered operator vacuum matrix ele-
ments can be defined. Then it can be shown that it is a solution to
the same Schwinger-Dyson equation (7.22). Since both generating
function(al)s solve the same differential equation, they must de-
scribe the same physics. Canonical and path integral quantization
are equivalent formulations.

7.2 Schwinger-Dyson equations for fermions

L = ψ̄ /∂ψ + non-derivative terms in ψ (7.23)

Under

ψ(x)→ eiα(x)ψ(x) and ψ̄(x)→ ψ̄(x)e−iα(x) (7.24)

the path integral measure is invariant, but the kinetic term in the
Lagrangian is not:

ψ̄ /∂ψ→ ψ̄ /∂ψ + iψ̄γµψ ∂µα . (7.25)

Consider 〈ψ(x1)ψ̄(x2)〉. We expand in small α as in §7.1, to find
that the O(α) term must vanish, i.e.

0 =
∫
DψDψ̄ e−S

[
i
∫

d4xψ̄(x)γµψ(x)∂µα(x)
]

ψ(x1)ψ̄(x2)

+
∫
DψDψ̄ e−S [iα(x1)− iα(x2)]ψ(x1)ψ̄(x2) (7.26)

or, integrating the first integral by parts, and replacing α(xk) =∫
d4x α(x)δ(4)(x− xk) in the second,
∫

d4x α(x) ∂µ

[∫
DψDψ̄ e−S ψ̄(x)γµψ(x)

]
ψ(x1)ψ̄(x2)

= −
∫

d4x α(x)
[
δ(4)(x− x1)− δ(4)(x− x2)

] ∫
DψDψ̄ e−Sψ(x1)ψ̄(x2)

(7.27)

Since this holds for all α(x)

∂µ〈jµ(x)ψ(x1)ψ̄(x2)〉 = −
[
δ(4)(x− x1)− δ(4)(x− x2)

]
〈ψ(x1)ψ̄(x2)〉

(7.28)

where jµ(x) = ψ̄(x)γµψ(x) is the Noether current corresponding to
the transformation (7.24).

Mµ(p, q1, q2) ≡
∫

d4x d4x1 d4x2 eip·xeiq1·x1 e−iq2·x2〈jµ(x)ψ(x1)ψ̄(x2)〉

M(q1, q2) ≡
∫

d4x1 d4x2 eiq1·x1 e−iq2·x2〈ψ(x1)ψ̄(x2)〉 (7.29)

Note

M(q1 + p, q2) ≡
∫

d4x d4x1 d4x2 eip·xeiq1·x1 e−iq2·x2

× δ(4)(x− x1)〈ψ(x1)ψ̄(x2)〉 (7.30)

and similarly forM(q1, q2 − p).
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7.3 Ward-Takahashi identity and renormalization

The renormalized QED Lagrangian is

L =
1
4

Z3F2 + Z2ψ̄ /∂ψ + Z2Zmmψ̄ψ + Z1eψ̄ /Aψ . (7.31)

Further reading

Srednicki25 discusses symmetries and Ward-Takahashi identities for 25 M Srednicki. Quantum Field Theory.
Cambridge University Press, 2007.
ISBN 978-0-521-86449-7

scalar theories in §22. Schwartz26 Sections 14.7, 14.8, and 19.5.
26 M D Schwartz. Quantum Field Theory
and the Standard Model. Cambridge
University Press, 2014. ISBN 978-1-107-
03473-0





Nonabelian gauge theory

Gauge theories naturally describe long-range interactions between
scalar or spinor matter; the gauge symmetry implies a massless
gauge boson as the carrier of the force. However, as we found for
QED, abelian gauge theories in 4-dimensions generically have pos-
itive β-functions: the interactions are weak at long distances and
become strong only at very short distance.

