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AVOIDING DISCRETIZATION ISSUES FOR NONLINEAR
EIGENVALUE PROBLEMS

MATTHEW J. COLBROOK* AND ALEX TOWNSEND?

Abstract. The first step when solving an infinite-dimensional eigenvalue problem is often to
discretize it. We show that one must be extremely careful when discretizing nonlinear eigenvalue
problems. Using examples from the NLEVP collection, we demonstrate that discretization can
lead to several issues, including: (1) introduction of spurious eigenvalues, (2) omission of spectra,
(8) severe ill-conditioning, and (4) emergence of ghost essential spectra. While many eigensolvers
are available for solving finite matrix nonlinear eigenvalue problems, we propose InfBeyn, a solver
for general holomorphic infinite-dimensional nonlinear eigenvalue problems that circumvents these
discretization issues. We prove that InfBeyn is stable and converges. Furthermore, we provide an
algorithm that computes the problem’s pseudospectra with explicit error control, enabling verification
of computed spectra. Both algorithms and numerical examples are publicly available in the infNEP
software package, which is written in MATLAB.

Key words. Nonlinear eigenproblems, spectral pollution, conditioning, infinite-dimensional
linear algebra, pseudospectra
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1. Introduction. Many nonlinear eigenvalue problems (NEPs) arise from dis-
cretizing an infinite-dimensional problem. In fact, 25 out of the 52 NEPs from the
NLEVP collection are derived by discretizing a continuous problem such as a dif-
ferential eigenvalue problem [4]. The analysis typically centers on how to solve the
resulting finite-dimensional NEP after discretization. However, as we show in this
paper, discretizing an infinite-dimensional NEP can introduce serious problems. It
can modify, destabilize, or destroy the desired eigenvalues, leading to the computed
eigenvalues misrepresenting those of the underlying continuous problem - Table 1.1
presents a list of issues that we demonstrate in section 4 for six examples.

Given a domain (a non-empty, open, and connected subset) 2 C C and a matrix-
valued function F':  — C"*"  the matrix NEP consists of finding eigenvalues A € Q
and nonzero eigenvectors v € C™ so that F(A\)v = 0. There are many applications
of NEPs in mechanical vibrations [65], fluid-solid interactions [96], photonic crys-
tals [80], time-delay systems [55], resonances [9], and numerous other areas [64,69,85].
Many of these matrix NEPs are derived from discretizing differential operators, where
nonlinearities arise from eigenvalue-dependent boundary conditions [12], material pa-
rameters [37]; particular basis functions [5], or truncating an infinite domain with
transparent boundary conditions [66].

In this paper, we propose a solver for infinite-dimensional NEPs, which is a variant
of the contour-based algorithm called Beyn’s method [6]. Rather than first discretizing
the NEP, our algorithm delays discretization until the last possible moment. By
delaying discretization, we avoid modifying, destabilizing, and destroying eigenvalues
and provably compute them accurately.

1.1. NEPs on Hilbert spaces. We consider two separable Hilbert spaces H;
and Hy with inner products (-, -)3;; and norms |[|-||3;,, and a scalar-dependent operator
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2 M. COLBROOK AND A. TOWNSEND

TABLE 1.1
Discretization issues encountered in our six examples from the NLEVP collection. Our proposed
InfBeyn algorithm avoids these issues using an infinite-dimensional approach (see subsection 2.2).

Example Observed discretization woes

spurious eigenvalues

acoustic_wave_1d
slow convergence

spurious eigenvalues

acoustic_wave_2d e
wrong multiplicity

spectral pollution
butterfly missed spectra
wrong pseudospectra

slow convergence

d d_b . . 1 .
amped-beanm resolved eigenfunctions with inaccurate eigenvalues

loaded_string ill-conditioning from discretization

collapse onto ghost essential spectrum
planar_waveguide failure for accumulating eigenvalues
spectral pollution

For each fixed A\, T'(\) is a closed and densely-defined linear operator acting on the
Hilbert space H1. However, we allow nonlinear dependence on the parameter A. We
assume that T'(\) has a fixed densely-defined domain D(T') C H;. For a domain
Q C C, we assume that the map Q 3 A — T(\)u € Hs is holomorphic for each fixed
u € D(T) [59, p. 375]." We focus on NEPs that involve finding eigenvalues A € C and
nonzero eigenfunctions v € D(T) such that

(1.1) T(A\)u = 0.

We call u an “eigenfunction” to distinguish it from the finite-dimensional case, even
though H; may not be a function space. These assumptions extend the usual as-
sumptions for matrix NEPs [47] and allow us to develop a contour-based eigensolver
for (1.1). Many families of NEPs satisfy these assumptions, such as boundary NEPs
for partial differential equations, where the variable coefficients and boundary condi-
tions depend holomorphically on the eigenvalue parameter A [73,84].

The spectrum of T, denoted by A(T), is the set of points A € Q such that T'(\) :
D(T) — Hgz is not boundedly invertible. The resolvent set p(T) = Q\ A(T) is
relatively open in € and 7(z)~! is bounded holomorphic for z € p(T). For any
z € p(T), the resolvent operator is T'(z) ™! : Hy — D(T) C H;. Because we deal with
operators acting on infinite-dimensional spaces, A(T') may contain points that are not
eigenvalues. Namely, in general,

{A € Qlker(T(N)) # {0}} S A(T).

This situation can be avoided under the assumption of Fredholmness. A closed linear
operator S : D(S) D Hy — Hs is Fredholm if its range is closed and its kernel and
cokernel have finite dimension. Its Fredholm index is dim(ker(S))—dim(coker(.S)) [39,

While the assumption that A — T'(A\)u is holomorphic for each A uses a fixed domain D(T), it

captures eigenvalue-dependent boundary conditions by combining the differential operator and the
boundary operator to a two-component operator defined on a fixed space [81].
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DISCRETIZATION EFFECTS FOR NONLINEAR EIGENPROBLEMS 3

p. 372]. If T()\) is a (possibly unbounded) Fredholm operator for each A € 2 and
AT) # Q, then A(T) consists of isolated points that are eigenvalues with finite
algebraic and geometric multiplicities, and T'(\) has Fredholm index zero for all A €
Q [44]. Under these assumptions, many finite-dimensional NEP theorems have an
infinite-dimensional analogue [57]. For example, a version of Keldysh’s theorem for
infinite-dimensional NEPs (see Theorem 2.1) underpins our contour-based NEP solver.
Since Fredholm operators remain Fredholm after small perturbations [58, Thm. 1],
our assumptions are not brittle and allow for the design of numerical methods. The
set of points A € Q that are non-isolated points of A(T") or for which T'(\) is not
Fredholm is known as the essential spectrum.

1.2. Woes of discretization. While problems caused by discretization appear
to be common folklore, there is no systematic study of their effects on NEPs. We look
at several examples for a lucid illustration (see section 4). There are several troubling
problems caused by the discretization of NEPs that deserve careful attention:

e Spurious eigenvalues. Spurious eigenvalues unrelated to the infinite-dimensional
problem may arise due to discretization. These spurious eigenvalues can remain
even as the discretization size increases to infinity, a phenomenon known as spectral
pollution. This can occur even when the spectrum is purely discrete.

e Spectral invisibility. Spectral invisibility refers to some (or all) of the eigenval-
ues of the NEP being missed by the discretization, even as the discretization size
increases to infinity. Regions of spectra can be “invisible” to discretizations.

e Ill-conditioning. The infinite-dimensional NEP may have well-conditioned eigen-
values, while the discretized problem has ill-conditioned eigenvalues. Hence, no,
even stable, finite-dimensional solver can overcome this issue post-discretization.

e Exceedingly slow convergence. In practice, we desire that the eigenvalues of
the discretization rapidly converge to those of the infinite-dimensional problem.
If one has slow convergence, it can be computationally prohibitive to compute
eigenvalues representing the infinite-dimensional ones. Even if eigenfunctions are
resolved accurately, the corresponding eigenvalues may be inaccurate.

e Wrong multiplicity. Eigenvalues of the infinite-dimensional problem may be well-
approximated using discretizations but with the wrong multiplicity.

e Accumulating eigenvalues. The discrete spectrum can accumulate at the essen-
tial spectrum. This can be challenging for discretizations to resolve accurately.

e Ghost essential spectra. Many infinite-dimensional NEPs with discrete spectra
arise from an underlying spectral problem that has essential spectra. For example,
this is common in domain truncation for resonance computations. The eigenval-
ues of the discretized NEP may collapse onto the ghost essential spectrum of the
underlying problem.

