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1. Introduction

We consider discrete-time dynamical systems of the form:

X, =F(x,), neN, (1.1)

where x € Q denotes the state of the system, and 2 C R? is the state-
space for d € N. The (typically) nonlinear function F : 2 — Q governs
the system’s evolution and is unknown. We assume that our knowledge
of the system is limited to M > 1 discrete-time snapshots of the system,
i.e., one has only access to a finite dataset of the form

This snapshot data can be collected from either one long trajectory
or multiple shorter trajectories and acquired via experimental obser-
vations or numerical simulations. In general, one aims to use this data
to infer and reconstruct properties of the underlying dynamical system
given by (1.1). With the arrival of big data and machine learning, this
data-driven viewpoint is currently undergoing a renaissance. Examples
of applications of this framework arise naturally across many scientific
fields, including fluid dynamics [1], epidemiology [2], chemistry [3],
and neuroscience [4], to name a few.

One of the most prominent algorithms for data-driven analysis of
dynamical systems is Dynamic Mode Decomposition (DMD), which is

such that y™ =Fx™), 1<m< M. 1.2)
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closely connected with Koopman operators. In 1931, Koopman intro-
duced an operator-theoretic approach to dynamical systems, initially
to describe Hamiltonian systems [5]. This theory was further expanded
by Koopman and von Neumann [6] to include systems with continuous
spectra. A Koopman operator K lifts a nonlinear system (1.1) into an
infinite-dimensional space of observable functions g : 2 — C as

[Kgl(x) = g(F(x)), such that [Kgl(x,)= g(x,,,) for n>0.

Through this approach, the evolution dynamics become linear, enabling
the use of generic solution techniques based on spectral decomposi-
tions. DMD was initially developed in the context of fluid dynamics [1,
7]. Earlier, Mezi¢ introduced the Koopman mode decomposition [8],
providing a theoretical basis for Rowley et al. to connect DMD with
Koopman operators [2]. However, the standard DMD algorithm is based
on linear observables and generally fails to capture truly nonlinear
phenomena. To address this limitation, Extended DMD (EDMD) [9]
extends the DMD algorithm to nonlinear observables. Then, under
suitable conditions, in the large-data limit M — oo, EDMD converges
to the numerical approximation obtained by a Galerkin method in the
limit of large data sets. At its core, EDMD is a projection method that
aims to compute the spectral properties of Koopman operators. It is
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important to realize that EDMD only converges in the strong operator
topology to K [10]' and its spectral properties need not converge [11,
Example 2]. For ways of overcoming this and classifications of how
difficult Koopman spectral computations are, see [12].

In a recent paper [13], Baddoo et al. provided a unified framework,
Physics-Informed Dynamic Mode Decomposition (piDMD), for imposing
physical constraints in DMD with a linear choice of dictionary. For
some constraints, this framework can be extended to the setting of
EDMD, thus providing an approximation of Koopman operators in the
spirit of geometric integration [14]. A scenario where it is possible
to extend piDMD to nonlinear observables occurs when the Koop-
man operator associated with the dynamical system is Hermitian, and
one aims to compute finite-dimensional Hermitian approximations to
preserve spectral properties. The corresponding algorithm, known as
Hermitian Dynamic Mode Decomposition, has been studied extensively
by Drmac [15]. However, there is currently no proof of convergence
of this method to the spectral properties of the underlying Koopman
operator, despite encouraging numerical results [13,15].

This note addresses this gap by showing the convergence of Her-
mitian Dynamic Mode Decomposition to the spectral properties of self-
adjoint Koopman operators. Along the way, we derive Theorem 4.5,
a result that may be of independent interest in the wider spectral
community. For methods that compute spectral measures of general
self-adjoint systems, see [16,17]. All of our results naturally extend
to the case when the Koopman operator is skew-Hermitian, another
structure of broad interest. As an example, Koopman generators of
invertible measure-preserving continuous-time dynamical systems are
skew-adjoint. Hence, our analysis carries over to the application of
(skew) Hermitian DMD to DMD methods that approximate such gen-
erators [18]. Our results can also be extended to stochastic dynamical
systems and the stochastic Koopman operator [19-22].