This is the opposite behaviour to what is seen in hadronic
physics, where hadronic constituents are seen to become weakly
interacting at high energies (short distances), while these interac-
tions are strong at low energies (long distances). The key to finding
theories with this type of behaviour (in 4 dimensions) is to have the
gauge boson interact with itself. We will see that this require the
gauge symmetry to be that of a nonabelian group.

8.1 Lie groups

A Lie group is a group with an infinite number of elements which
is also a differentiable manifold. Group elements continuously
connected to the identity can be written as

U = exp(iθaTa)1 (8.1)

where the Ta are the group generators and the θa are numbers
parametrizing the group element (a sum over generators is implied
by the repeated index).

The generators Ta of a Lie group form a Lie algebra under an
operation generically called a Lie bracket

[Ta, Tb] = i f abcTc (8.2)

where f abc are the structure constants. When we represent the
generators by matrices, the Lie bracket is just the usual commutator,
[A, B] = AB− BA. The Lie brackets satisfy the Jacobi identity

[A, [B, C]] + [B, [C, A]] + [C, [A, B]] = 0 (8.3)

which implies

f abd f dce + f bcd f dae + f cad f dbe = 0 . (8.4)

We use a normalization for the generators such that

f acd f bcd = Nδab . (8.5)
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We will primarily be interested in unitary groups, those whose
group elements satisfy U†U = 1. Special unitary groups are those
whose elements are unitary and have determinant equal to 1. In
this case all elements are continuously connected to the identity
and can be written as in (8.1). The group G = SU(N) has N2 −
1 generators, so it has dimension d(G) = N2 − 1. Other finite-
dimensional Lie groups are orthogonal, symplectic, or the five
exceptional Lie groups.

The fundamental representation is the smallest nontrivial repre-
sentation of a Lie algebra. For su(N) these are the N × N traceless,
Hermitian matrices. Under an infinitesimal SU(N) transform-
mation, an N-component field in the fundamental representation
transforms as

φi → φi + iαa(Ta
fund)ij φj (8.6)

with real αa. Note we use i, j, . . . as representation indices (i.e. color,
isospin or flavour) and a, b, . . . to index generators. The complex-
conjugate field transforms under the anti-fundamental representa-
tion for which Ta

afund = −(Ta
fund)

∗ and hence

φ∗i → φ∗i + iαa(Ta
afund)ij φ∗j = φ∗i − iαaφ∗j (T

a
fund)ji. (8.7)

The last step uses the fact that the generators are Hermitian. From
now on, we drop the "fund" subscript on the generators when we
work with the fundamental representation

Ta = Ta
fund . (8.8)

The adjoint representation is the one which acts on the vector
space spanned by the generators themselves. The matrix elements
of the generators are given by the structure constants:

(Ta
adj)ij = −i f aij . (8.9)

We will see that the gauge fields transform in the adjoint represen-
tation.

The Index of a representation T(R) defined to via an inner prod-
uct of generators

tr(Ta
RTb

R) = (Ta
R)ij(Tb

R)ji = T(R)δab . (8.10)

For the fundamental representation

Ta
ijT

b
ji =

1
2

δab =⇒ T(fund) = TF =
1
2

, (8.11)

while for the adjoint representation

f acd f bcd = Nδab =⇒ T(adj) = TA = N . (8.12)

Quadratic Casimir for representation R, C2(R), satisfies

Ta
RTa

R = C2(R)1 . (8.13)
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In (8.10) if we set a = b and sum over a we find

T(R) d(G) = C2(R) d(R) (8.14)

where d(R) is the dimension of representation R and d(G) is the
dimension of the group. Therefore, the quadratic Casimirs for the
fundamental and adjoint representations are respectively

C2(fund) = CF =
N2 − 1

2N
and C2(adj) = CA = N . (8.15)

8.2 Gauge invariance and Wilson lines

Under a U(1) transformation

ψ(x)→ eiα(x)ψ(x) and ψ̄(x)→ ψ̄(x)e−iα(x) (8.16)

ψ̄/∂ψ is not invariant. Consider a derivative acting in the direction of
a unit vector nµ

nµ∂µψ = lim
a→0

1
a
[ψ(x + an)− ψ(x)] . (8.17)

Noting

ψ(x + an)− ψ(x)→ eiα(x+an)ψ(x + an)− eiα(x)ψ(x) (8.18)

suggests how we might construct a gauge covariant derivative, one
which would transform like ψ(x), i.e.