We note that while many of these issues also appear in linear spectral problems,

nonlinearity in the spectral parameter can make these challenges more pronounced.

1.3. Contributions. To overcome these discretization issues, we introduce an
infinite-dimensional analog of Beyn’s method [6,7] (see subsection 2.2). We call our
algorithm InfBeyn (see subsection 2.2), which is based on contour integration and
adaptively discretizes only linear equations.? It computes eigenvalues inside a re-
gion in the complex plane by integrating along the region’s boundary. It forms a

2The ease of using adaptive discretizations as part of a contour method depends on the setup.
For example, with spectral methods, it is straightforward. For more complicated discretizations,
such as adaptive finite elements, one would need to carry out transformations between meshes.
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4 M. COLBROOK AND A. TOWNSEND

small generalized matrix eigenvalue problem whose eigenvalues match those of the
infinite-dimensional NEP inside the contour. While previous approaches to infinite-
dimensional NEPs are predominantly problem-specific, InfBeyn provides a general
method that converges for any holomorphic NEP in regions where the spectrum is
discrete. Moreover, we use techniques from infinite-dimensional randomized numerical
linear algebra to prove that the method converges and is stable. Proving convergence
and stability is a well-known problem for contour-based methods for finite-dimensional
problems, but it is manageable in infinite dimensions.

The term spectral exactness is commonly used to mean approximation without
spectral pollution or invisibility [1]. A version of Beyn’s method has been developed
for bounded Fredholm pencils in [7]. The setup of [7] uses the discrete convergence
theory of [93] applied to domain truncation of differential operators on L?(R). The
assumptions needed are strong and already imply spectral exactness [94]. In contrast,
our solve-then-discretize® approach only requires convergence of solutions of linear
systems corresponding to the resolvent, which is a much weaker assumption. When
studying spectral exactness, it is common to study the convergence of the resolvents
of operators [59, Sections IV.2, VIIL.1], [79, Theorems VIII1.23-25], [100, Section 9.3].
One may vary the spaces in which the operators are defined by embedding all spaces
in a larger one and considering the “generalized” convergence of the lifted resolvents.
Typically, it is much easier for a discretization method to converge when solving linear
systems than to have spectral exactness. Generalized strong resolvent convergence
does not imply the absence of spectral pollution, even if all the operators are self-
adjoint with compact resolvent [15, Example 5]. In the self-adjoint case, generalized
strong resolvent convergence implies the absence of spectral invisibility [10, Theo-
rem 2.4]. However, in the non-self-adjoint case, not even norm resolvent convergence
implies the absence of spectral invisibility [59, Example IV.3.8]. We can obtain con-
vergence to the spectrum for contour methods by allowing the discretization sizes
used at quadrature points to be adaptive. In other words, we convert convergence of
the resolvent to convergence of the spectrum.

In addition to computing eigenvalues of infinite-dimensional NEPs, we also com-
pute pseudospectral sets to give us a more comprehensive understanding of the sta-
bility of a system’s spectrum (see subsection 2.3). Discretizing NEPs can also cause
issues here (see subsection 4.3), and the pseudospectral sets for a discretization may
be misleading, even when spectral pollution and invisibility do not occur (see subsec-
tion 2.3.1). We provide the first general algorithm that converges to the pseudospectra
of NEPs, even when the spectrum is not discrete. Moreover, the algorithm’s output is
guaranteed to be inside the true pseudospectral sets, thus directly verifying the com-
putation and allowing aposterior verification of the eigenvalues computed by InfBeyn.

1.4. Outline of paper. The paper is structured as follows: In section 2, we
detail infinite-dimensional tools for NEPs, including Keldysh’s theorem, our InfBeyn
algorithm, and how to compute pseudospectra. In section 3, we analyze the stability of
InfBeyn by deriving pseudospectral set inclusions. In section 4, we cover six examples
from the NLEVP collection derived from infinite-dimensional NEPs and illustrate
discretization woes. We conclude and point to future developments in section 5. To
accompany this paper, we have developed a publicly available MATLAB package,
infNEP, available at [24], which includes all of the examples and figures of this paper.

3The “solve-then-discretize” paradigm has recently been applied to spectral computations [23,27,
30, 54], extensions of classical methods such as the QL and QR algorithms [26, 98], Krylov methods
[38,75,95], semigroups [22], and spectral measures [21,29,99].
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2. Computational tools for infinite-dimensional NEPs. We first state
Keldysh’s Theorem (see Theorem 2.1) before describing our infinite-dimensional ana-
log for Beyn’s method (see subsection 2.2) and procedure for computing pseudospectra
(see subsection 2.3). Rather than directly discretizing the NEP, we delay discretiza-
tion until the last possible moment and only discretize linear equations.

2.1. Keldysh’s theorem. For contour-based methods for NEPs, Keldysh’s the-
orem is an important expansion used to reduce the NEP to a linear generalized matrix
eigenvalue problem. Its original form goes back to Keldysh [60,61], with numerous
generalizations [40,68,72,92]. For a comprehensive discussion and proof of Keldysh’s
theorem on Banach spaces, see [63, Appendix A]. We state the theorem for the general
case of unbounded operators and provide a proof for completeness.

THEOREM 2.1. Let Q C C be a domain and T in (1.1) be such that Q@ 3 X —
T(Nu is holomorphic for each w € D(T), T()\) is Fredholm for all A € Q, and
A(T) # Q. Suppose the set of eigenvalues A(T) = {\1,..., s} is finite and m is the
sum of their algebraic multiplicities. Then, for each \;, there exists

vl |0k <my—11<j<di}cHi, {w![0<k<mi;—11<j<d}CHy

that are canonical Jordan chains for T and T at X\, respectively, with normalization

- [alethr ip iq
k_ mip <d>\(a+ﬂ) ()‘)Umipfﬁvwk—a °
2

:5pq50k; 0§k§m1q—1, 1§p,q§d“

=i (a+ B)!
such that the resolvent of T' can be decomposed as
(2.1) T(2) P =V(zl —J)'W* + R(2) Vzep(T).
Here,
Vij = {véj,v?,...,vzirl} , W= [w%ijfl,w:‘iijd,...,wéj} ,

Jij 48 a my; x my; Jordan block with eigenvalues A;,

V/\i - [Wl;"'?%dj? W)\i = [Wi17"°7Widi]7 J/\i = dia‘g(Ji17"'7Jidi)7
V=[WVa,.... W], W=[Wx,...,Wy], J=diag(Jy,...,J5,)€C™™,

and R(z2) : Hay — Hy is a holomorphic remainder.

Proof. Fix any point Ay €  and consider H} = D(T) with inner product
(@, )n, + (T(Xo)x,T(No)y)#,, which induces the graph norm. The space H] is a
Hilbert space since T'(Ag) is a closed operator. We regard each T'(\) as an operator
from H} to Hs. Since T()) is defined on the whole of H/, it is bounded for any
A € Q. The spectrum of T is unchanged when considering H}, T'(\) is still Fredholm
and Q 3 A — T(M)u is holomorphic for each fixed u € D(T') = Hj.

We apply [73, Thm. 1.6.5] to the bounded family T'(\) : H} — H2 to find that

T(2)"' = Vi, (2] — Jx)'W5 + Ry, (2) Vzep(T), i=1,...,s,

where the remainder Ry, : Ho — H} is holomorphic on (Q\A(T")) U {\;}. Since the
norm of H) dominates that of H;, Ry, is holomorphic as a map into ;. Note that

R(z):=T(2)"" =Y Va (el = o) ' W5, =T(2) " = V(I = J)"'W*
i=1

This manuscript is for review purposes only.
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is holomorphic on Q\A(T). Moreover, for any i, R(z) = Rx,(z) — 27, Va, (21 —
J ,\j)*lw/{‘j is holomorphic in a neighborhood of A;. The statement of the theorem
follows. O

The forms of V', W, and J (along with the definition of canonical Jordan chains)
directly generalize the matrix case [47, Sec. 2.4]. The assumption of finitely many
eigenvalues can always be met by restricting €2 to a smaller domain of interest, if
necessary. The expansion in (2.1) shows that T'(z)~! can be expressed in terms of
(2I — J)~! up to a holomorphic remainder. This decomposition allows for the use of
contour integration involving T'(2)~! to formulate an m x m generalized eigenvalue
problem that shares the same eigenvalues as (1.1) within .