It is worth pointing out the myriad of papers on Koopman operators
and DMD, as evidenced by various surveys [23-28]. For example, the
survey [25] characterizes structure-preserving methods as one of the
flavors of DMD. Despite this widespread interest, convergence results
pertaining to the relevant spectral properties of Koopman operators
remain decidedly rare. Exceptions to this rule include methods with
theoretical guarantees, such as Hankel-DMD [29], Residual DMD [30—
32], Rigged DMD [33], Measure-Preserving EDMD [34], compactification
methods [35,36], and periodic approximation methods [37,38]. While
related to the present note, the latter four approaches assume that the
system is measure-preserving, which differs from the setup addressed
here. Given the keen interest in convergence results, we hope this note
will encourage further exploration into the conditions under which
methods like piDMD converge.

The rest of the paper is organized as follows. We provide pre-
liminaries in Section 2 on Koopman operators and EDMD. Then, in
Section 3, we recall and derive Hermitian DMD in the context of EDMD.
Finally, Section 4 contains our main convergence results, which are
demonstrated numerically in Section 5.

2. Preliminaries

In this section, we provide preliminaries on Koopman operators,
EDMD, and the role of spectral measures for self-adjoint Koopman
operators.

1 Essentially, this means that the action of EDMD on observables converges
to the action of the Koopman operator on observables. This form of conver-
gence implies that limit points of eigenpairs of EDMD are also eigenpairs of
the Koopman operator if the limiting vector is non-zero [10, Theorem 4]. As
the authors of [10] highlight, this is an extremely weak form of convergence.
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2.1. Koopman operators

To define a Koopman operator, we begin with a space F of functions
g ¢ Q — C, where Q is the state space of our dynamical system.
The functions g, referred to as observables, serve as tools for indirectly
measuring the state of the system described in (1.1). Specifically,
g(x,) indirectly measures the state x,. Koopman operators enable us
to capture the time evolution of these observables through a linear
operator framework. For a suitable domain D(K) c F, we define the
Koopman operator via the composition formula:

[Kel(x) = [goF](x) = g(F(x)), g€ D(K). 2.1

In this context, [Kgl(x,) = g(F(x,)) = g(x,,) represents the measure-
ment of the state one time step ahead of g(x,). This process effec-
tively captures the dynamic progression of the system. The overarching
concept is summarized in Fig. 1.

The key property of the Koopman operator K is its linearity. This
linearity holds irrespective of whether the system’s dynamics, as rep-
resented in (1.1), are linear or nonlinear. Consequently, the spectral
properties of K become a powerful tool to analyze the dynamical
system’s behavior. We focus on cases where F = L%(2, w) is a Hilbert
space with the following inner product

@gﬁ=é&@@&hmm

for some positive measure w. In going from a pointwise definition
in (2.1) to the space L*(2,w), a little care is needed since L%(R2,w)
consists of equivalence classes of functions. We assume that the map
F is nonsingular with respect to w, meaning that

w(E)=0 implies w({x:Fx)e E})=0.

This ensures that the Koopman operator is well-defined since g,(x) =
g,(x) for w-almost every x implies that g,(F(x)) = g,(F(x)) for w-almost
every x.

The above Hilbert space setting is standard in most of the Koopman
literature. It is crucial to recognize that the Koopman operator is not
uniquely defined by the dynamical system in (1.1); rather, it is funda-
mentally dependent on the choice of the space of observables 7. Since
K acts on an infinite-dimensional function space, we have exchanged
the nonlinearity in (1.1) for an infinite-dimensional linear system. This
means that the spectral properties of X can be significantly more
complex than those of a finite matrix, making them more challenging
to compute [39,40].

2.2. Extended dynamic mode decomposition

The objective of EDMD is to approximate the action of the Koopman
operator K on a finite-dimensional vector space of functions by a matrix
K. For the sake of simplicity, the initial formulation of EDMD assumes
that the sample points {x} f":’=1 in the snapshot dataset are indepen-
dently sampled from the distribution w. In this section, we consider the
points x" as quadrature nodes used for integration with respect to the
measure . This adaptability enables the choice of quadrature weights
tailored to different scenarios.

One first chooses a dictionary of functions {y,...,wy}, i.e., a list
of observables, in the space D(K) C L?(2,w). These observables form
a finite-dimensional subspace Vy = span{y,...,yy}. EDMD consists
of selecting a matrix K € CN*N that approximates the action of K
confined to this subspace, such that for 1 < j < N we have,

N
[Kw; 1) = y;(Fo0) & Y K w(x).
i=1
We define the vector-valued feature map, ¥ : Q - CV, as
T(x) = [y (x) wyx] eC™, xeq (2.2)

Any function g € V) can be expressed as a linear combination of the
basis functions as g(x) = Ef’: L w;(0g; = ¥(x) g, for some vector g € CN.
Therefore,
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Fig. 1. Summary of the idea of Koopman operators. By lifting to a space of observables, we trade a nonlinear finite-dimensional system for a linear infinite-dimensional system.