Dµψ(x)→ eiα(x)Dµψ(x) . (8.19)

Define a Wilson line, W(y, x), going from point x to y to trans-
form as

W(y, x)→ eiα(y)W(y, x)e−iα(x) . (8.20)

The Wilson line a type of parallel transporter on the gauge mani-
fold. Choose a normalization such that W(x, x) = 1. Then W can be
written as an element of U(1), a phase:

W(y, x) = eiφ(y,x) (8.21)

with real φ. We also choose a convention that W(x, y) = (W(y, x))∗.
We can use the Wilson line to define a covariant derivative

nµDµ = lim
a→0

1
a
[ψ(x + an)−W(x + an, x)ψ(x)] . (8.22)

It is clear that ψ̄ /Dψ is gauge invariant.
Let us make contact with our previous formulation of QED. For

small a, define Aµ as the field at the midpoint along a small Wilson
line

W(x + an, x) = exp
[
ieanµ Aµ(x + a

2 n)
]

. (8.23)

Taking the a→ 0 limit we have

Dµψ(x) =
[
∂µ − ieAµ(x)

]
ψ(x) . (8.24)
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The gauge transformation property of Dµψ(x) implies

Aµ(x)→ Aµ(x) +
1
e

∂µα(x) , . (8.25)

Note Dν(Dµψ) also transforms just as ψ, therefore

[Dµ, Dν]ψ(x)→ eiα(x)[Dµ, Dν]ψ . (8.26)

Noting that this commutator is not a differential operator,

[Dµ, Dν] = −ie(∂µ Aν − ∂ν Aµ) = −ieFµν , (8.27)

tells us that the phase in (8.26) must be due only to the transforma-
tion of ψ and that Fµν is gauge invariant.

PARAGRAPH ABOUT PLAQUETTE

P12(x) = W(y1, y4)W(y4, y3)W(y3, y2)W(y2, y1) . (8.28)

Expand about small a

P12(x) = 1− iea2F12(x) + O(a2) . (8.29)

In the case of nonabelian gauge transformations

ψ(x)→ V(x)ψ(x) and ψ̄(x)→ ψ̄(x)V†(x) (8.30)

with V(x) ∈ G, the Wilson line transforms as

W(y, x)→ V(y)W(y, x)V†(x) . (8.31)

Again we choose a normalization such that W(x, x) = 1, the iden-
tity of G. For small a

W(x + an, x) = 1 + iganµ Aa
µTa + O(a2) . (8.32)

To find the gauge transformation of the field Aµ, i.e. the map-
ping from Aa

µ to field A′µa, we require Dµψ→ VDµψ so that

(∂µ − igA′µ)Vψ = V(∂µ − igAµ)ψ

∂µV − igA′µV = −igVAµ

=⇒ A′µ = VAµV−1 − i
g
(∂µV)V−1 . (8.33)

We have used the abbreviated notation Aµ = Aa
µTa.

For infinitesimal transformations V(x) = 1 + iαa(x)Ta + . . .