2.2. An infinite-dimensional analogue of Beyn’s method. Beyn’s method
is efficient for solving matrix NEPs and is particularly useful when one wants to com-
pute eigenvalues inside a known region [6]. This contour-based method uses Keldysh’s
expansion in (2.1) to compute a smaller linear pencil whose spectral properties match
those of the original problem inside the region enclosed by the contour. If F(z) € C"*"
is a matrix NEP, then it first computes the following two matrices:

(2.2) A = QLM_/FF(,Z)_lG dz, A = 2%” g 2F(2)7'G dz,

where I is a closed rectifiable Jordan curve inside € enclosing m eigenvalues of F'(z)
(counted via algebraic multiplicity). Here, G € C**(™*P) is a matrix with m < n
that is often selected at random with independent standard Gaussian entries, and p
is a small oversampling factor (e.g., p = 5) that we recommend for the robustness of
the method. After computing Ay and Ay, Beyn’s method solves an m x m generalized
matrix eigenvalue problem related to Ag and A;.

The usual way to apply Beyn’s method is to discretize the NEP and then use
Beyn’s method. The dominating computational cost of Beyn’s method is solving
linear systems. However, we prefer an infinite-dimensional analog of Beyn’s method,
which we now describe, to overcome discretization concerns. There are three essential
ingredients to Beyn’s method, which we generalize in turn:

(i) Randomly generated test functions. Beyn’s method uses a random matrix

G € C"*(m+P) whose columns are standard Gaussian test vectors. A function,

g, drawn from a Gaussian process (GP) is an infinite-dimensional analog of a

vector drawn from a multivariate Gaussian distribution in the sense that samples

from g follow a multivariate Gaussian distribution [13].* We describe the process
for Hy = L?*(X) on a domain X C R? and the process is analogous for other

Hilbert spaces. We write g ~ GP(0, K) for some continuous positive definite kernel

K: XxX = Rifforany x1,...,21 € X, (9(1),...,9(zx)) follows a multivariate

Gaussian distribution with mean (0,...,0) and covariance K;; = K(z;,z;) for

1 <i,5 < k. We typically use the squared exponential covariance kernel given by

(2.3) Kgp(z,y) = u\}% exp (—(m — y)Q/(2N2)) ’ >0,

where s, = pv/27 is a scaling factor. The length scale parameter p determines the
correlation between samples of g. If u is large, the samples g(z1),...,g(zx) are

4Using functions drawn from a Gaussian process here is certainly not the only way to go. However,
this distribution of functions has become popular because of the underlying explicit probability
estimates that can be derived from the randomized SVD theory [13,49].

This manuscript is for review purposes only.
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Algorithm 2.1 InfBeyn: Our infinite-dimensional Beyn’s method for NEPs.

Input: Nonlinear eigenvalue problem T'(z)u = 0, contour I' enclosing m eigenvalues.
1: Draw a X x (m + p) quasimatrix whose columns are independently drawn from
the Gaussian process GP(0, Ksg).
2: Compute quasimatrices Ag and A; in (2.4) with a quadrature rule (2.7).
3: Compute the m-truncated SVD of A in (2.5).
4: Form and solve the m x m generalized eigenvalue problem in (2.6) for eigenvalues
A;j and eigenvectors x; € C™.

Output: Eigenvalues Aq, ..., Ay in £ and eigenfunctions u; = UXgx;.

highly correlated, and g is close to a constant function. If x4 is small, then samples
of g are only weakly correlated, and g is usually a highly oscillatory function. We
use GP(0, Ksg) to generate random functions in InfBeyn.

(ii) Contour integration. InfBeyn computes the following two quasimatrices:®

1 1

2.4 Ag = — = —
( ) 0 21 T 2mi r

T(2)"'Gdz, Aq 2T(2)7'G dz,
where G is a X' X (m 4+ p) quasimatrix with each column a function independently
drawn from GP(0, Ksg).

(iii) Solving a generalized matrix eigenvalue problems. In InfBeyn, Ay and
A; are quasimatrices with m + p columns. The related m x m linear pencil is
constructed using the economized singular value decomposition (SVD) of Aq [89,

Sec. 4], i.e.,
(2.5) Ag =US0 VY,

where U is a quasimatrix with m orthonormal columns in L?(X) and Vy €
Clm+pP)xm js a matrix with orthonormal columns. We then solve the following
m x m generalized eigenvalue problem:

(2.6) U A1 Voxr = Ao, x #£ 0.

For practical computation, InfBeyn approximates the contour integral in (2.4)
with a quadrature rule such as a mapped trapezoidal rule. Given a quadrature rule
with nodes z1,..., 2, and weights wy, ..., wy, we use the approximations

L L
- 1 - 1
(2.7) Ao = % E wkT(zk)’lg ~ Ao, A1 = — E wksz(Zk)ilg ~ Al.
k=1

Since rank(A;) = m, oy41(4;) = 0 for j = 0,1. By performing an m-truncated SVD,
we ensure that flj is of rank m for j = 0,1. The approach is summarized Algorithm 2.1
for the case of simple eigenvalues. In the general case, InfBeyn recovers an m x m
linear pencil (2.6) with the same spectral properties as T inside T

For most of the examples in this paper, computing T(z)~!G involves solving a
linear differential equation with m + p right-hand sides. We do this by adaptively dis-
cretizing the differential equations and solving a linear system [76]. For an alternative
way to perform the verification step based on computing norms in Chebfun, see [46].
To refine the accuracy of the final computed eigenvalues while keeping computational

5A quasimatrix is a matrix whose columns are functions instead of vectors. A X x m quasimatrix
has m columns, and each column is a function defined on X.
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costs low, we first compute a rough estimate of the eigenvalues to isolate them in-
side a small circular contour. Then, we repeat InfBeyn on each eigenvalue or a small
cluster of eigenvalues. There are two reasons for this approach. First, we found this
approach more computationally efficient than increasing the oversampling parameter
p or the number of quadrature nodes ¢. Second, the analysis in section 3 reveals that
this is an important strategy for NEPs since the matrix VW* from (2.1) may become
ill-conditioned or rank degenerate if the contour is too large.

Several techniques exist for estimating the number of eigenvalues m [33,62]. Con-
sequently, we assume that m is known throughout the paper and focus on the algo-
rithmic and theoretical aspects of our infinite-dimensional analog of Beyn’s method.

2.3. Pseudospectra for nonlinear eigenvalue problems. Pseudospectral
sets are a mathematical quantity that provides insight into the stability of linear and
nonlinear systems, including eigenvalue problems [91]. Consider the set of bounded
holomorphic perturbations of 7' of norm at most € > 0, i.e.,

(2.8) Ale) = {E : Q — B(H1,Hz) holomorphic | sup |[E(2)]| < e} :

z€Q
where B(H1,Hz2) denotes the space of bounded linear maps from H; to Hs. The
e-pseudospectrum of T is the following union of spectra of perturbed operators:

A(T)= | MT+E).
EcA(e)

One can show that the set A (T) remains unchanged if we drop the condition that
perturbations are holomorphic. It is also common to consider structured pertur-
bations [43, 53, 74, 88, 97], which can additionally be dealt with using the infinite-
dimensional techniques we describe in this section.

For linear matrix eigenvalue problems, if the pseudospectra are small around an
eigenvalue, small perturbations do not perturb that eigenvalue very far. However, if
the pseudospectra are large around an eigenvalue, then a small perturbation can cause
that eigenvalue to move far away from its original position. A similar interpretation
exists for NEPs in regions where A(T') is discrete. That is, for sufficiently small € (so
that the spectrum remains discrete under perturbations), A.(7) can be equivalently
defined via a backward error, i.e.,

A(T) =inf {z € Q|nr(z) <€},
where np(z) is a backward error defined in [51,87]:
nr(z) = inf {€ | ker(T(2) + E(2)) # {0}, | E|| < €} .

An alternative characterization of A.(T) also holds when the spectrum is not discrete.
The following is a straightforward generalization of [8, Prop. 4.1] and [74, Thm. 1] to
infinite dimensions:

THEOREM 2.2. Let € > 0. With perturbations measured as in (2.8), we have
A(T) ={z €] IT(z)" "7t <€},
where we define |T(2)~ |~ =0 if z € A(T).