N
[Kglx) = T (Fx) g = Tx)(Kg) + Z v;(F(x)g; - T(x)(Kg).
j=1

R(gx)

In general, ¥ is not an invariant subspace of K. Hence, there is no
choice of K that makes the residual R(g,x) zero for all g € V and
w-almost every x € Q. Instead, it is natural to select the matrix K to
minimize the residual:

K = argmin max | R(g, x)|? do(x)
KeCNxN JQ geCcN
||Cg||(2:l (23)
2
= argmin / [ ExC - weoKC! | doo).
KeCNxN JQ 4

Here, C € RV*N is a positive self-adjoint matrix that controls the size of
g = Wg. One should interpret the matrix C as choosing an appropriate
norm. This becomes important when N — oo since not all the norms
defined on an infinite-dimensional vector space are equivalent.

While it is not possible to directly evaluate the integral in (2.3) from
the snapshot data, one can instead approximate it via a quadrature rule
with nodes {x(™}M and weights {w,,}™ . For notational convenience,

we introduce the weight matrix W = diag(w,, ..., w,,) and the matrices
w(xD) w(yh)

Ty = : eCM*N  and W, = € CM*N,
T (x(M)) T(y*))

After discretizing (2.3), one obtains the following weighted least-
squares problem:

M
2
K = argmin )" w,, H\Il(y("’))C‘l - B(x™KC! “
KeCNxN = 2 2.4)
2
= argmin ‘Wl/leIYC‘1 —Wl/z\IIXKC_IH s
KeCNxN F
where || - ||z denotes the Frobenius norm. By reducing the size of the

dictionary if necessary, we may assume without loss of generality that
W!/2% , has rank N. A solution to (2.4) is given by

K = (W20 )" W20, = (W8 ) 8 Wy,

where 1 denotes the Moore-Penrose pseudoinverse. Note that this
solution is independent of the matrix C. However, a suitable choice of C
is vital once constraints on the matrix K are added to the optimization
problem in (2.3) [34]. In the case where the quadrature weights are
equal and ¥ is the state (i.e., a linear dictionary), then K" is the
transpose of the classical DMD matrix.

We now define the two correlation matrices G € CN*¥ and A €
(CNxN :

G=T,W¥y

" (2.5)
A=W, Wy = Y w, T™) B(y™)

m

M
Y w, Ty T,
=1
M
=1

If we consider the discrete measure w,, = ZmM= | Wy byam, then
Gy = /QW,’(X)WI((X) doy(x), Ay = /ij(X)y/k(F(X)) dw, (x).

Additionally, if the quadrature discretization converges as the number
of data points M — oo, then we have

A/}iinoo Gj; = (w.y;), and A}iinm Ay = Ky, w)). (2.6)
Therefore, in the large data limit, K = G'A approaches a matrix
representation of the operator Py, ICP;N, where Py, L2(Q,0) — Vy
denotes the orthogonal projection onto the subspace V. In essence,
EDMD is a Galerkin method. The EDMD eigenvalues thus approach the
spectrum of Py, ICPI’jN , and EDMD is an example of the so-called finite
section method [41].

2.3. Spectral measures of self-adjoint Koopman operators

If g € L*(Q,w) is an eigenfunction of K with eigenvalue A, then g
exhibits perfect coherence? with

g(x,) = [K"gl(xg) = 1"g(xy), ne€N. 2.7)

The oscillation and decay/growth of the observable g are dictated
by the complex argument and absolute value of the eigenvalue 4,
respectively. In infinite dimensions, the appropriate generalization of
the set of eigenvalues of K is the spectrum, denoted by Sp(K), and
defined as

Sp(K)
={zeC: (K-zI)"" does not exist as a bounded operator} c C.

Here, I denotes the identity operator. The spectrum Sp(K) includes the
set of eigenvalues of K, but in general, Sp(K) contains points that are
not eigenvalues. This is because there are more ways for (K — zI)~! to
not exist in infinite dimensions than in finite dimensions. For example,
we may have continuous spectra.