ψ(x)→ (1 + iαa(x)Ta)ψ(x)

Aa
µ(x)→ Aa

µ(x) +
1
g

∂µαa(x) + f abc Ab
µ(x)αc(x)

= Aa
µ(x) +

1
g

[
∂µδac − igAb

µ(−i f bac)
]

αc(x)

= Aa
µ(x) +

1
g

[
∂µδac − igAb

µ(T
b
adj)

ac
]

αc(x)

= Aa
µ(x) +

1
g

Dac
µ αc(x) (8.34)
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where Dac
µ ≡ ∂µδac − igAb

µ(Tb
adj)

ac is the covariant derivative in the
adjoint representation, and we have used (8.9). The field strength
tensor, defined from

[Dµ, Dν] = −igFa
µνTa (8.35)

is then

Fa
µν = ∂µ Aa

ν − ∂ν Aa
µ + g f abc Ab

µ Ac
ν . (8.36)

Under infinitesimal transformations, F is not gauge invariant:

Fa
µν → Fa

µν − f abcαbFc
µν ; (8.37)

however Fa
µνFa,µν = ∑a(Fa)2 is. (Usually the explicit summation

symbol is dropped, since we are never interested in the square of
only a single term.) Thus we arrive at the Lagrangian for a non-
abelian gauge field coupled to fermions transforming in the funda-
mental representation

L =
1
4
(Fa)2 + ψ̄i

(
/∂δij − ig/AaTa

ij + mδij

)
ψj

=
1
4
(Fa)2 + ψ̄(/D + m)ψ . (8.38)

In fact there is another gauge invariant term which can appear in
the Lagrangian:

Lθ = θεµνρσFa
µνFa,ρσ = 2θ∂µ(ε

µνρσ Aa
νFa,ρσ) . (8.39)

As a total derivative, it appears this would contribute only a bound-
ary term to the path integral, and be unimportant. Indeed it can
be shown that total-derivative interactions cannot contribute at any
order in perturbation theory.27 However, Lθ can give a nonpertur- 27 See Schwartz §7.4.2, for example.

bative contribution due to nontrivial topological configurations of
the Aµ field. This term breaks CP, and one outstanding puzzle in
the Standard Model is why the coefficient θ in the QCD Lagrangian
is so small, i.e. consistent with zero to high accuracy. This is known
as the strong CP problem.

8.3 Fadeev-Popov gauge fixing

Say we have an ordinary integral over two variables, where the
integrand only depends on one

Z ∝
∫

da db e−S(a) . (8.40)

The integral over b is redundant and gives a divergent contribution
to Z if it is taken over (−∞, ∞). In § 6.1, we simply dropped the
integral over redundant degrees of freedom, finding a way to write
the equivalent of

Z =
∫

da e−S(a) . (8.41)
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Things are more difficult for nonabelian gauge theory, where we
won’t be able to be so slick. Instead we can introduce a δ-function

Z =
∫

da db δ(b) e−S(a) . (8.42)

This is unchanged if we shift the argument of the δ-function by an
arbitrary function of a

Z =
∫

da db δ(b− f (a)) e−S(a) . (8.43)

In fact, we do not need to specify f (a). Instead, we could suppose
that b = f (a) is the solution, for fixed a to some equation G(a, b) =
0. Then using the composition rule for the δ-function

δ(G(a, b)) =
∣∣∣∣
∂G
∂b

∣∣∣∣
−1

δ(b− f (a)) , (8.44)

we have

Z =
∫

da db
∂G
∂b

δ(G(a, b)) e−S(a) (8.45)

where we have assumed that ∂G
∂b > 0. This argument can be gener-

alized to n-component variables a and b to read

Z =
∫

dna dnb det
(

∂G
∂b

)[ n

∏
i=1

δ(Gi)

]
e−S(a) . (8.46)

In the context of gauge theory, the b variables in (8.46) represent
the gauge-equivalent degrees-of-freedom, the redundancies in the
path integral over the field Aµ(x) due to gauge transformations.
The the gauge-fixed partition function is then

Z =
∫
DA det

(
δG
δα

)[
∏
x,a

δ(4)(Ga)

]
e−SYM[A] . (8.47)

The function G(a, b) is the gauge-fixing condition we apply to re-
move those degeneracies. For nonabelian fields, we need one for
each generator. Let