Proof. Suppose that z ¢ A(T) and ||T(z)7}||~! < e. Then, there exists a vector
v € Ha of unit norm with ||T(2) v|g, > et Let u = T(2) v € H; and define
the operator E : Hy — Hz by E = —vu*/||ul|3,,. Then, ||E| = 1/|lull3, < € and

This manuscript is for review purposes only.
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[T(2) + EJu=0s0 z € A(T). Hence, we find that
{zeQ|IT()" <e} CA(D).

For the reverse set inclusion, suppose for a contradiction that z € A(T) but that
IT(2)7Y|~t > €. Then z € A(T + E), for some E € A(e) and hence

IT(2) E@)| < IT() " IIIER) < [E(2)]l/e < 1.
Note that T'(z) + E(z) = T(2)(I + T(2) "1 E(2)). Using a Neumann series, we have

o0

(I +T(=) " B(2)"" = ) (-1Y[T(2) " E(2)),

=0

which converges because ||T(z)"*E(z)|| < 1. Hence, since T'(z) is invertible, so too
is the product T'(2)(I + T(z)"'E(2)). It follows that z ¢ A(T + E), which is a
contradiction. |

Theorem 2.2 leads to a method for computing A.(7") that avoids discretization
issues. Let {P,} and {Q,} be sequences of increasing finite-rank orthogonal projec-
tions on H; and Ha, respectively, such that lim, . PiP,u = u for any u € Hy and
limy, 00 QF OQnv = v for any v € Hy. Letting R denote the range of an operator, we
assume that U,enR(P,,) and U,enQ(P,,) form a core of T'(z) and T'(z)*, respectively,
for any z € 2. Then, we consider the function

(2.9) (2, T) := min{oin(T(2)P,), oins(T(2)* ;) }

where oj,¢ denotes the smallest singular value. The following theorem shows how these
functions approximate ||7(z)~!||=! and hence can be used to compute pseudospectra.
The final statement is significant because it shows that in regions of discrete spectra,
we only need to consider the functions oine(T(2)P).

THEOREM 2.3. The functions -y, satisfy
(= T) 2 TE T and lim (=T) = 7)1,

where the convergence is monotonic from above and uniform on compact subsets of 2.
Moreover, if z € p(T)UOA(T), then the same conclusion holds with v, (z,T) replaced
by oine(T(2)P).

Proof. We first claim that
(2.10) IT(2)"H 7" = min {owme(T(2)), ome (T(2))}
where for an unbounded operator S : D(S) 2 H; — Ha,
ot (5) = nf{[|Sull3, [u € D(S), [lull2, = 1}.
To see this, suppose first that z & A(T). Let u € D(T') with ||u|l%, = 1, then
= llullae, = IT(2) 7' T(2)ulle, < 1T(2) 7T (2)ullo, -

Taking the infinum over u yields oi,¢(T(2)) > ||T(2) Y| ~t. Conversely, for any v € Ho
with ||v||, = 1, we have

1= [[oll, = I1T()T(2) " 0llaee = one(TDIT(2) ™ 0ll2s-

We now choose a sequence v,, with ||T(2) " v, ||%, — [|T(2) 71| to see that oy (T(2)) <

|T(2)~%|~'. Applying this result to the adjoint yields oums(T(2)*) = |T(z)* ||~
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However, we have T(z)* " = (T(z)~!)* and hence |T(z)*"|~! = ||T(z)" | .
Now suppose that z € A(T) and that, for a contradiction, both of i, (T(2)) and
oint(T(2)*) are non-zero. Let v € R(T(z)) with ||v], = 1, then the above computa-
tion shows that 1 > o (T'(2))||T(2) " v %, It follows that T'(2)~! : R(T(2)) — D(T)
is bounded. Since R(T'(z))* = ker(T(2)*) = {0}, the range of T(z) is dense in H, and
hence T'(z)~! extends to a bounded operator on Hs. Clearly, T(2)T(z)~! is the iden-
tity on Ha. Closedness of T(z) shows that T'(z) T (z) on D(T) and hence z ¢ A(T),
the required contradiction. The characterization in (2.10) now follows.

Since T'(z)~! is bounded holomorphic on p(T), || T(z) || ~! is continuous on p(T).
We show that ||T(z)~!||~! is continuous on the whole of Q. Let z, € p(T) with
zn — 2 € ANT). If ou¢(T(2)) = 0, then for any ¢ > 0, there exists u. € D(T) of
unit norm such that [|T(2)uc||2, < €. But |T(w)ue||#, is continuous in w and hence
limsup,,_, o [|T(2) || 7! < €. We can argue similarly for the adjoint in the case that
oimt(T(2)*) = 0. Since € > 0 was arbitrary and ||T'(z)7!||=! is identically zero on
A(T), it follows that || T(z)~||~! is continuous.

It follows immediately from (2.10) that v, (z,7) > |[|[T(z)7!||7t. Given z € Q
and € > 0, let u € D(T) of unit norm such that ||T(z)ul|z, < oine(T(2)) + €. Since
UnenR(Py) forms a core of T'(z), we may assume that u = P,u for sufficiently large
n. It follows that limsup,,_, ., oint(T'(2)P;;) < oine(T(2)) + €. We can argue in exactly
the same manner for 7'(z)* and since € > 0 was arbitrary, we have lim, oo 70 (2, T) =
|T(2)~Y|~!. Since the sequences {P,} and {Q,,} are increasing, the functions 7, (2, T)
decrease monotonically in n. Since ||T(z)~!||~! is continuous, Dini’s theorem implies
that the convergence of v, (z,T) is uniform on compact subsets of .

The proof of (2.10) showed that gint(T(2)) = oint(T(2)*) for z € p(T). Continuity
of oint(T(2)) and oins (T'(2)*) shows that this equality extends to z € A(T'). The final
part of the theorem statement now follows. 0

Combining Theorems 2.2 and 2.3, we find that for any integer n, we have

(2.11) {zeq ’ Yn(2,T) < €} CA(T).

Moreover, since the convergence of v, (z,T) to ||T(z)~*|| 7! is locally uniform, these

approximations converge to A.(T) as n — oo without spectral pollution or spectral

invisibility. This convergence is made precise in terms of the so-called Attouch—Wets

topology, which generalizes the Hausdorfl metric to closed (including unbounded)

subsets of C [3]. There are generally two ways to make this a practical computation:

e If we have discretizations of the finite-rank operators T'(z)P* and T'(z)*QZ that
have finite lower bandwidths (or are well approximated by such matrices), we take
rectangular truncations capturing the full range [30]. With respect to the appro-
priate norms, which can differ in the domain and range space, the smallest singular
values of the resulting matrices are the same as those of T'(2)P; and T'(z)*Q5.
Discretizations with finite lower bandwidths for the differential operators studied
in this paper are provided by the ultraspherical spectral method [76].

o If we have discretizations of P,T(2)*T ()P} and Q,T(z)T(z)*Q}, then we can
compute their smallest singular values and take square roots to compute -, [28].
The first method should be preferred over the second wherever possible since it avoids
the loss of precision owing to the square root. In some situations, the second method
seems unavoidable [25,31]. It can be shown that it is not always possible to compute
A(T) by discretizing with square, finite sections P,TP of T [20]. One must be

careful if one wants to compute A.(T) by discretizing first.
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FIGURE 2.1. The computed pseudospectra for the Orr—-Sommerfeld NEP. Left: The pseudospec-
tra is computed by first discretizing with n = 64 and then computing the pseudospectra of the matriz
NEP with an appropriate weight matriz. The eigenvalues are shown as red dots and include a spu-
rious branch labeled by a blue arrow. Middle: The computed pseudospectra using the functions ~yn
from (2.9) for n = 64. These pseudospectral sets are guaranteed to be inside the pseudospectral sets
of the infinite-dimensional problem and converge as n — oco. Right: The computed pseudospectra
using yn for n = 128.

2.3.1. Example: Orr—Sommerfeld. We consider the classical Orr— Sommer-
feld equation as an example of the inclusion (2.11). When analyzing the temporal
stability of fluid flows, this equation is a linear eigenvalue problem [77,78]. However,
if one considers spatial stability analysis, it becomes an NEP [82, Chapt. 7].