2 In the setting of dynamical systems, coherent sets or structures are subsets
of the phase space where elements (e.g., particles, agents, etc.) exhibit similar
behavior over some time interval. This behavior remains relatively consistent
despite potential perturbations or the chaotic nature of the system.
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From now on, we assume that £ is a self-adjoint operator acting on
L2(2, ). Under this condition, the spectral theorem?® [43, Thm. X.4.11]
allows us to diagonalize the Koopman operator K, and its spectrum
Sp(K) lies within the real line R since K is self-adjoint. There is a
projection-valued measure £ supported on Sp(K), which associates an
orthogonal projector with each Borel measurable subset of R. For such
a subset S Cc R, £(S) is a projection onto the spectral elements of K
inside S. For any observable g € D(K),

g= </ dé'(/l)) g and Kg= </ A dé‘(/l)) g.
R R

The essence of this formula is the decomposition of g according to the
spectral content of K. The projection-valued measure £ simultaneously
decomposes the space L?(2, w) and diagonalizes the Koopman operator.
For example, if g € D(K"), we have

8(x,) = [K"gl(xo) = [(/R A" d5(1)> g] (xp)- (2.8)

The spectral theorem offers a custom Fourier-type transform specifi-
cally for the operator K that extracts coherent features. Scalar-valued
spectral measures are of particular interest. Hence, given a normalized
observable g € L?(2,w) with ||g|| = 1, the scalar-valued spectral
measure of K with respect to g is a probability measure defined as

Hg(S) = (E(S)8, 8)-

The spectral measure of K with respect to g € L?(22, ) is a signature
for the forward-time dynamics of (1.1). In this paper, we show that the
spectral measures computed by Hermitian DMD converge to those of
K.

3. Hermitian dynamic mode decomposition

When the Koopman operator K is Hermitian, i.e., KX = K*, a
natural constraint is to preserve the Hermitian property on its finite-
dimensional approximation, K. This ensures that the spectral properties
of K are consistent with those of K as the size of the dictionary
increases. Generally, the solution to (2.4) is not Hermitian, and diverse
strategies have been proposed to enforce this constraint [15]. Here, we
consider the Hermitian DMD algorithm introduced in [13].

First, given the Gram matrix G = \II}W\II x», One can approximate
the inner product (-,-) on L*(2, ) via the inner product induced by G
as

N N
(Pg, Why= Y hg (v w))~ ) hgG;,=h"Gg. (3.1)
Jk=1 Jok=1

If (2.6) holds, then this approximation converges to the inner product
on L*(L,w) in the large data limit as M — oo. We follow the EDMD
approach described in Section 2.2 but enforce the additional constraint
that the matrix representation of the Koopman operator is self-adjoint
with respect to the inner product induced by the matrix G. Hence, we
consider the following constrained least-square problem:

M
2
K = argmin Z ”\Il(y<’"))(;—1/2 — \p(x(m>)KG—1/2H
KeCNxXN m=1 2
GK=K*G

2
= argmin HWW\I’YG*I/Z - W‘/z\IlXKG*I/ZH '
KeCNXN F
GK=K*G

After performing the change of variables B = G'/?KG~!/2, we obtain
2
min ”wl/Z‘IJYG-W - WI/Z\IIXG‘I/ZB“F . (3.2)

BeCNXN
B*=B

Here, we recognize a symmetric Procrustes problem [13,44] of the form

3 For readers unfamiliar with the spectral theorem, [42] provides an
excellent and readable introduction.
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min [|Y - XM]|;.
MeCNXN

M*=M
A solution can be computed from the economized singular value de-
composition of the matrix X = UXV*, where X is the N x N diagonal
matrix containing the singular values o, > o, > > oy = 0.
The solution is given by the matrix M = VY'V*, where the entries of
Hermitian matrix Y € CV*N are defined by

oicij+t0;Cj; .
Y, - #{7}’, 1f6i2+(7]2 #0,

0, otherwise,
for 1 < i,j,< N. Here, the coefficients ¢;; are the entries of the
matrix C = U*YV. As observed by Higham [44], this algorithm is
backward stable following the backward stability of the Golub-Reinsch
SVD algorithm [45, Sec. 5.5.8].