Ga(x) = ∂µ Aa
µ(x)−ωa(x) (8.48)

where ωa(x) is function of x, independent of the gauge field. Given
the gauge transformation of the Aµ field (8.34), G transforms as

Ga(x)→ Ga(x) +
1
g

∂µDab
µ αb(x) . (8.49)

The functional derivative with respect to αb(y) is

δGa(x)
δαb(y)

=
1
g

∂µDab
µ δ(4)(x− y) , (8.50)

with the understanding that the derivatives on the right-hand side
are with respect to x.
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In order to evaluate the determinant appearing in (8.46), we
introduce Grassmann variables ca(x) and c̄a(x) to write the Fadeev-
Popov determinant as

det
δGa(x)
δαb(y)

∝
∫
DcDc̄ e−Sgh (8.51)

with Sgh =
∫

d4xLgh and

Lgh = −c̄a ∂µDab
µ cb

= ∂µ c̄a Dab
µ cb

= ∂µ c̄a ∂µca − ig∂µ c̄a Ac
µ(T

c
adj)

abcb

= ∂µ c̄a ∂µca − g f abc Ac
µ∂µ c̄a cb (8.52)

where we have implicitly integrated by parts in going from lines 1

to 2 and 3 to 4, and have dropped total derivatives. Because the c
fields are Grassmann valued but have the Lagrangian of a scalar
field, they are called ghost fields. They would violate the spin-
statistics theorem, but they are unphysical. We will discuss the
interpretation further later.

Note that for Abelian gauge theory, f abc = 0. Therefore, the
ghosts do not couple to the photon field in QED.28 The Fadeev- 28 Or to the electron, for that matter.

Popov determinant just contributes an overall multiplicative factor
to the QED generating functional and can be ignored. In nonabelian
gauge theories, though, we have to include the ghost fields in our
Feynman rules.

The final step of this chapter is to exchange the δ-function in
(8.47) for a term which can appear in the action. For this purpose,
it was convenient to introduce the ωa(x) in (8.48). These are arbi-
trary functions; any choice is as good as any other. Now we decide
instead of taking a single choice, we will average over the choice
of ωa(x) with a Gaussian weight. That is take the Z from (8.47),
multiply and integrate:

∫
Dω exp

(
−
∫

d4x
ω2

2ξ

)
Z . (8.53)

Now the integral over ω can be done first, with the δ-function forc-
ing ωa(x) = ∂µ Aa

µ(x). Now up to a multiplicative constant the
resulting partition function (which we also call Z because it gives
the same correlation functions) is

Z ∝
∫
DADc̄Dc exp

(
−SYM − Sgh − Sgf

)
(8.54)

where

SYM =
∫

d4x
1
4
(Fa)2

Sgh =
∫

d4x
(

∂µ c̄a ∂µca − g f abc Ac
µ∂µ c̄a cb

)

Sgf =
∫

d4x
1

2ξ
(∂µ Aa

µ)
2 (8.55)
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8.4 One-loop renormalization

A compact way of writing the Lagrangian for a nonabelian gauge
field, let’s refer to it as the gluon field, coupled to fermions, after
gauge-fixing, is

L =
1
4
(Fa)2 + ψ̄(/D + m)ψ +

1
2ξ

(∂µ Aa
µ)

2 − c̄a∂µDab
µ cb . (8.56)

To obtain the Feynman rules, it is useful to unpack this a little bit.
The quadratic pieces give the propagators and can be written

Lquad = −1
2

Aµ

[
∂2δµν −

(
1− 1

ξ

)
∂µ∂ν

]
Aν + ψ̄ (/∂ + m)ψ− c̄∂2c .