We consider a background plane Poiseuille flow U(y) = 1 — y? between two walls
at y = £1 with Reynolds number R > 0 and a fixed real perturbation frequency
w € R. To define a NEP, we need the following two operators:

1 2 . - " d2¢
AN)¢ = | 5BA)" +i(AU(y) —w) B(A) +iAU"(y)| ¢, B(Mo = a2

R
The Orr-Sommerfeld operator is formally defined by T'(A) = B(A\)~tA(\). Care is
needed when defining the boundary conditions, domains, and appropriate spaces.
Moreover, the spectral properties of the NEP depend on a choice of norms [90]. We
equip B(A) with Dirichlet boundary conditions t(£1) = 0 and T'(A\) with boundary
conditions 9(£1) = 0 and ¢'(£1) = 0. The appropriate Hilbert space is D(B(1)) with
the energy inner-product given by [34]

+ 220,

(2.12) <¢,w>E=/ B(1) wdy—/ ¢w+@d—wd

-1
We consider w = 0.264002 and R = 5772.22, corresponding to the critical neutral point
for stability. In this case, A(T) is discrete and OA(T) = A(T'). Hence, Theorem 2.3
tells us that the adjoint T'(A)* is not needed to compute A (T). Other examples,
such as Blasius boundary layer flow, have a continuous spectral component [45], and
pseudospectra can also be computed using the functions +,, for such problems.

This example goes under the name of orr_sommerfeld in the NLEVP collection,
where it is discretized using a Chebyshev collocation method [88]. We compute the
pseudospectra of these discretizations with appropriate weight matrices to take into
account the norm induced by (2.12). For this problem, the pseudospectra of the
discretized operators converge to the correct pseudospectra as the discretization size
increases. However, deciding which regions of the computed pseudospectra are trust-
worthy can be challenging. We also compute the pseudospectra using the functions -,
in (2.9) with a Legendre Galerkin spectral method and basis recombination to enforce
the boundary conditions. For this basis, AP;; and BP}; are lower banded so we use
rectangular truncation to compute 7, (z,T) and apply Theorem 2.3.
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Figure 2.1 (left) shows pseudospectra of the discretized operators using n = 64
(NLEVP collection default) and Figure 2.1 (middle) shows 7, for n = 64. There
is a region where both pseudospectra agree. However, as Im(\) increases, so do
the differences between the pseudospectral sets. Due to (2.11), we can trust the
output provided by =, and use it to discern which spectral regions of the Chebyshev
collocation method have converged. Figure 2.1 (right) shows pseudospectra computed
using 7, for n = 128. This confirms our suspicions that there is a branch of spurious
eigenvalues in the discretized NEP when n = 64. In subsection 4.3, we will see a
striking example where pseudospectra of the discretized operators do not converge.

3. Stability and convergence analysis of infBeyn. We now obtain pseu-
dospectral set inclusions for InfBeyn (see Algorithm 2.1) using Keldysh’s theorem.
InfBeyn computes the eigenvalues of the NEP inside the contour I' via the pencil

(3.1) C(z) =U*(Ay — zAo)Vo,

where Ay = Z;{iof/o* is the SVD of Ay. Here, Ay and A; are the approximations of
Ap and Ay, respectively, computed by InfBeyn via a quadrature rule and truncated
singular value decomposition (see (2.7)).

We proceed in two steps. First, we relate C to the following pencil:

(3.2) C(Z) = (Al — ZAo)‘/E),

which amounts to understanding the errors incurred by quadrature rules (see subsec-
tion 3.2). In (3.2), Vo denotes the right singular vector matrix of Ag. The range of
C(z) lies in H,, whereas its domain is C™. Second, we relate C' to T', which is about
controlling the error of InfBeyn when performed with exact integration (see subsec-
tion 3.3). Similar pseudospectral set inclusions are known for the FEAST method for
linear eigenvalue problems [54]; however, the analysis is more challenging for NEPs.

3.1. Setup. Suppose that I is a contour that does not intersect A(T") and bounds
a simply-connected region int(T") containing eigenvalues Ay, ..., As with total algebraic
multiplicity m. If f is a holomorphic function on a neighborhood of int(T"), then by
the Cauchy integral formula, we have

—Lﬁf®ﬂ@*M=VﬂﬂWﬂ

27
where J is a block Jordan matrix and V are W are the generalized right and left
eigenvectors of 7' in Theorem 2.1. We assume that the quadrature rule used by
InfBeyn is accurate in the sense that our approximations A; to A; satisfy

(3.3) |4; — Al <e,  j=1,2

where € > 0. Recall that Ay, A;, Ay and A; are of rank m (see subsection 2.2).
Throughout the analysis, we also assume that VW *GVj is of rank m.

3.2. Controlling the errors incurred by quadrature rules. We begin by
controlling how the errors in InfBeyn’s quadrature rules perturb the spectral proper-
ties of its linear pencils, i.e., controlling the difference between C' (see (3.1)) and C
(see (3.2)). These pencils map to different spaces, so we bound the difference between
oint(C) and O'inf(é), which directly bounds the differences in pseudospectra. Since U

and V; have orthonormal columns and C (z) is of rank at most m,

Uinf(é(z)) = Um(é(z)) =0m (U(Z;{*Alvo - ZZ:{*AO ~0)‘~/0*) = am(zld*AIVOVO*—on).
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The last equality uses that UU* and VOVO* act as the identity on the column and row
spaces of Ay, respectively. Similarly, oine(C(2)) = o (UU* A1 Vo VS — 2A0). Hence,

oint(C(2)) — ot (C(2))| < |PLALPy — PLALPo|| + |2]]| A — Ao,

where P, = UU*, P, = UU*, Py = Vo Vs, and Py = f/of/o*. By the triangle inequality,
[PLALP, — PLA By || < [[AL[|(|1 P = Prl| + [1P2 = Poll) + [ Ar — A4
Since A and Ay have the same rank, we know that [19]:
IPy— Pill + 1P — Boll < 2min{ [l A}l 101} 4o — Aoll < 201AL 140 — Aol

where Ag denotes the pseudoinverse of Ag. From (3.3), we conclude that

(3.4) oint(C(2)) = 0wt (C(2))| < UAGNAL + |2] + e

One can interpret (3.4) as telling us that the pseudospectral sets of C(z) and C/(z) are
close. Precisely how close is determined by the errors incurred when computing Ag
and A; with a quadrature rule, i.e., |4 — Ag|| and ||A; — A, ||, as well as the quantity
||A(T)|| ||A1|| that is related to the intrinsic spectral properties of T (see (3.8)).

3.3. Stability analysis with exact integration. We now relate the pseu-
dospectral sets of C' and T. Combined with (3.4), the following bounds will allow
us to prove pseudospectral set inclusions between C (the pencil used to compute
eigenvalues in InfBeyn) and T (the original NEP) inside T'.

THEOREM 3.1. Assume the same conditions for T as in subsection 2.1 and the
setup in subsection 3.1. For sufficiently small § > 0, the following pseudospectral set
inclusions hold inside T':

(3.5) As (T)Nint(T) € As(C) Nint(T") C A, (T) Nint(T),

where

B 0 5y 0

T IVWH[VW G| + M6’ 2T o (VW) o (VIW*G) — M6

Here, V and W are the matrices of generalized eigenvectors, G is the random quasi-
matriz in subsection 2.2 and M = sup, ¢y ry | R(2) |-

01

Proof. We first prove the right side of the inclusion. Let z € int(T") such that
oinf(C(2)) < 6 and define Ly = (VW*)T. If z € A(T), then (3.5) immediately holds,
and there is nothing to prove. If T'(z)~! exists, Keldysh’s theorem implies that
T(2)'L1C(2) = [V(2I — J)'W* + R(2)|(VW*)IV(J — 2)W*GV,

= -VW*GVy + R(2)L1C(2),
where we have used C(z) = V(J — 2zI)W*GVy. Since oine(C(2)) < 9§, there exists a

unit-norm x € C™ with ||C(z)z| < . Furthermore, u = L;C(2)z # 0; otherwise,
VW*GVox = 0 and VIWW*GV, would not be of rank m. We also have that

[ull < LA [[[C ()]l < 6/am(VIVF).