We make an additional observation compared to the original for-
mulation in [13], which considerably simplifies the algorithm to solve
(3.2). In the case of (3.2), we have X = W!/2®,G"'/2 and Y =
W!/2®,G~!/2, and the symmetric Procrustes algorithm can be simpli-
fied since X*X =1, the identity matrix. Hence, one can select ¥ and V
to be the identity matrices, and the solution becomes
K=G"’BG/* =G (%) . 3.3)
Therefore, if the convergence in (2.6) holds, the large data limit of
Hermitian DMD becomes a Galerkin approximation of the Koopman
operator since (K. y;) = (v, Ky;). Additionally, the formula given
by (3.3) is more computationally efficient than the standard symmetric
Procrustes approach employed in [13] as it avoids the computation of
the SVD of X, as well as a matrix square-root, which can be numerically
unstable when G is ill-conditioned.

Given this convergence result, it is natural to study the convergence
of this approximation as the size of the dictionary increases. It is well-
known that spectra of Galerkin approximations of operators can suffer
from discretization issues such as spectral pollution (spurious eigenval-
ues), spectral invisibility (missing parts of the spectrum), instabilities,
and so forth [46-48]. These issues occur and, in fact, can worsen as the
dictionary’s size increases. Hence, the convergence of the Hermitian
DMD algorithm might be difficult to establish. Nevertheless, we will
show in Section 4 that the (scalar-valued) spectral measures converge
weakly, thus providing theoretical guarantees for Hermitian DMD. One
crucial property exploited in the proof is the self-adjointness of the
finite-dimensional approximations, as imposed by Hermitian DMD.

4. A general convergence result

Throughout this section, we consider an arbitrary self-adjoint oper-
ator £ acting on a Hilbert space H with domain D(L). For example,
the differential operator —d?/dx? on L*(R) is self-adjoint with domain
{g € L*(R) : ¢” € L*(R)}. This is an example of an unbounded operator
(recall that an operator A is bounded if sup,epa) jxj=1 I1AX[l < o).
Moreover, the operators in this section need not be Koopman operators.
Let {P, : H - V,},en be a sequence of orthogonal projections onto a
Hilbert space V, C H, such that PP, converges strongly to the identity,
meaning that

lim [Py P,u—ull =0, ueH.
n—0oo

We also assume that V, Cc D(L). We are interested in the spectral
measure of £ with respect to a vector v € H, which we denote by
u,- We let u,, represent the scalar-valued spectral measure of P,LP*
with respect to the vector P,v € V,. We will show that the spectral
measures y,,, converge weakly to y,. While this is a well-known result
for bounded self-adjoint operators, the standard proof does not carry
over to the unbounded case, which requires a different approach.
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4.1. Bounded operators - the easy case

The case when £ is bounded is well-known. The following standard
proof of convergence essentially boils down to a moment-matching
procedure.

Lemma 4.1. Consider the above setup and suppose that L is bounded.
Then, for any bounded, continuous, function ¢ on R and for any v € H,

lim / B3ty (3) = / (3 duy (D). @1

In particular, u,, converges weakly to u, as n — co.

Proof. Since ||P,LP!|| < |I£]l, Sp(P,LP}) is contained in some finite
fixed interval. Since the support of u,, is contained in Sp(P,LP}),
without loss of generality, we assume that ¢ is supported on a finite
interval. Since any such function can be approximated to arbitrary
accuracy by a polynomial, it is enough to prove (4.1) for ¢p(1) = A%,
for any k € Z. In other words, it is enough to show that the moments
of the measures converge.
The functional calculus shows that

/ Fdu, (D) = (PrP,LPHP,v, v), / AKdu, () = (L*v, v).

R R

Since £ is bounded and 7P, converges strongly to the identity,
PHP,LPYP, = PrP,(LP:P,)

converges strongly to £X for any k € Z,. It follows that P*(P,LP*)kP,v
converges weakly to £¥v. The convergence in (4.1) follows. []

Remark 4.2. Note that we proved strong convergence of the sequence
of operators P:(P,LP:)P,. The proof, therefore, automatically up-
grades the lemma to weak convergence (in the sense of measures) of
projection-valued spectral measures in the strong operator topology.

The above proof cannot be carried over to unbounded operators
since the moments may not exist. Instead, we replace the polynomials
appearing in the proof of Lemma 4.1 with rational functions. To do this,
we must look at the resolvent.

4.2. Strong convergence of the resolvent

To deal with unbounded operators, we make the following assump-
tion.