(8.57)

Using a and b for indices in the adjoint representation, and i and
j for indices in the fundamental representation, and suppressing
spin indices (fermion propagator only) we find the following for the
propagators:29 29 Recall the Fourier transform

maps derivatives to factors of
i×momentum.

gluon prop =
1
k2

[
δµν − (1− ξ)

kµkν

k2

]
δab

fermion prop =
1

i/p + m
δij

ghost prop =
1
q2 δab . (8.58)

Interactions come from the the other terms in L. Expanding Dµ

and Fa
µν as in (8.24) and (8.36), respectively, as well as using the

steps in (8.52), we find

Lint = g f abc(∂µ Aa
ν)Ab

µ Ac
ν +

g2

4
( f abc Ab

µ Ac
ν)( f ade Ad,µ Ae,ν)

− iψ̄ig /Aa(Ta
ij)ψj − g f abc Ac

µ(∂µ c̄a)cb . (8.59)

Our momentum-space Feynman rules (with all momenta flowing
into the vertex) are therefore30,31 30 Recall these vertices get an extra

minus sign due to the fact that the
generating functional contains a factor
exp(−S).
31 Let us introduce the abbreviated
notation δµ[ρδσ]ν ≡ δµρδσν − δµσδρν.

3-gluon vertex = −ig f abc [δµν(k− p)ρ + δνρ(p− q)µ + δρµ(q− k)ν]

4-gluon vertex = −g2
(

f abe f cdeδµ[ρδσ]ν + f ace f bdeδµ[νδσ]ρ

+ f ade f bceδµ[νδρ]σ
)

fermion vertex = igγµ(Ta)ij

ghost vertex = ig f abc pµ . (8.60)

The contribution to the vacuum polarization coming from
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fermion loops is just as in QED.

Mabµν
F =

k

�

e�

e+ µ+

µ�

6B;m`2 R, i2bi };m`2

p

k � p

k

p

6B;m`2 k, S?QiQM p�+mmK TQH�`Bx�iBQM /B�;`�K

q

p � q

p

q q

p � q

p

q

q

p � q

p

q

q q

6B;m`2 j, :�m;2 i?2Q`v p�+mmK TQH�`Bx�iBQM /B�;`�Kb

R

= −Tr(TaTb)(ig)2µε
∫ dd p

(2π)d
1

(p− q)2 + m2
1

p2 + m2

× tr [(−i/p + m)γµ[−i(/p− /q) + m]γν] (8.61)

The integral is just what we saw for the QED vacuum polarization
(6.38); the only new feature is the need to trace over the generators
in the fundamental representation (8.11). We find

Mabµν
F = −TFδab(q2δµν − qµqν)

g2

2π2

∫ 1

0
dx x(1− x)

(
2
ε
− γ + log

4πµ2

∆

)

(8.62)

where ∆ = m2 + q2x(1− x) and TF = 1
2 .

The gluon self-interactions complicate things. Using Feynman
gauge, ξ = 1,

Mabµν
3 =

k

�

e�

e+ µ+

µ�

6B;m`2 R, i2bi };m`2

p

k � p

k

p

6B;m`2 k, S?QiQM p�+mmK TQH�`Bx�iBQM /B�;`�K

q

p � q

p

q q

p � q

p

q

q

p � q

p

q

q q

6B;m`2 j, :�m;2 i?2Q`v p�+mmK TQH�`Bx�iBQM /B�;`�Kb

R

=
g2µε

2

∫ dd p
(2π)d

1
p2(p− q)2 f acd f bcdN µν . (8.63)

Note that we have a symmetry factor of 1
2 since the gluon is its own

antiparticle, so the gluon lines are not oriented in the same way
fermion and ghost propagators are. We will also use (8.12) to write
f acd f bcd = Nδab. The numerator in (8.63) is

N µν = [δµσ(q + p)ρ + δρσ(q− 2p)µ + δρµ(p− 2q)σ]

× [δνρ(q + p)σ + δρσ(−q− 2p)ν + δσν(p− 2q)ρ] (8.64)