(3.6)

This means that

T(z)

-1 v

‘ > ||VW gVOx” M > Um(VW )Um(VW g) M

| il 9 ’
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where M = sup,ciny(ry [[R(2)]]. It follows that if § is sufficiently small so that M <
Om(VW*)o, (VIW*G), then z € As,(T). Hence, As(C) Nint(T") C As, (T) Nint(T).
For the other inclusion, let z € int(I') with ||T'(z)7t|| > 1/61, where §; =
§/(IVW*|[IVW*G|| + M), and define Ly = (VW*GVy). If 01,¢(C(2)) = 0, there is
nothing to prove. Hence, assume that oj,¢(C(2)) > 0, so that T'(z) ! exists and

C(2)La[T(2)™ = R(2)] = V(J — 2D)W*GVo(W*GVo) VIV (z — J)'W* = —VvIv*,
There exists u of unit norm such that | T(z)~tu| > 1/6;. Provided that §; is suffi-
ciently small so that 0; < 1/M, we know that

|1T(2) 'u — R(2)ul| > 1/6; — M > 0.
Since (T(2)™' = R(2))u = V(2 — J)"'W*u lies in the range of V, it follows that
x =Ly (T(2)~" — R(z)) u satisfies the following inequality:
1/6—M  1/6i—M

1 _R:))u = .

This means we have
[VW*ul| VWG| . [VW=G|l[[VW~|
= < VW*u| < =
[|lz]] 1/61 — MH (= 1/6 — M

Hence, we conclude that Ag, (T') Nint(T") C As(C) Nint(T"), finishing the proof. 0

T

J.

C(2)

]

Theorem 3.1 tells us that when InfBeyn is performed with exact integration, the
constructed pencil is very reasonable for computing the eigenvalues of T' provided
that VW* and VW*@G are well-conditioned, and M is not too large.

3.4. Pseudospectral set inclusions and interpretation. Combining (3.4)
and Theorem 3.1, we conclude that

(3.7) As_(T) Nint(T) € As(C) Nint(T) € Ag, (T) Nint(T),
where y2 = &+ (2| AJ[|| Av]] + 1+ sup, cing(ry |2])e and

T VWHIVIWEG + My T 0 (VW) o (VIVAG) — My

Since InfBeyn uses the pencil C' to compute the eigenvalues of T inside €, (3.7) tells
us that InfBeyn robustly computes the eigenvalues of T provided that the following
conditions hold: (1) VW* is well-conditioned, (2) VW*G is well-conditioned,® (3)
the holomorphic remainder is not too large inside int(T'), i.e., M is not too big, (4)
[ AS[II| Ayl is relatively small, and (5) € is small.

The NEP intrinsically determines condition (1). Once condition (1) holds, con-
dition (2) follows in practice, provided that the sketching performed by InfBeyn is
adequate at capturing the range of Ay and A;. Condition (3) measures the regularity
of T inside Q, while (4) is about the regularity of the pencil C' if no quadrature error

6Tt can be shown that for p = 5 we have gm(VIW*G) > 500, (VW*)Trace((W* KW)~1)

with probability > 99.999% (see [14, Lem. 3] with ¢ = 10). Here, K is the covariance kernel
in GP(0, K) used to randomly generate the columns of G. Moreover, for p = 5, ||[VW*G| <
9(m+5)||[VW*||Trace(K) with probability > 99.999% (see [14, Lem. 4] with s = 3), where Trace(K)
is the sum of the eigenvalues of K. In practice, VIW*@G is well-conditioned when p > 5, VIWW* is
well-conditioned, and the covariance kernel in GP(0, K) is reasonably selected.
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FIGURE 4.1. Computed eigenvalues for the discretized acoustic wave 1D example labeled as
acoustic_wave_1d in the NLEVP collection with discretization size n = 10 (blue), n = 100 (red),
and n = 500 (yellow). Left: The spectrum of the infinite-dimensional problem is empty, and all the
computed eigenvalues are spurious. Right: The computed eigenvalues are correctly converging as
n — oo to the spectra of the infinite-dimensional problem (black dots), but the convergence is slow.

is incurred. By Keldysh’s expansion, we see that
(3-8) IASIAL < o (VIV*G)IVIW?G| < 0 (VIVG)|VIW ||| G

Again, one expects that (4) holds, provided that the sketching performed by InfBeyn
is adequate. Finally, (5) suggests that InfBeyn’s quadrature rules should be relatively
accurate. In short, (3.7) tells us that InfBeyn is a robust method for computing the
eigenvalues of an NEP inside a compact region of the complex plane.

4. Six NEPs with unsettling discretization issues. It turns out that 25
of the 52 matrix NEPs from the NLEVP collection are derived by discretizing an
infinite-dimensional NEP. To showcase the unsettling discretization effects, we take
six examples from the NLEVP collection and show how discretization has modified,
destabilized, and destroyed spectra. To ensure we report problems caused by dis-
cretization alone, we have verified the computed eigenvalues of the discretized NEPs
with extended precision. The eigenvalues computed using InfBeyn are verified by
computing infinite-dimensional residuals, similar in spirit to subsection 2.3.

4.1. Example 1: One-dimensional acoustic wave. This is a differential
boundary eigenvalue problem posed on L?([0,1]) that takes the form

d2
(4.1) ch]; F4m\%p =0,  p(0) =0, xp'(1)+ 2midp(1) = 0.

Here, p is the acoustic pressure, A is the frequency, and x is the (possibly complex)
impedance [18]. The eigenvalues correspond to the resonant frequencies of the system
and can be calculated explicitly (for values of y for which tan~!(iy) is finite) as:

(4.2) e = tan™1(ix)/(27) + k/2, keZ.

This problem goes under the name of acoustic_wave_1d and is the first problem listed
in the NLEVP collection. It is commonly discretized using finite element method
(FEMs) [50] to form a quadratic matrix NEP.

We first consider the default value xy = 1, which is also a value of y that makes
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FIGURE 4.2. The minimum absolute value of the spurious eigenvalues as a function of n. Left:
The acoustic wave 1D example. Right: The acoustic wave 2D example, where the true discretization
size is n = no(no — 1).

tan=!(ix) in (4.2) infinite.” We compute the eigenvalues of the discretized problem
for three discretization sizes n = 10, 100, and 500 (see Figure 4.1 (left)). We compute
these eigenvalues using the polyeig command in MATLAB. One can easily show that
the spectrum of (4.1) is empty for x = 1. Hence, all these computed eigenvalues are
spurious and can be regarded as meaningless for the original problem in (4.1). Fig-
ure 4.2 (left) shows the minimum absolute value of the eigenvalues as a function of n.
The eigenvalues march off to infinity, but incredibly slowly.

We repeat the experiment with the value xy = 1.0001 so that (4.1) no longer has
an empty spectrum. Again, we discretize (4.1) using FEMs [50] with n = 10, 100, and
500 and compute the eigenvalues of the matrix NEP using polyeig. The computed ei-
genvalues are now converging as n — 0o; however, the rate is very slow (see Figure 4.1
(right)). This example shows that even when the eigenvalues of the discretization are
converging, it can be computationally prohibitive if the rate is slow. Moreover, it
is easy to be misled, even when comparing different discretization sizes [16]. Hence,
methods that verify computations (e.g., using the infinite-dimensional pseudospectra
techniques of subsection 2.3 to verify the output of InfBeyn) are very useful.

4.2. Example 2: Two-dimensional acoustic wave. In the NLEVP collec-
tion, a 2D acoustic wave example goes under the name of acoustic_wave_2d and is
discretized using FEMs. The NEP is posed on L?([0,1]?) and given by

2 2
3p+8p+47r2/\2p:0
0x2 = Oy?
(4.3) )
p(0,y) = p(z,0) = p(z,1) =0, x%(l, y) + 2midp(1,y) =0,

with the same meaning of the parameters as in (4.1).

