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Example Sheet 4
1. In QCD let a = ¢g*/(4m)%. The running coupling a(u?) is defined by

d
ALQT@ = B(a), B(a) = —PBa’® — fra’® — fra* + O(a®).
Show that for a suitable choice of A
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If the coupling is redefined so that
a= f(a) = a+via®+ vea® + O(a"),

show that $(a) = $(a)f'(a) and hence By = Bo, 1 = B1, P2 = Pa+Lo(va—07)—Pro1.
If a(u?) = f(a(p?)) is written in terms of A in the same form as a in terms of A
above show that _
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Suppose a physical observable R has a perturbative expansion in terms of the cou-
pling a(y?) of the form R = a™[ro+ra+rea?+...]. Under the above redefinition
T —T1T=" +N’U17’0, T9 — Ty = T2+NUQT0+ %N(N— 1)’(]%7’04— (N+ 1)1)17’1. Show
that
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are invariant under redefinitions of the couplings.

2. Use the interaction Ly = —Gp/v/2 JP2T 54%(1 —~5)7 to show that the total decay
rate for 7~ — v, + hadrons is
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where

> 2n) 8 (Px—k){0] I3 X) (X | T |0) = kakapo (k) +(—gash®+haks) p1 ().
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and X covers all possible hadronic final states. If X is restricted to the 7~ show
that pg(o) = 47 F? cos® 0cd(o — m?2) and p;(0) = 0. Hence find T',- ,,_, .



3. (From Donoghue, Golowich, Holstein, Chapter IV) In describing the decay u — e,
one may try to use an effective Lagrangian L34 which contains terms of dimension
3 and 4

L34 = as(ep+ fe) + iaq(ePp + ple)

where D, = 0, +ieQQA, and a3, a4 are constants. Show by direct calculation that
L3 4 does not lead to u — ey. If L34 is added to the QED Lagrangian for muons and
electrons, show that one can define new fields ' and €’ to yield a Lagrangian which
is diagonal in flavour. Thus, even in the presence of L34 there are two conserved
fermion numbers. Finally, at dimension 5, show that 4 — ey can be described by
including in the Lagrangian

Ls = ed"(c+dy’)uF,, + h.c.
where ¢ and d are constants and o = %[y*,~"].

4. Construct the effective Lagrangian of the Goldstone bosons associated with the
spontaneous symmetry breaking SU(2) x U(1) — U(1).

5. Work through the notes to compute the hadronic contribution to 7= — e~ 7, using
the leading order chiral Lagrangian. What does this imply about the dimensionful
parameter F'7