Introduce a Feynman parameter to write

1
p2(p− q)2 =

∫ 1

0

dx
[(1− x)p2 + x(p− q)]2

=
∫ 1

0

dx
(`2 + ∆)2 (8.65)

having shifted ` = p + xq and defined ∆ = x(1− x)q2.
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Mabµν
gh =

k

�

e�

e+ µ+

µ�

6B;m`2 R, i2bi };m`2

p

k � p

k

p

6B;m`2 k, S?QiQM p�+mmK TQH�`Bx�iBQM /B�;`�K

q

p � q

p

q q

p � q

p

q

q

p � q

p

q

q q

6B;m`2 j, :�m;2 i?2Q`v p�+mmK TQH�`Bx�iBQM /B�;`�Kb

R

=
g2CAδab

(4π)
d
2

∫ 1

0
dx

1

∆2− d
2

[
Γ(1− d

2 ) f̃ (x) + Γ(2− d
2 )g̃(x)

]
δµνq2

(8.66)

Mabµν
gh =

k

�

e�

e+ µ+

µ�

6B;m`2 R, i2bi };m`2

p

k � p

k

p

6B;m`2 k, S?QiQM p�+mmK TQH�`Bx�iBQM /B�;`�K

q

p � q

p

q q

p � q

p

q

q

p � q

p

q

q q

6B;m`2 j, :�m;2 i?2Q`v p�+mmK TQH�`Bx�iBQM /B�;`�Kb

R

= 0 (8.67)

Renormalized Lagrangian

L =
1
4

Z3(∂µ Aa
ν − ∂ν Aa

µ)
2 +

1
2ξ

(∂µ Aa
µ)

2

+ Z3gg f abc(∂µ Aa
ν)Ab

µ Ac
ν +

1
4

Z4gg2 f abe f cde Aa
µ Ab

ν Aµ,c Aνd

+ Z2′ c̄∂2c− Z1′g f abc(∂µ c̄a)Ab
µcc

+ Z2ψ̄/∂ψ + Zmmψ̄ψ + Z1gψ̄ /AaTaψ (8.68)

β(g) = − εg
2
− gµ

d
dµ

(
Z1

Z2Z1/2
3

)

= g
[
− ε

2
− µ

d
dµ

(
δ1 − δ2 −

δ3

2

)]
(8.69)
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Figure 8.1: Fermion self-energy.
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Figure 8.2: One-loop fermion-gauge
vertex corrections.

The fermion self-energy diagram (Fig. 8.1) gives a correction to
Z2 = 1 + δ2 of

δ2 = − g2

8π2
1
ε

TF . (8.70)

The one-loop corrections to the fermion-gauge boson vertex (Fig. 8.2)
give

δ1 = − g2

8π2
1
ε
(TF + CA) . (8.71)

We can use the leading order β-function: µ d
dµ g = − ε

2 g to write
(8.69) as

β(g) = − ε

2
+

ε

2
g2 ∂

∂g

(
δ1 − δ2 −

δ3

2

)

= − ε

2
− g3

16π2

(
11
3

CA −
4
3

n f TF

)
(8.72)

where we have allowed for there to be n f flavours of fermions.
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8.5 BRST symmetry

Becchi, Rouet, Stora, and, working independently, Tyutin.
QED Lagrangian

L =
1
4

F2 + ψ̄(/D + m)ψ +
1

2ξ
(∂µ Aµ)

2 − c̄∂2c (8.73)

Under

ψ(x)→ ψ(x) + δψ(x) with δψ(x) = iα(x)ψ(x)

Aµ(x)→ Aµ(x) + δAµ(x) with δAµ(x) =
1
e

∂µα(x) (8.74)

the gauge-fixing term transforms as

(∂µ Aµ)
2 → (∂µ Aµ +

1
e

∂2α)2 (8.75)

This is only invariant for a subset of gauge transformations, those
for which ∂2α = 0.