We first select y = 1. For this value of y, the spectrum of (4.3) is non-empty,
unlike the 1D case. However, (4.3) has no eigenvalues in the region [—10, 10] x [0.6, 4]
in the complex plane, which can be proved using an argument principle. Despite this,
the matrix NEPs for n = 56, 240, and 506 have spurious eigenvalues in that region

"More precisely, we consider the operator T(\) : H2(0,1) — L2(0,1) x C? given by T(\)p =
(=p"" — (27 /c)?p, p(0), xp' (1) + 2mwiAp(1)). The operator A2T(1/)) has essential spectra at A = 0.
Hence, this problem has essential spectra (not eigenvalues) at infinity for any x.
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FIGURE 4.3. The spectra of the acoustic wave 2D example for x = 1. Left: FEigenvalues

of the discretized problem, acoustic_wave_2d, for discretization sizes n = 56, 240, and 506. The
discretization sizes are constrained to be of the form n = no(no — 1). There are no eigenvalues
of (4.3) in this region. Right: A region in the complex plane close to the real azis that does contain
eigenvalues of (4.3). These are shown as black dots and are computed using InfBeyn, where we
separate the problem into a family of one-dimensional problems. The yellow dots are eigenvalues of
the discrete problem for n = 506, showing convergence to a proportion of them. We only show a
region in the right-half plane because the spectrum of the infinite-dimensional NEP and eigenvalues
of the discretization are symmetric about the imaginary azis.

caused by the discretization (see Figure 4.3 (left)). Figure 4.2 (right) shows how severe
this is. The spurious eigenvalues only exit the disc of radius 10 after a discretization
size in excess of 10°. There is a region close to the real axis in the complex plane
for which the discretizations do correctly approximate the spectra (see Figure 4.3
(right)). Determining which regions the discretization will have spurious eigenvalues
and which regions the computed eigenvalues can be trusted seems challenging. To
give an idea of how hard this is, the location of spectral pollution for linear eigenvalue
problems has only very recently been characterized in any sense of generality [11].
In contrast, InfBeyn correctly returns no eigenvalues in the region [—10, 10] x [0.6, 4]
in the complex plane and accurately computes the eigenvalues close to the real axis.
In summary, the discretizations exhibit spurious eigenvalues in one region and slow
convergence in another. This example is a cause for concern because the two regions
are relatively close together in the complex plane, making it challenging to identify
spectral pollution after discretization.

When x € (—o00,—1] U [1,00), a subset of the spectrum is given by an infinite
number of simple eigenvalues that obey the following asymptotic formula:

A ~ sign [Re (z\/Zﬂ k/(2v/1—1/x2), k- oo,

where the sign function is required to take care of branch cuts. We now take y = 0.8,
and for this value of x, the eigenvalues of (4.3) that obey the above asymptotic formula
are purely imaginary. Figure 4.4 shows the approximation of these eigenvalues using
the discrete problem with different discretization sizes. Again, the eigenvalues of the
infinite-dimensional problem are shown as black circles and computed using InfBeyn.
The eigenvalues of the discrete problem are symmetric across the imaginary axis. As
the kth pair approaches the imaginary axis, they collide, and the pair splits. One
eigenvalue converges to A, while the other shoots off to infinity. In other words, the
discrete problem overestimates the actual multiplicity.
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FIGURE 4.4. As the discretization size increases, we observe the eigenvalues of the discretization
(green dots) collide onto the itmaginary azis, and a few converge to the eigenvalues of the infinite-
dimensional problem (black dots). The eigenvalues of the discretization are potentially misleading
because the eigenvalues of the infinite-dimensional problem are simple. Still, it appears that two
eigenvalues of the discretization are converging to each eigenvalue.
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FIGURE 4.5. The computed pseudospectra of the butterfly NEP. Left: The pseudospectra of the
discretized pencil using matrices of size n = 500. The etgenvalues are shown as red dots and converge
to the union of four arcs as n — oo. Right: The pseudospectra computed using the functions yn
from (2.9) and an adaptive truncation size. These pseudospectra are guaranteed to be inside the
pseudospectra of the infinite-dimensional problem and converge as n — co.

4.3. Example 3: Butterfly. As our next example, we further show the impor-
tance of verification of approximated pseudospectra in (2.11) and that our techniques
are not limited to differential operators. We consider the NEP called butterfly from
the NLEVP collection, which is a rational NEP constructed from truncations of bi-
lateral shift operators on ¢2(Z) [71]. The pencil depends on a vector ¢ € C° which
we take as ¢ = [0.24,0,1.3,0,0.1,0,1,0,0,0].

Figure 4.5 (left) shows the eigenvalues and pseudospectra of the discretized prob-
lem using matrix sizes n = 500. The eigenvalues appear to converge to four arcs in
the complex plane as n — oo. In the right of Figure 4.5, we show pseudospectra com-
puted using the functions v, from (2.9). The operators are infinite banded matrices
acting on 12(Z); hence, it is straightforward to compute -, directly using rectangular
truncations. We use a A-adaptive truncation size to ensure convergence of the plot.
The plots show that the discretized operator suffers from spectral pollution, invisi-
bility, and destabilization. For this particular example, changing the discretization
to circulant matrices approximating the shift is better. However, in general, such a
procedure is not guaranteed to circumvent the issues caused by discretization.

This manuscript is for review purposes only.



ot Ot
NN
=~ W

DISCRETIZATION EFFECTS FOR NONLINEAR EIGENPROBLEMS 19

05 °

Im(\)
NN
Im(\)

° e O o ® ° ° o
0.5 ¢ ’ :
05k o ° .
%o o ° °
[ ] ° °
®e og °
1 : : 5 : : : :
-15 -10 -5 0 -7.5 -7.48 -7.46 -7.44 -7.42 -7.4
Re()) Re(N)

FIGURE 4.6. Computed eigenvalues of discretization (red dots) compared to the eigenvalues
computed from InfBeyn (black dots). Left: Eigenvalues in the region [—15,0] x [—10%,10°]. Right:
A magnified picture of the eigenvalues in the region [—7.5, —7.4] x [=5x 10%,5x 10%]. The eigenvalues
of the discretized NEP show significant errors.

4.4. Example 4: Damped beam. We now consider the NEP that goes by the
name damped_beam in the NLEVP collection. It is given by
d* d? d?
i (@) —aov(@) = Bho(@)da—1/2), v(0) = T5(0) = v(1) = T (1) =0,
where g, < 0 are fixed physical constants and v represents the transverse dis-

placement of the beam. We take the default NLEVP parameter values of ag =
—0.018486857142857 and 8 = —0.137142857142857. The delta function §(-) in (4.4)

"

(4.4)

is interpreted as continuity of v, v/, and v” at = 1/2, but with a jump in v"” i.e.,
d3v d3v
li —(1/2 - —(1/2 — = BAIv(1/2).
i | 5072+ = T5(1/2- 9| = Bre(1/2)

The NEP is a quadratic eigenvalue problem that arises in the vibration analysis of a
beam supported at both ends and damped in the middle [52].

We discretize (4.4) using a finite element method with cubic Hermite polynomials
as the interpolation shape functions [32]. There are two groups of eigenvalues for (4.4).
The first group is purely imaginary and given by the following formula:

AV = pan?k?i)/—ag, k>0,

with corresponding eigenfunctions that vanish at 2 = 1/2. The second group has the
following asymptotic formula:

2
@2+ _ 4 Y B 1
(5) A== {i(lm 2>Z+8k7r\/—7ao} +O<k), k — 0.

Asymptotic formulas benefit contour-based methods as they inform us where to center
contours. In addition, if the asymptotic formula comes with an explicit error estimate,
we can choose the contour size. The asymptotic formula in (4.5) allows us to compute
)\g’i) for large k using InfBeyn with a circular contour of radius 1 centered at (4.5).
An alternative to asymptotics is localization theorems for NEPs [8], which are also
very useful for contour methods.

Figure 4.6 shows the eigenvalues of the discretized problem for the discretization
size n = 100 and the eigenvalues computed using InfBeyn. Comparing InfBeyn’s
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FIGURE 4.7. The real (top row) and imaginary (bottom row) of the eigenfunctions corresponding
to )\%’H (left) and )\%’H (right). Surprisingly, the eigenfunctions are well-resolved by the discrete
NEP while the corresponding eigenvalues )\%’H and )\%’H are not.

a(z) = ao(1 + cos(10mz)?)
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FIGURE 4.8. Same as Figure 4.6 but with the displayed variable coefficient a(zx) replacing ag
in (4.4).

approximation of )\f’ﬂ for 1 < k < 100 and the first four terms of the asymptotics
shows that InfBeyn has computed all of the eigenvalues in Figure 4.7 to relative error
smaller than 107!2. The discretization does a good job of approximating the real
part of the first group of eigenvalues {)\S’i)}, but only a handful of the eigenvalues
are accurate due to errors in the imaginary part. Surprisingly, we observe that the
corresponding eigenfunctions are well-resolved by the discretization. For example,

Figure 4.7 shows the approximation of the eigenfunctions corresponding to /\(1%]"” and

)\%H. The L?(]0,1]) subspace angle between the approximate eigenfunction and the
true eigenfunction (computed using InfBeyn) are approximately 1072, However, the
error in the approximation of )\%’H and /\%Jr), are 48.1040 and 35.5109, respectively.
Therefore, resolving the eigenfunctions is insufficient for accurately computing the
corresponding eigenvalues. We find this extremely unsettling. Figure 4.8 shows the
computed eigenvalues when we replace g (4.4) by a variable coefficient a(x).® The
regions in the complex plane where the computed eigenvalues are reliable depend
non-trivially on the coefficient.