Assumption 4.3. There exists a core .S C D(L) such that
lim EP:P,,u =Lu,

lim P*Pu=u Yu€S.
n—oo n—oo
Without such assumptions, spectral measures need not
converge [49, Theorem 2.3]. The following lemma shows that with this
assumption, the resolvents of our projected operators converge strongly
to the resolvent of £. For a discussion of these kinds of results, see [50,
Chapter VIII] and [51,52].

Lemma 4.4. Suppose that Assumption 4.3 holds. Then
lim P[P, (L - zD)P: 7' Po= (L - zD)7'v, VveM,zeC\R.
n—00

Proof. Fix z € C\R and suppose first that there exists u € S with
(£ = zI~'v = u. For notational convenience, let T, = [P, (L — zI )P;‘]“,
which exists since Sp(P,LP) C R. We may write

-1
PIPL — 2D v = PFPyu = PIT,P, PP, (L — zDP}1Pu.

This quantity converges to (£ —zI)~!v, and hence it is enough to prove
that
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lim P'T,P,v — PT,P, PP, (L — zD)P!1P,u = 0.

n—co

The quantity on the left is equal to
PT, P, [(L—zD) = PIP(L - zD)P'P,| u.

Since ||7,|| < 1/|Im(z)|, Assumption 4.3 shows that this converges to
zero. Hence, to prove the lemma, we must show that we can drop the
assumption that u € S. Let u = (£ — zI)~'v be general, then there exists
a sequence {u,} C S with lim,_,  u, = u and lim,,_, Lu,, = Lu. Let
v,, = (£ - zI)u,, then we have just shown that

lim Pr[P,(C - ZDP P, = (L —zD)7 v,

Now lim,,_,, v,, = vand ||T, ||, [(L—zI)"!|| < 1/|Im(z)|. Hence, the result
also holds with v. [

4.3. General convergence theorem

We now have all of the tools needed to prove the convergence of
spectral measures. We first prove the general result and then the result
for Hermitian DMD. All the required assumptions are stated explicitly
in the theorems.

Theorem 4.5. Let £ be a self-adjoint operator on a Hilbert space H
with domain D(L). Let {P, : H — V,},en be a sequence of orthogonal
projections onto a Hilbert space V, C M, such that PP, converges strongly
to the identity and vV, C D(L). In addition, suppose that Assumption 4.3
holds. Then, for any v € H and any bounded continuous function f on R,

lim / S dp,, () = / S duy(D), (4.2)
n—oo R R

where u,,, is the spectral measure of P,LP* w.r.t. the vector v, = P,v.

Proof. The idea of the proof is to use rational functions in the applica-
tion of the Stone-Weierstrass theorem to first prove vague convergence
of measures, and then upgrade the convergence to weak convergence
using tightness. We first let f(1) = 1/(A—z) for z € C\R. For this choice,
the functional calculus shows that

/ T dpy,(A) = (PEPLL = zDP ' P, v),
R

/Rf(/l) dp,(A) = (£ =z, v).

Lemma 4.4 now shows that (4.2) holds for this particular choice
of f. The Stone-Weierstrass theorem (for locally compact Hausdorff
spaces) then implies that (4.2) holds if lim |, f(x) = 0. To finish the
proof, note that lim,_,, u,,R) = u,R) = llv]|?, which implies weak
convergence given the vague convergence. []

The convergence of Hermitian DMD now follows almost immedi-
ately. For a given observable g € L?(2, »), we define

- T
g = (W20 )W (o), . gx ™)) .
such that

lim gy ) =gy, with Pyg=Vgy,
M—-o0 ’
where ¥ is the dictionary feature map in Eq. (2.2). We emphasize that
this is the standard way to compute expansion coefficients in the EDMD
algorithm.

Theorem 4.6 (Convergence of Hermitian DMD). Consider the space of
functions Vy = span{yy,...,wy} and let Py : L?(2,0) — Vy be the
corresponding orthogonal projection. Suppose that Py, Py converges strongly
to the identity, the Koopman operator K is self-adjoint, the quadrature rule
converges as in (2.6), and that

Ku = lim PyKPxPyu, ue€ D).
N—-oo
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Fig. 2. The first 6 energy eigenstates and eigenvalues of the Schrédinger operator discovered by Hermitian DMD.
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Fig. 3. The first 100 eigenvalues of the Schrodinger operator discovered by Hermitian
DMD along with the exact ones.