Notice that c̄∂2c in the Lagrangian implies the equations of mo-
tion for these fields are ∂2c = 0 = ∂2 c̄. This serves as inspiration
to consider a transformation α(x) = θc(x) with θ any global Grass-
mann number. Then

(∂µ Aµ)
2 → (∂µ Aµ)

2 +
2
ε
(∂µ Aµ)(θ∂2c) +

1
e2 (θ∂µc)(θ∂µc) . (8.76)

The last term vanishes since θ2 = 0. If we transform

c̄(x)→ c̄(x) + δc̄(x) with δc̄(x) = − θ

eξ
∂µ Aµ(x) (8.77)

then L will be invariant. Note this is a global, not local, symmetry
because it is parameterized by a single global variable θ.

QCD Lagrangian

L =
1
4
(Fa)2 + ψ̄(/D + m)ψ +

1
2ξ

(∂µ Aa
µ)

2 − c̄∂µDµc (8.78)

where Dµca = ∂µca + g f abc Ab
µcc. Let αa(x) = θca(x) then

δψi = iθcaTa
ijψj

δAa
µ =

θ

g
Dab

µ cb

δc̄a = − θ

gξ
∂µ Aa

µ . (8.79)

Due to the Aµ in Dµc,

Dµca → Dµca − θ f abc(Dµcb)cc . (8.80)

In order to make this invariant, we now must transform c(x) with

δca = − θ

2
f abccbcc . (8.81)
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It can be convenient to introduce an auxilliary scalar field Ba(x),
called the Nakanishi-Lautrup field.

L =
1
4
(Fa)2 + ψ̄(/D + m)ψ− ξ

2
(Ba

µ)
2 + Ba∂µ Aa

µ − c̄∂µDµc (8.82)

such that path integration over the Ba field gives (8.78). Now the
transformation rules (8.79) read

δc̄a = θBa

δBa = 0 . (8.83)

Further reading

The Wilson line is used to derive a gauge-invariant Lagrangian
in Schwartz and in Peskin & Schroeder. Srednicki32 has a concise 32 M Srednicki. Quantum Field Theory.

Cambridge University Press, 2007.
ISBN 978-0-521-86449-7

treatment of Fadeev-Popov gauge fixing in §71, which we followed,
with more involved treatments given by Schwartz33 Sections 14.5 33 M D Schwartz. Quantum Field Theory

and the Standard Model. Cambridge
University Press, 2014. ISBN 978-1-107-
03473-0

and 25.4 and Peskin & Schroeder34 in §9.4 and §16.2.

34 M Peskin and D Schroeder. An
Introduction to Quantum Field Theory.
Addison-Wesley, 1995. ISBN 0-201-
50397-2



Conventions

c = 1 mostly everywhere. We tend to keep h̄ explicit through much
of the notes.

When in Minkowski spacetime, we use the “mostly minus”
metric (+−−−).

Fourier transforms in D Euclidean dimensions: functions are
composed as weighted sums (integrals) over a continuum of Fourier
~k-modes. Using notation familiar in 3-dimensions, we adopt the
convention common in theoretical physics

f (~x) =
∫ dDk
(2π)D f̃ (~k) ei~k·~x . (9.1)

Free scalar fields in Minkowski spacetime, using mostly minus
metric

φ(x) =
∫ d3 p
(2πh̄)3 2E

[
a(~p) e−ip·x/h̄ + a†(~p) eip·x/h̄

]
. (9.2)

Note the creation and annihilation operators are relativisitically
normalized (hence the additional (2E)−

1
2 ) and that the time-dependent

field is in the Heisenberg picture (hence the temporal phases
e∓iEt/h̄). When we work in Euclidean metric, the scalar product
ik · x 7→ −ik · x – see the discussion around (4.7). Note also that
if we had used the mostly plus Minkowski metric, the signs of the
scalar products in (9.2) would be reversed; this ease of Wick rotat-
ing between (−+++) and (++++) is one reason put forward for
preferring the mostly plus convention.35 35 However many of us grew up with

the convention that p · p = m2, not
−m2.
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