8For NEPs consisting of coupled PDEs with constant coefficients, we can sometimes solve for the
eigenvalue-dependent solution on each domain and reduce the problem to a finite-dimensional NEP
relating the boundary values [2]. This can be done for (4.4) when all the coefficients are constant
but cannot generally be done for variable coefficients.
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FIGURE 4.9. A comparison of four discretization methods and InfBeyn for (4.6). Left: InfBeyn
is stable. In contrast, a discretization method can construct an NEP with severely ill-conditioned
eigenvalues. Right: The relative accuracy of the computed eigenvalues.

4.5. Example 5: A loaded string. Next, we look at another NEP in the

NLEVP collection named loaded_string. The NEP is given by

d?u du A M
— =\ 0)=0 —(1

w2 o w0)=0, —(1)+—
It models the vibrations of a string with a mass load M attached to an elastic spring
with stiffness x [84]. We use the default parameters M = k = 1. The eigenvalues of
physical interest lie in the interval (x,00) C R and are solutions of

(4.7) cos (f/\) + ‘/\A’dl\j sin (ﬁ) ~0.

Since the infinite-dimensional NEP has a Rayleigh quotient that increases mono-
tonically with the spectral parameter, one can show that a linear FEM constructs a
discrete NEP whose eigenvalues converge to the spectrum of (4.6) without spectral
pollution or missing eigenvalues [83]. However, discretization can still introduce se-
vere ill-conditioning, potentially (but not necessarily) causing inaccurate computed
eigenvalues in floating-point arithmetic.

We consider four methods of discretization and compare them with InfBeyn.
The first discretization uses finite elements as proposed in [84], the second uses a
Chebyshev collocation method [35], the third uses a standard Galerkin method using
Legendre polynomials, and the fourth uses the ultraspherical spectral method [76]. To
calculate the accuracy of each discretization method, we compute solutions to (4.7)
using Newton’s method with initial guesses provided by the asymptotic formula Ay ~
(k — 1/2)%7% as k — oo. This asymptotic formula also guides us in selecting the
centers of the contours for InfBeyn.

Figure 4.9 (left) shows the relative condition numbers of the first 100 eigenvalues
of the resulting discrete NEPs (see [47, Thm. 2.20] for the condition number formula)
for 500 x 500 discretizations. We also show the corresponding condition numbers
for InfBeyn. We see the stability of InfBeyn, as predicted by our analysis in sec-
tion 3. While the condition numbers are interesting, they give little insight into the
final accuracy of the computed eigenvalues (see Figure 4.9 (right)), which may be
because floating-point rounding errors are causing highly structured perturbations.

(4.6) u(1) = 0.
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FIGURE 4.10. Spectra of the planar waveguide problem in the X plane. Left: The eigenvalues of
the discretized planar waveguide problem are shown in red. The eigenvalues computed by InfBeyn
are shown as black circles and verified using infinite-dimensional residuals. Right: A magnified
region near A\ = 0. The discretized problem has spurious modes, and several branches of the modes
collapse onto the essential spectrum of the underlying problem posed on R (shown in light blue).

Moreover, the relative accuracy of the computed eigenvalues is also due to how fast
the eigenvalues of the discretization converge.

4.6. Example 6: Planar waveguide. For our final example, we consider the
NEP called planar_waveguide in the NLEVP collection. This NEP describes the
propagation properties of electromagnetic waves in multilayered media, characterized
by a refractive index 7 that varies in z-direction [86]. The original problem is a linear
problem on the unbounded domain R that has both discrete and essential spectra [67].

More precisely, consider a material that consists of J + 1 layers described by

refractive indices 1y, ...,ns; and the positions of the interfaces x1 =0 < 29 < -+ <
xy = L, so that n(z) = no if ¢ < z1, n(z) = n; if z; <z < x4 and n(z) = n;
if # > x;. The truncated domain is [z1,2;] = [0,L]. For a frequency k, we define
61+ = k*(ng £n%)/2. The NEP is given by

d%¢ 1) 0_ A2
A @(33) + K (x) — p(N)]o(z) =0, p(X) = k:;; + k2N + 72

Lo+ (55 -2) e =0 Lo+ (5542 o) =0

We take the default parameters J = 5, ng = 1.5, = 1.66,1m2 = 1.6,n3 = 1.53,n4 =
1.66,75 = 1.0, x93 = 0.5,z3 = 1.0,24 = 1.5, 25 = 2.0 and k = 27/0.6328.

We discretize (4.8) using piecewise linear finite elements. Figure 4.10 shows
the eigenvalues computed using finite elements and a discretization size of n = 129
(NLEVP’s default value) and those computed using InfBeyn. We also show the es-
sential spectrum of the linear problem on the unbounded domain, which is given by
A such that u()\) € (—oo, max{n,n%}].” The majority of the eigenvalues of the dis-
cretized NEP are inaccurate, and there are also spurious guided modes. Many modes
have collapsed onto the essential spectrum of the linear eigenvalue problem posed on
R. This issue is common with discretized problems of this type [41, Fig. 3], and we

9T see this, one considers the altered linear problem on R with 1 = - - - = 7, where the essential
spectrum is u(X) € (—oo, max{n2,n%}]. One then shows that the resolvents of the altered problem
differ from the original by a compact operator [59, p. 244].
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FIGURE 4.12. Left: FEigenvalues accumulating at the essential spectral point A = 0. Right:
Relative accuracy of the InfBeyn computed eigenvalues A0 for £ quadrature points in (2.7). We

have normalized by +/|p(N)| to capture the different rational scalings of X in the NEP.

call it ghost essential spectra. In contrast, A = 0 is the only point in the essential
spectrum of the NEP. In the right panel of Figure 4.10, we see the accumulation of
the discrete spectrum at A = 0, which also causes issues for the discretized problem.
Figure 4.11 shows a similar plot in the u(\) plane.

As a final experiment, we show a region near the essential spectrum at A = 0
(see Figure 4.12 (left)). We see clustering of the spectrum at this point, computed
using InfBeyn. On the right, we have shown convergence to three eigenvalues as
the number of quadrature nodes increases, where a circular contour around several
eigenvalues is used. This demonstrates the effectiveness of infinite-dimensional con-
tour methods such as InfBeyn for problems with accumulating spectra, owing to their
locality, parallelizability, and rapid convergence.

5. Conclusion. As we show with six examples, discretizing infinite-dimensional
NEPs can modify, destabilize, or destroy eigenvalues. By delaying discretization, we
proposed practical algorithms for computing spectra and pseudospectra of infinite-
dimensional NEPs that avoid these issues, and we proved their stability and conver-
gence. We hope that the paper generates interest in infinite-dimensional NEP solvers.
For example, while InfBeyn deals with regions where the spectrum is discrete and our
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method for computing pseudospectra can deal with the essential spectrum, we imag-
ine that there is an infinite-dimensional algorithm for directly computing essential
spectra of NEPs.

Contour methods are not the only method that can be extended effectively to in-
finite dimensions. Other methods include the infinite Arnoldi method for NEPs [56],
rational approximation [48], and deflation techniques [36]. It is not clear whether one
approach is inherently superior to another; this likely depends heavily on the specific
problem. Some methods are also easier to formulate than others. Contour methods
do offer at least one distinct advantage, though. They are often easier to analyze in
infinite dimensions simply because they involve solutions of fixed infinite-dimensional
linear systems (at least when one does not involve iterations of applying the con-
tour integral operator), which facilitates proofs of properties such as convergence and
stability, as demonstrated by the theorems presented in our paper. At the time of
writing, it is an interesting question how other techniques must be adapted to cir-
cumvent the discretization issues discussed in this paper. We hope that this paper
inspires interest in these problems.

We are also intrigued by some down-the-line applications such as reduced order
models [17,42,70] and developing structure-preserving infinite-dimensional solvers.
Infinite-dimensional NEP solvers offer the potential for more robust calculations of
physically relevant spectra in challenging applications.
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