Then, for any observable g € L*(Q,w) and any bounded continuous
function f on R,

lim lim / f(z)dufgmu)= /R S dug (D), (4.3)

N—=co M=o

were yg is the spectral measure of ¥gy, ), with respect to the Hermitian
DMD mamx

Remark 4.7. The use of Hermitian DMD is crucial in Theorem 4.6 to
restrict the least squares problem in (3.2), and ensure that the spectral
measures yé’,‘: ) are supported on R.

Proof of Theorem 4.6. The convergence of Hermitian DMD as M — oo
implies that

Jim /R FAdug) (1) = /R F)dug, (A,

where p,  is the spectral measure of Py KPy, with respect to Pyg. The
rest of the proof follows directly from Theorem 4.5. []

5. Numerical example

In this section, we evaluate the convergence of the Hermitian DMD
algorithm on the two-dimensional Schrédinger equation given by

i@ =Hw = —lAu +V(x,yu, ((x,y) € R?,

ot 2
where V(x, y) = (x?4%)/2 is an external harmonic potential, u : 2 — C
is a normalized wave function, and A is the Hamiltonian operator
of the system. Here, we select a computational domain Q = (-5,5)?
to be large enough so that solutions vanish well before reaching the
boundary. The snapshot data contain functions of the form (u,id,u),
which are related by the self-adjoint Hamiltonian operator H. We
use N = 400 initial conditions consisting of Gaussian bumps (the
dictionary) inside 2 as

u(x, y) = (1 + i)e C=x0"+0=h - < <00,

where the Gaussian centers (x;,y;) are uniformly distributed in the
domain [-4,4]%.* We then evaluate the functions on the domain
at a uniform tensor-product grid of M = 3007 snapshot points, and
discretize the integral in (2.3) using a trapezoidal rule. Finally, we com-
pute the N x N Koopman matrix K using the Hermitian DMD algorithm
described in Section 3, and perform an eigenvalue decomposition of
K to obtain the first eigenstates and corresponding eigenvalues to the
Schrodinger operator (see Fig. 2).

The analytical expression for the eigenmodes of the Schrodinger
equation are obtained using the standard ansatz u(x, y,1) = ¢(x, y)e £,
where ¢ is the eigenfunction and E is the corresponding eigenvalue.
Following a separation of variables, one finds that the eigenmodes are
proportional to [53, Eq. (8)]

DX, ¥)

where H,, is the Hermite polynomial of degree m, and the correspond-

ing eigenvalues are given by E,, , = m + n+ 1. We report in Fig. 3 the

first hundred eigenvalues obtained by Hermitian DMD along with the

exact ones and observe a good agreement up to the 50th eigenvalue.
Then, we estimate y, for the function f defined as

f(x,y) = sin(zx/5)sin(zy/5),

= H,()H,(»)e" P2 (x,y) €R%, mn>0,

(x,y) € [-5,51%

4 For suitable Gaussian bump functions, one can easily show that
Assumption 4.3 is satisfied for our Schrédinger operator.
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Fig. 4. Visualization of the approximate measures in (5.1). For this example, weak convergence in Theorem 4.6 means that the positions and heights of the spikes converge. The
heights of the spikes, c;, can be thought of as an energy distribution akin to a Fourier transform (but now provided by the spectral theorem).

Table 1

Convergence of ¢; (4;) in the first five spikes of Fig. 4 for different values of N.
N =752 3.56 (3.00) 5.79 (5.00) 5.23 (7.00) 4.55 (9.01) 2.77 (11.06)
N =150 3.56 (3.00) 5.79 (5.00) 5.85 (7.00) 4.62 (9.01) 2.77 (11.06)
N =300 3.56 (3.00) 5.79 (5.00) 5.90 (7.00) 4.59 (9.01) 2.86 (11.06)
Exact 3.56 (3.00) 5.79 (5.00) 5.90 (7.00) 4.59 (9.00) 2.86 (11.00)

The measure 4/, is given as a sum of Dirac measures Acknowledgments

N
Hyn = ch(sh, ¢ = |v;Gf|2. 5.1)
j=1

Here, (4;,v;) are the eigenpairs computed by Hermitian DMD and f =
Wwf. For comparison, for each analytic eigenvalue, we take the mean of
the cluster of the eigenvalues 4; that approximate it and then sum the
weights c;. The results are shown in Fig. 4 and Table 1 and demonstrate
the convergence in Theorem 4.6.
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